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INTRODUCTION. 
NUMBERS. 



It has been remarked, that one of the most important, and yet 
one of the most neglected branches of every science, is its history. 
The following brief notices of the history of the science of number 
make no pretence to completeness. If they invest the subject with 
interest to the mind of the intelligent student, and lead him to further 
inquiries, the object of the writer will have been answered. 

In what age of the world the science of number had its origin — 
who first devised the method of coimting by tens— who first invented 
symbols of notation, and separated the idea of number from the 
qualities of objects with which it was associated, are questions more 
easily proposed than answered satisfactorily. 

It is highly probable that the origin of number was coeval with 
the origin of spoken language, and that, long before figures were 
invented, some rude methods of reckoning were devised, at first 
limited, but afterwards extended and improved as the wants and 
necessities of human society increased. The classifying by pairs 
would seem to suggest the simplest mode of reckoning. The counting 
by fives wns probably the next step in numeration, and the practice 
of numbering by the five fingers on the two hands was the origin of 
counting by tens, as almost all children may be observed to do in 
their first efforts in counting. In the oldest writings which have been 
preserved to modem times, there is found a fuU recognition of this 
principle of counting by tens, tens of tens, tens of hundreds, and so on. 
Language still betrays by its structure the original mode of pro< 
ceeding, and it is probable that the primitive words denoting numbers 
did not exceed five. 

It was by abstracting or separating the idea of number from the 
ideas of the qualities of the things themselves, and expressing this 
abstraction in language, that the names of numbers have arisen, and 
the names of numbers being thus separated, could afterwards be 
applied to things with other qualities. The information, however, 
which can be collected Irom what remains on this subject, is both 
scanty and unsatisfactory. Some ancient languages recognised a dual 
numbeir in the names of things, and the English words pair and hraee 
are 'employed not universally, but only to some particular things ; 
the same remark may be made on the word leash^ applied to th^e 
particular things. 

It is uncertain whether the earliest forms of written language were 
hieroglyphical or alphabetical, whether the letters denoting elementary 
sounds were formed from hierogljrphical characters ; it is, however, 
certain that the ihitial letters of the names of numbers were in very 
early times employed as symbols of numbers. The brief notices 
here given of the early history of numbers, will be restricted to those 
peoples who have chiefly contributed by their discoveries and writings 
to our civilisation and advancement in knowledge. 

In the fifteenth section of his Problems, Aristotle puts forth the 
following questions, touching the opinions held by philosophers of his 
time, as to the origin of counting by tens : — 



ivJ306028 



2 nn^RODTTcnoN. 

** Why do all men, barbariaDs as well as Greeks, numerate up to 
ten, and not to any other number, as two, three, four, orfive,^ and then 
repeating one and five, two and five, as they do one and ten, two and 
ten, not counting beyond the tens, from which they again begin to 
repeat ? For each of the numbers which precedes is one or two, and 
then some other, but they enumerate however, still making the 
number ten their limit. For they manifestly do it not by chance, but 
always. The truth is, what men do upon all occasions and always, 
they do not from chance, but from some law of nature. Whether is 
it, because ten is a perfect number ? For it contains all the species of 
number, the even, the odd, the square, the cube, the linear, the 
plane, the prime, the composite. Or is because the number ten is a 
principle ? For the nunibers one, two, three, and four when added 
together produce the number ten. Or is it because the bodies which 
are in constant motion, are nine ? Or is it because of ten numbers in 
continued proportion, four cubic numbers^ are consummated, out of 
which numbers the Pythagoreans^ say that the universe is constituted? 
Or is it because all men from the first have ten fingers ? As therefore 
men have counters of number their own by nature, by this set, they 
numerate all other things." 

Besides the idea of the division of numbers by tens, the names of 
ihe first ten numbers as they have descended to modern times are 
suggestive of questions for consideration to the student. The follow- 
ing list contains the names of the first ten numbers as preserved in 
jseventeen languages, some of them being no longer spoken : — 

1. Hebrew: echad, shnayim, shlosha, arbaa, khamisha, shisha, shiva, slimona, 

tisha, asara. 

2. Arabic : wahad, ethnan, thalathat, arbaat, khamsat, sittat, sabaat, thamaniat, 

tessaat, aasherat. 
S. Syriac: chad, treyn, tlotho, arbo, chamlsho, sliitho, shayo, tmonyo, teslio, 
eesro. 

4. Persian : yak, du, sib, cbabar, panj, sbasb, baft, basbt, nub, dab. 

5. Sanscrit : eka, dwi» tri, cbatur, pancban, sbasb, saptan, ashtan, novan, dasan. 

6. Greek : %ts, 8^o, Tpcts, r4<r<Tap€s, w4rr€f l|, lirro, oKrdt, ivvia, dexa. 

7. Latin: unns, duo, tres, quatuor, qoinque, sex, septem, octo, noyem, decern. 
S, Italian : un, due, tre, quattro, cinque, sei, sette, otto, nove, dieci. 

9. Spanisb : uno, dos, tres, quatio, cenco, seis, siete, ocho, nucve, diez. 

10. Frencb : un, deux, trois, quatre, cinq, six, sept, huit, neuf, dix. 

11. Welsh: un, dau, tri, pcdwar, pump, cbwecb, saitb, wytb, naw, dog. 

' Tbis refers to tbe quinary scale of notation, instances of wbicb are found in 
Homer, Odys. iv. 412 ; in .^schylus, Eumen. 738, and in otb^r Greek writers. 

^ In Euc. viiL 10, it is demonstrated that if, beginning with unity, ten numbers 
are formed in continued proportion, four of these numbers >vill be cubic numbers. 

^ Tlie Pythagorean philosophers indulged in fancies the most absurd, in the 
extraordinary powers they attributed to numbers ; and among other absurdities they 
maintained that, of two combatants in the Games, the victor would be that man the 
letters of whose name, numerically estimated, expressed the sreater number. In 
later times they were fond of forming words so that the numenu value of the letters 
should be equal to the same number, and tbere is an instance in the Greek Anthology 
(vol. ii., p. 412, Jacobs) in which a poet has applied the idea to describe a pestilent 
fellow. Having observed that the letters of ms name AofmySpai (mob orator) and 
Xotfihs (pestilence) denoted, in the Greek notation, the same number, the following 
epigram declares, that when weighed in the balance, the latter was found to be tho 
lighter. 

Aafiory6pay Koi Xoifibv iff6i^7i<f>4p ris iucoiaas 
''E<rrr}(r' iifjupor^pw rhp rp^up ix Kav6pos, 
*Eis rh fiipos t\ KaBet\Kti^ aP€\KvaOiv rh rakimoy 
Aaf,iay6poVf Koifthp 5* 9tp€y iXn^p&rtpoy, 
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12. Gaelic : aon, da^ tri, ceithar, koig, sia, seacfad, ochd, nai, deicb. 

13. Erse: aen, da, tri, keathair, kuig, se, secht, ocht, Doi, deich. 

14. Moeso-GotMc: ains, twai, thiins, fidwor, fimf, aoihs, sibun, abtan, nibmiy 

taibun. 
'V ^.^ 15. Higb German : eiD, tne, tbri, fiauar, finfe, sehs, sibim, obto, nigimi, teban. 
^ 16. Anglo-Saxon : an, twa, tbreo, feower, fif, six, seofon, eabta, nigon, tyn. 

17. Englisb: one, two, tbree, four, five, six, seven, eigbt, nine, ten. 

On examining and comparing these names of the first ten 
numerals, it will be apparent that in some there is a complete or 
partial identity, and in others a diversity with more or less re- 
semblance.^ The use of the same or somewhat similar sounds to 
express the same ideas by the successive generations of men, suggests, 
the high probability that they had a common origin, while the diver- 
sities are such as might arise from some confusion at a very remote 
period in the original language. The resemblances and diversities 

* The close relatioil of tbe English names of the first ten numbers with those of 
the Anglo-Saxon, High German, and Moeso-Gothic is obvious. With respect to the 
names of numbers greater than ten, it may be remarked that the word eleven, Anglo- 
Saxon, cndlufoii, signifies leave one (that is above ten) being derived from cz», one, 
and the old verb HbeUf to remain. The word twelve is of like derivation, and means 
leave two. 

The words thirteen, fourteen, &c., to nineteen, are formed from — three and ten, 
four and ten, &c. 

The word twenty is derived from the High German twcntig, his decern, or from 
the more distant Mocso-Gothic twaintegum. In the same way are formed thirty, 
forty, &c. , to ninety. • 

Hundred is a form of the Low German hundert, and is related to the High Ger- 
man and Anglo-Saxon Mmd. 

Thousand : Anglo-Saxon, thiiscnd, German, tauscnd, from the Mccso-Gothic, iigo9 
Jiund, or iaihuns hwnd, ten times a hundred. 

Million comes from the Italian mUlioTie. The introduction into Italy of the 
Indian figures brought in a knowledge of numbers which neither the Latin nor the 
Italian language had naines to express. This circumstance rendered some additions 
to the names of number necessary. The word millione has its origin in the Latin mille, 
and by the analogy of the Italian language the word millione means a great thousand, 
or, in a numerical sense, a thousand thousands. The units of the higher orders, 
billione, trillione, &c., are obviously ibrmed from the word millione, witli the Latin 
his, iris, &c., prefixed, and thus forming a series 6f numeiical words, of which each 
succeeding term is a million times that which immediately precedes it. 

The numerical languaoje of the Italiaus proceeding by thousands and by millions 
led to the custom of dividing numbers into periods of three figures and of six figures, 
and this mode of numeration being adapted to most of the languages of Europe, camo 
into universal use with the terms million, billion, &c., borrowed from the Italian. 
Bp. Tonstall in his work **Dc Arte supputandi," published in 1522, speaks of tke 
word million as a word in common use, and Dr. Robert Recorde, in his " Grounde 
of Artes," published in 1542, employs the word without any further remark than 
explaining its meaning, and dividing numbers into periods of three figures. The 

C French system of numeration diileis from the English by making the billion ccjual to 
a thousand millions, a trillion, a thousand billions, and so on. 

The name d^jhcr {r(<pipa) is borrowed from the Arabic tsaphara, which means 
blank or void, and is identical w^ith the Sanscrit word sunya. In tho Sanscrit 
notation the cipher was denoted by a point or by a small circle, which latter it 
appears from Planudes was preferred. The word cipher (Italian zifra, French chiffre} 
has several equivalents in use, as nothing, nought, zero. It was written scfro by 
tho Spanish Moors, and might easily be changed into zerro or zero, at the time 
ivhen the notation was translated from the Arabic by Spanish Moors and Jewish 
merchants. 

The word cipher, from its importance in the system, has received a more extended 
meaning than its original sense. All the nine digits have been subjected to the* 
general name of ciphers, from which the verb to ciplicr has been formed, having tha 
same sense as to calculate with these figures* 
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are too numerous, both in the numerals and in other fragments of 
elementary names, to be regarded as merely accidental. And con- 
sidering the remote period alluded to, being above four thousand years, 
the mind is naturally led to the conclusion that the fragments of these 
primeval names are derived by each language from one of ita 
cognates, or by all from one common source. 

Little is known respecting the origin and the early history of 
arithmetic of the ancient Hebrews or ISyrians.^ It lias been conjec- 
tured that they were indebted to the Phoenicians, their neighbours, 
for what they knew of the art of numbering. The most ancient 
books — the writings of Moses — afford no evidence of the use of any 
numerical system of notation. In the text of the writings of Moses 
all numbers are expressed in words at length, and Iho counting is 
made by tens, hundreds, &c. 

It is clear from the second chapter of the Second Book of the 
Chronicles that the Hebrews had commercial intercourse with tlio 
Phoenicians above a thousand years before the times of tiio Messiah. 
And the ancient tradition of the Greeks also tends to favour the 
opinion that Cadmus [onp], a man from the East, was the first who 
introduced the use of letters into Greece from the Phoenicians. And 
it may be added that Proclus, in his Commentary on the First Book 
of Euclid's Elements, states that the Phoenicians, by reason of their 
traffic and commerce, were accounted the" first inventors of. arith- 
metic. 

The ancient Hebrew and Samaritan alphabets consisted of twenty- 
two letters, and were employed to denote the nine digits, the nine 
tens, and the first four of the nine hundreds. The remaining five 
hundreds were represented by combining the symbols of the first four 
hundreds. In later times the final caph^ mem, nutty pe^ tsadi were 
added to make up the nine simple characters for the hundreds. All 
other numbers were expressed by placing together the simple cha- 
racters denoting the component numbers required to make up their 
amount, with some few exceptions. The number 15 is denoted 
by Its, or 9 and 6, and not by n% 10 and 5 ; because n% Jah, being 
one of the names of God, it was imagined that such a use of the 
name would infringe the third commandment. For the same reason, 
perhaps, the number 1030 was not expressed by the characters ^^, 
which form another of the names of the Deity. 

The following are the characters of the Hebrew and Greek Alpha- 
bets, as they are applied to denote numbers : — 

1 23456789 
TT^Uc j ^ 3 J ■» n 1 T n tD, Hebrew. 
" {ai8 7 8€Tfi7e, Greek. 

D **? TD : D y D 2.*, Hebrew. 
KX/ii/(off'S, Greek. 



Tens I ^ 

Hundreds f P "> ^ ^ 1 = T T V, Hebrew, 
llunareas \p tr r v p % ^ <^ O, Greek. 






^ In the third volume of the new series of the Journal of Sacred Literature, Dp. 
W. Wright, the Professor of Arabic at Cambridge, has explained in his notice 
(pp. 128 — 130) of the Anecdota Syriaca of Dr. Land, a system of aiitlimetical nota- 
tion employed in many of the oldest Syrian manuscripts not later than the ninth 
century. There are simple characters to denote 1, 2, 5, 6, 10, 20, 100 ; and these 
appear to have been combined to express other numbers, in some respects like the 
lioman notation. 



INTBOBTTCmoir. 6 

A comparison of the Greek witli the Hebrew numerical letters will 
suggest at once their common origin, and that the alphabets of both 
languages are derived horn, the same source, or that one is derived 
from the other. The fact of the correspondence of the order, the 
powers, and the names of the letters of both alphabets, is an argu- 
ment in fjftvour of this opinion. But the difference in form of the 
characters presents a difficulty, and it is uncertain whether the 
Qreeks derived their numeral system &om the same source as their 
alphabet. The system of the Greeks possesses an interest which 
does not attach either to that of the Eomans or of the Hebrews, both 
from the improvements and extensions it received. A knowledge of 
these is essential for every one who may wish to read and understand 
the mathematical and astronomical writings of the Greeks. 

The founders of the Boman name in Italy appear to have derived 
their descent from a colony of Pelasgi, who transported their language 
thither in its earliest and rudest form. For many ag^s, among a 
people incessantly occupied with war and conquest, their dialect con- 
tinued almost unchanged till after the Punic wars, and the structure 
of the Latin language carries us back to a period anterior to any 
distinct vestige of the Greek language. The names of numbers must 
necessarily have been formed before any regular system of abbreviated 
numerical notation could have existed. There are no ancient writings 
extant which afford any satisfactory account of the origin of the 
Boman numerical symbols. From the large existing remains of 
Boman literature, besides monumental and other inscriptions, there is 
ample evidence of their universal use wherever the Boman arms and 
Boman language prevailed. Niebuhr informs us (vol. i. p. 134) that 
^' what we call the Boman numerals are Etruscan, and they frequently 
occur on their monuments. They are remnants of a hieroglyphical 
^mode of writing, which was in use before the age of the alphaDetical,. 
*and like the numerals of the Aztecans, they represent certain objects^ 
that were associated with particular numbers. They are indigenous,^ 
and belong to the time when the west was subsisting with all itsr; 
original peculiarities, before it received any influence from Asia." 
Notwithstanding this opinion of Niebuhr, that the Etruscan signs of 
numbers existed prior to the age of alphabetical writing, it must be 
considered doubtful, as little beyond conjecture can be attempted in 
the absence of evidence with respect to their origin and primary 
meaning. It is scarcely possible to discover what alterations in the 
signs took place after their adoption, or what additions or substitu- 
tions were made, except so far as they appear in the inscriptions on 
ancient monuments. The Bomans employed seven elementary charac- 
ters, as the primary signs of number, whose values are successively 
increased fivefold and twofold, beginning with unity. This was. 
probably suggested by the two hands and the five fingers on each* 
hand; or, as it is expressed by Ovid, Fast, iii., 126, 

** Seu quia tot digiti per qiios numerare solemus." 

These seven characters are I, V or A, X, L, 0, D or 10, M : denoting- 
respectively 1, 5, 10, 50, 100, 500, 1000. Other numbers are expressed 
in different ways by means of these seven symbols. A symbol 
repeated two or three, &o., times, denotes the double or treble of its 
value, as III stands for 3, and XX for 20. The symbols I, X, G 
aro in general found repeated not more than foux times; but in 
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insoriptiong I is found repeated six times, as IrrriTYIB, for sevir or 
sextumvir. Y and L are not fonnd repeated. A symbol of less value 
postfixed to one of greater value increases the greater by that value, 
as YI means 5 increased by 1 ; and LX, 50 increased by 10 ; but if 
prefixed, it diminishes the greater by that number, as lY stands for 5 
diminished by 1 ; and XL, 60 diminished by 10. This mode of nota- 
tion by deficit was peculiar to the Eomans, and is in accordance with 
the forms of their numerical words. Instead of octodecim for 18, 
their writers use duodeviginti, and undeviginti instead of novendecim. 
The letter M, the initial of mille, denoting 1000 ; 2000, 3000, 4000, 
&c., were denoted by IIM, IIIM, lYM, &c. ; and by placing a line 
over the symbols their value was increased a thousand times, thus : 
I, L, C, M, dkc., denote respectively 1000, 50,000, 100,000, 1,000,000, &c. 
The latest improvement in the Roman notation was devised at a 
late period for the expression of large numbers. The method of pro- 
ceeding was perfectly analogical. Taking the symbol for 100, and 

10 for 500, by postfixing once, twice, thrice, &c., to 10 ; the symbols 

I00> I000> I0000» &c., were assumed to denote 6000, 50,000, 
500,000, &c, respectively; and by prefixing once, twice, thrice, &c., 

to I0» I00» I000» &c., respectively, their values become doubled, and 

the symbols CIO, CCIOO, COCIOOO, CCCCIOOOO, &c., denoted 1000, 
10,000, 100,000, 1,000,000, &c. 

The Eoman numerals are incapable of any material improvement. 
They could serve to register numbers, but could not afford the slightest 
aid in performing ntmierical calculations. In fact, they never were 
employed for that purpose. In the calculations which their accountants 
(calculatores, rationarii) had occasion to make, they were obliged to 
have recourse to a mechanical process, employing pebbles or counters. 
A box (loculus) of pebbles {calculi), and a board (tabula) on which the 
pebbles were plcu^ed in rows, formed their instruments of calculation. 
(Hor. Lib. I. Sat. vi. 74.) The terms calculate, calculation, are closely 
related to calculus, and in their primary meaning had reference to count- 
ing by means of pebbles. The board on which arithmetical operations 
were perfbhned was also called abacus, and was divided from the right 
to the left by lines or grooves, on which the pebbles were placed to 
denote units, tens, &c. The operations of the abacus were rendered 
more commodious by substituting small beads strung on parallel 
threads, and sometimes by pegs stuck along grooves. With such an 
instrument, it is not difficult to perceive how addition and subtraction 
might be performed with ease and expedition, but to perform multi- 
plication and division m^st have been a work of tedious labour. 

The Boman notation was employed throughout the extent of the 
Empire for recording all accounts, whether fiscal or mercantile, and 
continued in use in llurope after its dissolution. The Boman nota- 
tion was sanctioned by the almost universal employment of the Latin 
language in all subjects of literature and science, which for ages con- 
tinued to be the language of the learned. It was employed in 
England from the time the Bomans held possession of the iiuand, and 
during the rule both of the Saxon and the Norman. The accounts in 
the Domesday Book are registered in the Boman charcu^ters. The 
dotation of the colleges of Oxford and Cambridge, and the annual 
accounts, were all recorded in the Boman characters long afber the 
Indian notation had been introduced. It still continues to hold a 
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position of considerable importance in the recording of dates, indexes, 
and monumental inscriptiond in Western Europe. 

In the early period of the history of the Hellenic race, before their 
wants and necessities called for the use of large numbers, the initial 
letters of the names of numbers were employed to express the numbers 
themselves. Thus, the letters, I, II, A H, X, M, being the initial letters of 
the words^Io? (for fic), IlcVrc, Aiifa, 'He/carov, XtXtoi, Mvpioi, were employed 
to express 1, 5, 10, 100, 1000, 10,000. The other numbers were 
expressed by repeating or combining these six characters. Abbre- 
viated combinations were also employed; as when any of these 
numeral letters were written within the capital letter II, they denoted 
a number five times as great, as A written within EL denoted 50. This 
method was probably the first step towards a system of numerical 
notation, and, except for inscriptions, was superseded for the more per- 
fect system formed with the letters of the alphabet. At a subsequent 
period the Greeks employed the letters of their alphabet with three 
supplementary symbols to express the first order of digits 1 to 9; 
the second, 10 to 90 ; and the third, 100 to 900. The fomh order of 
thousands was formed by subscribing an i to each of the units of the 
first order. The fifth, sixth, &c., orders were formed by affixing 
M. or Mv. for Mvpioi, 10,000, to each character of the first, second, 
&c., orders. 

Of the three supplementary symbols employed in the Greek 
numerical notation, there being no letter corresponding to the Hebrew 
i^au, the character ? is used for the number 6, and called kiflorifiov 
/3av, indicating vau. The other two symbols were S for 90, and for 
900, the former called ItriarijjLoy Koinra and the latter kiv'un^yLov aavitij 
that is, indicating Koph, and indicating Tsadi. By combining these 
symbols any other numbers could be expressed as oa denotes 41 ; va, 
401 ; a,a, 4001 ; a^crXl, 1234 ; X^.Mv, 370,000. Neither the order nor 
the number of the characters had any effect in fixing the value of any 
number intended to be expressed. The value of the same combination 
of symbols is the same in whatever order they are placed ; in general, 
however, they were written from right to left, according to their 
increasing value. 

The oldest arithmetical writings of the Greeks which have descended 
to modern times are to be found in the seventh, eighth, ninth, and 
tenth books of the Elements of Euclid, who lived between b.o. 323 
and 284. These four books contain complete treatises on numbers, 
their properties, proportions, commensurable and incommensurable, 
and their application to geometry. Diophantus, who has been placed 
by some writers as early as a.d. 280, by others as contemporary with 
the Emperor Julian, was the author of thirteen books on arithmetic 
and algebra. Only six of the thirteen books are known to be extant. 
The first four were translated into French by Simon Stevin, and the 
other two by Albert Girard. The six books are printed in the col- 
lected works of Stevin, revised and augmented by his friend Albert 
Girard in 1634. 

The progress of astronomical and mathematical science occasioned 
the necessity of larger nimibers than could be expressed by the Greek 
notation then in use. Archimedes, who lived between b.o. 287 and 
212, improved and extended tib.e Greek method of notation. In his 
work entitled yj/afjLjjiLTrjg or Arenarius, he proposed to express a number 
which should exceed the number of the grains of sand that might be 
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contained in the sphere of the universe as conceived by Aristarchus'.r 
Ho assumed a scale of numeration whose radix or base is a myriad of 
myriads, or ten thousand times ten thousand, the number which then 
formed the limit of the Greek numerical language. All numbers less 
than this radix he called primary numbers, and the radix itself ha 
made the unit of secondary numbers ; he then proceeds to ternary^ 
quaternary, and other numbers of higher orders, forming successive 
dasset. 

According to the Indian notation, the units of Archimedes, the 
primary, secondary, ternary, Quaternary, quinary, &c., orders of 
numbers, will consist of 1 ; 1 with 8 ciphers; 1 with 16 ciphers; 1 with 
24 ciphers ; 1 with 32 ciphers, &c., respectively. And the unit of the 
ten thousand times ten thousandth order would consist of 1 with. 
799999992 ciphers. 

His method for determining the number of places in any required 
number is the following. He supposes a series of numbers beginning 
with unity, in continued proportion, and shows that the product of any 
two terms of this series is equal to that term whose place reckoned 
from the first, is less by unity than the sum of the two numbers whick 
indicate the places of the two terms ; as the 7th term of the series 
is equal to the product of the 3rd and 5th terms. He then assumes 
the series 1, 10, 100, 1000, &c., in which each successive term increases 
tenfold, or where the common ratia is 10. The first 8 terms of this 
series (omitting the first term) are primary numbers; the next 8 terms, 
secondary numbers ; the third 8, ternary numbers, and so on ; and the 
question is to determine that term in the series which is equal to the 
product of any two assigned terms, or the term whose place is the 
sum (less by unity) of the two numbers which indicate the places of 
the two assigned terms. The classes themselves he calls octades, or 
periods of eight, from each class requiring eight symbols, or eight 
places of figures of common notation, to express the numbers included 
in each class. He then shows, without finding or assuming the number 
itself, that the number requiring for its expression not more than eight 
of these octades, or, in our notation, not exceeding 64 places of figures, 
will exceed the number of the grains of sand in the sphere of 
AristarchuB, each grain of sand being so small that 10,000 of them 
are less than one seed of poppy. 

ApoUonius, about 240 B.C., adopted the plan of Archimedes of 
classifying numbers, but instead of the octades of Archimedes, he 
adopted tetrads, reducing the radix from ten thousand times ten thou- 
sand, to ten thousand. The units after the first class he designated in 
order, the single myriad, the double myriad, the treble myriad, &c., 
which he denoted by Ma, M/3, My, &c., respectively. His chief object, 
however, appears to have been to simplify the process of multiplica- 
tion, and to make the midtiplication of all higher numbers dependent 
on the product of any two of the first nine digits. The work of 
ApoUonius has perished, and even the name of its title is unknown. 
It is highly probable that the substance of it was embodied in the first 
two books of the mathematical collections of Pappus. Only a frag- 
ment of the latter portion of the second part is known to be extant, in 
which are exhibited several examples of the method of ApoUonius. 
This fragment was pubUshed by Dr. WaUis with a Latin translation 
and notes in 1688, and is reprinted in the third volume of his works^^ 
pp. 695—614. 
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It seems obyious that had Archimedes and Apollonins proceeded 
on the same principle for all numbers, their arithmetic would have 
been greatly improved. And in expressing a number of significant 
figures, it is strange that it was not perceived that no subscribed 
marks would be necessary, as the position of the symbols alone would 
be sufficient to indicate what orders of numbers the symbols were 
intended to represent. The only difficulty that could arise would be 
when all the Afferent orders were not coitirely filled up. This diffi- 
culty in the Indian method has been overcome by the introduction of 
the character 0, whose numeral value is nothing by itself, but which 
serves to keep every other symbol in the place of order it is intended 
to occupy. It is extraordinary that this should have remained alto- 
gether undiscovered by so acute a people as the Qreeks, when its neces- 
sity seems to arise so naturally &om the case itself. 

In an article by Mr. Whi^ in the first part of the Transactions of 
the Literary Society of Madras,^ " On the Alphabetical System of the 
Hindus,'' mention is made of a mathematical tract named after its 
Author Arya-Bhatta. This tract contains a very ancient system of 
numerical notation by means of the letters of the Sanscrit alphabet. 
Mr. Whish states that he has been unable to discover whether the 
notation had been in use before the time of the author, or whether he 
invented it himself, and adds thdX he is not aware of its use among 
mathematicians, not having found it in their works. He remarks that 
the Lilavati is composed from the second chapter of the tract. 

Mr. Whish also notes another system which has from time imme- 
morial prevailed among the learned in the southern part of India, and 
from an astrological work shows that this system was in existence 
nearly 2000 years ago. He concludes his article in these words : — 
** Suffice it to say, that even though the decimal scale of arithmetic has 
existed from time immemorial in India, it is still well ascertained that 
An alphabetical notation has been in use 1600 years ago in Northern 
India, the date of its origin cannot probably now be fixed ; and that 
a totally difierent system of notation by the letters of the same 
alphabet, has been in use in the South of India, the period of whose 
origin, though its existence is traced back for near two chiliads of 
years, is also indeterminable." This subject engaged the attention of 
the late Mr. Princep, who, by means of the inscriptions and the coins of 
ancient Surashtra, informs his readers that he ^' has been fortunate 
•enough to light upon a clue to the ancient forms of the Sanscrit 
numerals."^ He declares that the most ancient mode of denotitig 
number in the Sanscrit language, was by the use of letters in alpha- 
betical order, but is unable to state when this system was exchanged 
for that of the decimal notation, and adds that the Nagari numerals 
extant on numerous monuments of the ninth and tenth centuries do not 
materially differ &'om those at present used in India. 

From some grants recorded on plates of copper, and supposed to 
be of the third century, Mr. Princep discovered that some letters 
<ienote figures which express the dates of the grants, and he considered 
that he might venture to assign six of the nine digits. 

^ "Transactions of the Literary Society of Madras." "On the Alphabetical 
^Notation of the Hindus." Loudon, 1827. 

2 ** Essays on Indian Antiquities," by J. Princep, F.R.S., edited with notes and 
Additional matter by E. Thomas, late of the Bengal Civil Service. 2 vob., Svo. 
1858. "Essay on the ancient Sanscrit Numerals^" art xix., vol. ii 
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On some Surashtra coins, besides a legend in comipted Greek 
characters, he observed a few strange marks, which he found to be 
ntunerals of the same form and equal yaiietj as those on the copper- 
plate grants. He also remarks that there are vaiieties in some of the 
forms of the nine numerals ; and besides that, in many of the ancient 
systems, separate symbols were used to denote 10, 20, &c., in com- 
bination with the nine units severally. 

Mr. Princep further states in his essay, that he was in hopes of 
tracing the ancient Sanscrit symbols of number by a comparison of 
them with the numeral systems of those Indian alphabets which have 
most resemblance to the forms of the earliest centuries. In a plate he 
exhibits the forms of the numeral letters of several alphabets, and 
remarks: "Upon regarding attentively the forms of many of the 
numerals, one cannot but be led to suppose that the initial letters of 
the written names were, many of them, adopted as their numerical 
symbols." Q?his similarity may clearly be seen in the forms of some 
of the Sanscrit numerals, and his editor observes : ** It is possible that 
the new data, which has lately become available, may contribute 
materially to solve the general problem of the system under which tho 
ancient Indian scheme was primarily conceived.'' 

The oldest treatise known to be extant on decimal arithmetic forms 
the twelfth chapter of a System of Astronomy written by Brahmo- 
gupta in India. Mr. Colebrooke has determined with great pro- 
bability that this writer flourished in the sixth or at the beginning 
of the seventh century of the Christian era, and antecedent therefore 
to the cultivation of those sciences by the Mohammedans. It is. 
written in Sanscrit verse, and comprises twenty- one chapters. Tho 
twelfth treats of arithmetic, and is divided into ten sections : Algo- 
rithm, "Mixture, Progression, Plane Figure, Excavations, Stacks, Saw, 
Mounds of Grain, Measure of Shadow, Supplement. 

There is also a perpetual commentary on the whole work. Each 
verse of the text is quoted at length, and interpreted with elucidations 
and remarks. It is moreover certain that this treatise on arithmetic 
was not the first written in Hindustan. It is impossible to doubt of 
the knowledge of these sciences, and of their wide extension long 
before they assumed the form in which they are found in writing. 
Hie fact of a treatise on arithmetic being found in the midst of a 
system of astronomy, and the employment of the principles of ono 
science used to aid in the development of another, afi'ord a very strong 
presumption in favour of their existence in a previous age, and of 
their having passed through many stages of addition and improve- 
ment. 

This treatise, though the most ancieni; known, is not so complete 
or extensive as the iSlavati,^ another treatise on arithmetic, which 

^^^ • 

^ Tho oldest treatise on arithmetic possessed by tho Hindos, the Lilavati^ 
remounts no higher than the eleventh century of our era. This famous composition, 
to which the vanity and ignorance of that people claim a divine original^ is but a 
very poor performance, containing merely a few scanty precepts couched in obscur© 
memorial verses. The examples annexed to these rules, often written probably by 
later hands in the margin, are generally trifling and ill-chosen. Indeed, the 
Lilavati exhibits nothing that deserves the slightest notice, except the additions 
made by its Persian commentators. The Hindus had not the sagacity to perccivo 
the various advantages to be derived from the denary notation. They remained 
entirely ignorant of decimal fractions, with which their acute neighbours, tho 
Chinese, have been familiarly acquainted from the remotest ages. Their nurne- 
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eonstitates the fiist part of Mr. Golebiooke's work. The UlaTati 
stands as one of the preliminary portionB of a course of astronomy, 
by Bhascara. He inH>rms his readers that his work is compiled and 
abridged from more diffiise works, and was completed at a period 
corresponding to A.D. 1150. 

The lilavati appears to have gained in past times great authority, 
and to haye superseded the preceding treatises, and formed the subjeefc 
of study in countries and places so remote firom each other as the 
north and west of Hindustan and the southern peninsula. There 
is a Persian yersion of the Lilavati, which was undertaken by 
Faizi at the command of the Emperor Acbar, and was completed 
A.D. 1587.^ 

The occasion of writing the Lilavati, given by Paizi in the preface 
to his Persian translation, was rendered into English by Mr. Strachey, 
and printed in ^e introduction to Dr. Taylor's traiislation of the 
LilayatL The account^ thus proceeds :— 

rical operations are unnecessarily compKcated, following closely the procednre 
which the application of an alphabet had obliged the Greeks to employ. — Leslie* 8 
Philosophy ofArWimeiie, p. 225. 

There is another Eastern people [the Chinese] remarkable at onee fw the great 
antiquity and unchangeable character of their existing institutions, who possess a 
numerical language c3 great extent, connected with a very perfect system of 
numeration* . . . 

As the Chinese are not in the possession of the method of arithmetical notation 
by nine figures and zero, they clearly can have no proper claim to its invention, 
however nearly in some respects th^ may have approximated to it ; for it is next to 
impossible that a system of numeration, so much more perfect and commodious than 
their own, if once generally known or practised, could ever have been lost or 
abandoned. — Dean Peacock's History of Arithmetic in the £ncyclqpadia Metropolitana, 
vol. i., pp. 875, 376. 

* The following works on the Indian Arithmetic and Algebra have been trans- 
lated into the English language s — 

'*Bija Ganita, or the Algebra of the Hindus," by Edward Strachey, of the East 
India Company's Bengal Civil Service. London, 1813. 

"Lilawati ; or, a Treatise on Arithmetic and Geometry," by Bhascara Acharya ; 
translated from the original Sanscrit by John Taylor, M.D., of the Hon. East India 
Company's Bombay Medical Establishment Bombay, 1816. 

"Algebra, with Arithmetic and Mensuration," from the Sanscrit of Brahmegupta 
and Bhascara ; translated by Henry Thomas Colebrooke, F.R.S. London, 1817. 

^ This account is not found in the Sanscrit copies of the Lilavati, nor in any 
of the commentaries on that work. The language of the following questions which 
appear in pages 5, 6, 21, 24, 81, of Mr. Colebrooke's translation from the Sanscrit, 
supplies some internal evidence for the truth of the story :—»- 

''Dear, intelligent Lilavati, if thou be skilled in addition and subtraction, tell 
me the sum of 2, 5, 32, 193, 18, 10, and 100 added together ; and the remainder, 
when their sum is subtracted from 10,000." 

** Beautiful and dear Lilavati, whose eyes are like a fawn's, tell me what are the 
numbers resulting from 135 taken into 12." 

** If thou be skilled in multiplication by whole or by parts, whether by subdivision 
of form or separation of digits ; tell me, auspicious woman, what is the quotient of 
the product divided by the same multiplier." 

** Pretty girl, with tremulous eyes, if thou know the correct method of inversion, 
tell me what is the number, which, multiplied by three, and added to three-quarters 
' of the quotient, and divided by seven, and reduced by subtraction of a third part of 
the quotient, and then multiplied into itself, and having fifty-two subtracted from 
the product, and the square root of the product extractSl, and eight added, and the 
sum divided by ten, yields two ?" 

** Out of a swarm of bees, one-fifth part settled on a blossom of Cadamba, and 
one-third on a flower of Silind'hri ; thtee times the difference of these numbers flew 
to the bloom of a Cutaja ; on« bee, which remained, hovered and flew about in the 
air, allured at the same moment by the pleasing fragrance of a Jasmin and Fandanus. 
Tell me, charming woman, the number of bees." 
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^'It is said that the composing the Lilavati was occasioned by the 
following circumstance. lalayati was the name of the daughter of 
the author, Bhascara, concerning whom it appeared, from the qualities 
of the ascendant at her birth, that she was destined to pass her life 
immarried, and to remain without children. The father ascertained 
a lucky hour for contracting her in marriage, that she might be firmly 
connected, and have children. It is said that when that hour 
approached he brought his daughter and his intended son near him. 
He left the hour-cup on the vessel of water, and kept in attendance a 
time-knowing astrologer, in order that when the cup should subside in 
the water, those two precious jewels should be united. But, as the 
intended arrangement was not according to destiny, it happened that 
the girl, from a curiosity natural to children, looked into the cup, to 
observe the water coming in at the hole, when by chance a pearl 
separated from her bridal dress, fell into the cup, and, rolling down 
to the hole, stopped the influx of the water. So the astrologer waited 
in expectation of the promised hour. When the operation of the cup 
had thus been delayed beyond all moderate time, the father was in 
consternation, and examining, he found that a small pearl had stopped 
the course of the water, and that the long-expected hour was past. 
In short, the father, thus disappointed, said to his unfortunate daughter, 
I will write a book of your name, which shall remain to the latest 
times : for a good name is a second life, and the groundwork of 
eternal existence." 

There are several commentaries in Sanscrit extant on this work. 
The oldest on the Lilavati was composed about a.d. 1420. Another 
bears a date corresponding to a.d. 1545, and exhibits a copious 
exposition of the text of the Lilavati, with demonstrations oi the 
rules. Frequent references in one of the commentaries on the Lilavati 
are made to Arya-Bhatta, who was regarded as the most ancient of 
their uninspired writers. He flourished not later than the fifth 
century, but probably as early as the third or fourth century of the 
Christian era. 

It is highly probable he was the chief of those who improved and 
advanced the science of arithmetic to that state of perfection at which 
it has been nearly stationary in Hindustan for ages. The Hindus 
themselves can give no account of the origin or discovery of the 
ficience of arithmetic, nor even of the decimal notation, one of the 
most simple, and at the same time the most perfect of inventions. 
One of their commentators writes, that "the invention of nine figures 
with device of place to make them suffice for all numbers, is ascribed 
to the beneficent Creator of the universe." This opinion at least 
points to a period of great antiquity, probably antecedent to the 
existence of any written account of the invention. 

La Place, in his great work, has expressed the following opinion 
of the Indian notation : — **The idea of expressing all quantities by 
nine figures whereby is imparted to them both an absolute value and 
one by position, is so simple, that this very simplicity is the reason for 
our not being sufficiently aware how much admiration it deserves. But 
it is this simplicity, and the facility which calculations acquire by 
it, that raises the arithmetical system of the Indians to the rank of 
the most useful inventions. How difficult it was to discover such 
a method may be inferred &om the circumstance that it escaped 
the talents of Archimedes and ApoUonius of Perga, two men of the 
most profound genius of antiquity." 
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The Sanscrit lang^oage has independent names for the first seven- 
teen orders of units in the decimal scale, 1, 10, 100, &c., the 
seyenteenth being the place of hundreds of thousands of billions in 
the English mode of reckoning, which has only independent names 
for the first fiye — namely, one, ten, hundred, thousand, million. 
So large a vocabnlary of names of the orders of units has no 
parallel in any other language, ancient or modem; and this fact 
affords a strong presumption of the high antiquity of the system of 
notation by nine figures with ''device of place." In any number 
consisting of more figures than one, the place where no figure 
belongs to it was shown by a blank, and to obviate mistake was 
denoted by a dot or a small circle. 

The stem and desolating wars which followed the rise of the 
Mohammedan power in the seventh century, extended both to the 
east and the west. Eg3rpt, the chief seat of learning, was invaded 
and conquered a.d. 640, and the famous library of Alexandria was 
destroyed. The rapid conquests of the Arabian armies soon led to 
the foundation of a powerful empire. The second Ebalif Almansur 
ascended the throne a.d. 753, and shortly after transferred the seat 
of his government £:om Damascus to the newly-founded city of 
Bagdad. 

The Arabians became conversant with the arithmetical and astro- 
nomical science of the Hindus long before they had any knowledge of the 
writings of the Greek mathematicians. The earliest notice is referred to 
the second century of the Hegira, about a.d. 773, in the reign of Alman- 
sur, when an Hindu astronomer visited his court at Bagdad, bringing 
with him a book of astronomical tables. The Khalif committed the 
work to Alfazari to be translated, and to be published ''for a guide 
to the Arabians in matters pertaining to the stars." This version 
was afterwards known by the name of " the Greater Sindhind," and 
was in general use until the time of Almamun. 

Haroun Alrashid, the grandson of Almansur, before his accession 
to the Ebalifat, had overrun the provinces of Asia Minor and advanced 
as far as the Hellespont. The reigns of Alrashid and his successor, 
Almamun, were distinguished at Bagdad by the highest degree of 
luxury and splendour, which are displayed in many scenes of the 
famous tales of the Arabian Nights' entertainment. Almamun 
ascended the throne of the Khalifs a.d. 813. 

It was the glory of his reign that he invited learned men from 
different countries for the introduction of science and learning into his 
dominions. Under his auspices and encouragement Arabic transla- 
tions of Hindu and Greek science were undertaken. The few 
manuscripts of the philosophical writings of the Greeks which had 
escaped general ruin were diligently sought for and translated into 
Arabic, and Arabic commentaries were written to elucidate and explain 
these writings. By the desire of Almamun, before his accession to 
the Khalifat an abridgment of the Greater Sindhind was made by 
Mohammed Ben Musa, which was thenceforward known by the titlo 
of the Less Sindhind. That the Arabians derived their knowledge 
of astronofiiy and arithmetic from tha Hindus is asserted with tho 
universal consent of all Arabian authors from the time of Mohammed 
Ben Musa. It is well known from various works in Arabic that 
before the end of the tenth century the nine figures named Hindash 
irom the country whence they had been derived, were in general use. 
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This concurrent history of Arabic writers is also further confirmed by 
fche fact that the Arabians wrote their figures from left to right, after 
the manner of the Hindus^ but contrary to the order of their writing, 
which was from right to left. 

Under the reign of Almamun, Ptolemy's great woi^ on astronomy 
and arithmetic was translated into Arabic, with the title of Almagest, 
a word formed from the Arabic article, and one of the words of 
trvyra^Q fieyiorrj, the title of Ptolemy's work. The arithmetics of Dio- 
phantus were translated into Arabic by Buzjani, in the fourth century 
of the Hegira, nearly two centuries after the Arabians had become 
acquainted with the arithmetic and the astronomy of the Hindus. 
Among the writers subsequent to Mohammed Ben Musa was 
Abulfaraj, the author of a treatise on computation. He lived in the 
twelfth century, and notices a work on numerical computation which 
Mohammed Ben Musa amplified, and is described as '* a most expedi- 
tious and concise method, and testifies the ingenuity and acuteness of the 
Hindus." 

Before the end of the eleventh century the Saracens had extended 
their conquests along the northern parts of Africa, and at an earlier 
period had established a flourishing kingdom in the southern pro- 
vinces of Spain, which existed for upwards of seven centuries, until 
the reign of Ferdinand and Isabella in 1491, when Granada was 
taken, and the Saracen power in Spain came to an end. During the 
rule of the Saracens the arts and sciences of the East were cultivated 
and promoted, and the schools of the learned in Spain were in high 
repute in those early times. 

In the latter part of the tenth century, Gerbert, a Benedictine 
monk, of Aurillac in Auvergne, is reported to have travelled into 
Spain, and there to have acquired a knowledge of the sciences of the 
Saracens, and also of the Arabic numerals. He was without doubt 
one of the remarkable men of his age, but how far he promoted or 
assisted in the extension of the knowledge of the Arabic afithmetic is 
not made out satisfactorily. 

William of Malmesbury writes (De Gestis Anglorum) of Gerbert: 
''Abacum certe primus a Saracenis rapiens, regulas dedtt, quae a 
sudantibus abacistis vix intelliguntur." Gerbert afterwards became 
Archbishop of Eheims and of Bavenna, and in a.d. 999 was raised 
to the Popedom under the title of Sylvester II. He died in the year 
1003. It is not improbable that other persons in their travels, both in 
Spain and in the East, acquired a knowledge of the Arabic numerals 
long before the use of them became general in the west of Europe. 
The intercourse of merchants in traffic, and of the hosts which, from 
the west of Europe, joined in the expeditions to the Holy Land during 
the Crusades, may also have afforded opportunities of gaining somo 
acquaintance with the arts and knowledge of the Saracens. 

The Arabic numerals are said to have been found in manuscripts 
of Spain of the eleventh and twelfth centuries. It is probable that 
much interesting information might be brought to light &om any 
remains of the manuscript literature of the Saracens in Spain during 
these centuries. The Arabic numerals were certainly employed ia 
the astronomical tables made by Alphonsus X., King of Castile, 
about A.D. 1252. 

Leonardo of Pisa first made known from the Arabians the Hindu 
ai ithmetic and algebra in Italy. A manuscript of Leonardo's treatiso 
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bearing the title of ''Liber Abbaoi compositus a Leonardo filio 
Bonacci Pisano in anno 1202 ; " and a transcript of another treatise 
entitled '' Leonard! Pisani de fiHis, Bonaeci . . . Practiea Geometria 
composita anno 1220, " were found about 1750 by Targioni Tozzetti 
in the Magliabecchian Library at Florence, of which he had the care. 
In his preface to the Liber Abbaci, Leonardo relates that he had 
travelled into Egypt, Barbary, Syria, Greece, and Sicily. During^ 
his youth, at Bugia, in Barbary, where his father was scribe at the 
custom house for the merchants of Pisa who resorted thither, he 
there learned the Indian method of counting by nine figures. 
He states it to be more commodious than the methods used in other 
countries which he had visited ; he therefore prosecuted the study,. 
and, with some additions of his own, and some things taken from 
Euclid's Elements, he undertook the composition of his treatise that 
" the Latin race might no longer be found deficient in the complete 
knowledge of that method of computation." In the epistle pre- 
fixed to the revision of his liber Abbaoi in 1228, he professes 
to have taught the complete doctrine of numbers according to the 
Indian method. 

The study of the Indian method of computation through the 
medium of Arabic in an African city having been introduced into 
Italy, the Italians were the first European people who cultivated this 
and its kindred sciences. 

After the introduction of this new knowledge into Italy, numerous 
treatises were composed, and manuscript copies of the works of thai 
age are found in the libraries of Italy and other parts of Europe. 
Villani, the earliest Florentine historian, writes of Faoli di Dagomari, 
who died about 1350, as a great geometer and most skilful arith- 
metician, and who surpassed both the ancients and moderns in the 
knowledge of equations. And Bafiaelo Caracci, a Florentine arith- 
metician of the same century, wrote a work entitled '^Bagionamento 
di Algebra," in which he speaks of Guglielmo di Lunis, who before 
his time had translated a treatise on Algebra from Arabic into 
Italian. This was most probably a translation of the Algebra of 
Mohammed Ben Musa, which Bombelli some years after spoke of as if 
it were well known in Italy. 

Matthew Paris writes of John de Basingstoke : — " This Master 
John, moreover, brought into England the Greek numerical cha- 
racters, and explained to his friends the knowledge and meaning of 
them. And this is chiefiy remarkable of them, that every number is 
represented by a single character, which is not the case in the Eoman 
numerals or in Algorithm." ^ It may be remarked that the word 
algorithm, as well as the word algebra, were, at that time, both new 
words from the Arabic, the former word beiug applied to the science 
of arithmetic with the Arabic numerals, and the latter to the gene- 
ralised science of number. 

John de Basingstoke was advanced to the Archdeaconry of 
Leicester by Bobert Grosstete, Bishop of Lincoln, who was at that 
time a zealous promoter of Greek learning and of the sciences. He was 

1 Hie insuper magister Joannes figuras Graecornm numerales, et earum notitiam 
et significationes in Angliam portavit, et familiaribus suis declaravit. Per quas 
figura8 etiam literse repraesentantur. De quibii8 figuris hoc maxime admirandum, 
quod unica figura quilibet numerus reprsesentatur ; quod non est in Latino, vel ia 
Algorismo. — Matthew Paris. 
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the author of a work, '*De Oomputo Ecdeeiastioo," and of the ^'Kalen- 
darium Lincolniense/' which latter was long held in high estimation. 

t Copies of it still exist, of which only the Latin manuscript copies 
contain the Arabic numerals. After he was made bishop, Qrosstete's 
firmness in resisting the encroachments of the papacy drew down 
2 upon him the censures of the Pope, but the Pope^s censures had not 
^ the effect of inducing him to alter the line of conduct he deemed it 
^ his duty to his sovereign to adopt in the administration of his diocese, 
j He died in the year 1253, at Buckden, the year before the death of 
John of Basingstoke. 

Johannes de Sacro Bosco, or John of Holy wood or of Halifax as he 
is sometimes called, studied at Oxford. He was the author of a 
treatise on the Sphere, and of a tract, '^De ArteNumerandi,"^ both of 
which were celebrated works. This tract of Sacro Bosco gives the 
Arabic numerals, explains the local value, and gives the rules for 
arithmetical operations, including the rules for the square and cube 
roots. He was also the author of a work entitled *^T>e Computo 
Ecclesiastico." His death took place at Paris, a.d. 1256. 

Contemporary with Matthew Paris, Sacro Bosco, and Bobert 
Orosstete, was Eoger Bacon, a native of Hchester, who was bom 
about 1214, and died in 1292. He was one of the great men that 
held forth the light of truth in a dark age, only a few years after the 
kingdom of England had endured the degradation of a Papal Inter- 
dict of the third Pope Innocent. In his work entitled " Opus Majus" 
he highly commends the sciences, and that of number among them. 
He employs the word algoristicua several times, and repeats the names 
of the same set of rules as are given in the treatise of Sacro Bosco. 
The following extract from the first chapter of the *'Opus Majus " can 
scarcely fail of being interesting .to the student. 

'* There are four principal stumbling-blocks in the way of arriving 
at truth — authority j'^ confirmed habit ^ a^ppearances as they present them- 
^hee to the vulgar, and concealment of ignorance under the ostentation of 

1 In 1889 a small volume (pp. 120) was printed by Mr. Halliwell, with the title of 
** Rara Mathematica." In the collection will be found five tracts on the Arabic 
numerals. Of these the most important is the treatise of Sacro Bosco, the text of 
which he states is taken from a manuscript he purchased at the sale of the library of 
the Abbate Canonic! at Venice. 

There is another treatise entitled "Carmen de Algorismo," in hexameter verse, 
containing 255 lines. It appears that Alexander de Villa Dei was the author, and 
that he lived in the fourteenth century. The manuscript copies existing of this 
poem are very numerous, from which it may be infen-ed that it wai highly valued 
and extensively read. There are manuscript copies of this treatise preserved both 
in the University Library and in the Library of Trinity College, Cambridge. 

Mr. Halliwell quotes the following lines, which he has appended as a note, to tho 
Iwenty-sixth line of the Carmen de AJgorismo : — 



En argorisme devon prendre 
Viieapeces .... 
Adision Bubtracion 
Doubloison mediacion 
Honteploie et division 



Et de radix enstraclon 
A Chez vii eapeces savolr 
Doit chascun en memoire avoir 
LetreB qui fle^ires sont dites 
£t qui ezcellens Bont ecrites. 

MS. Seld. Arch.^ B. 2a 



^ 3se lines are probably as old as the time of Roger Bacon. 

^ Shakespeare saw the same causes at work in his day, and has left the i^ecord of 
liis opinion of them in one of his sonnets in these words : — 

" And Art made tonsue-tied by Authority, 
And Folly, doctor-like, controlling Skill, 
And simple Truth miscalled Simplicitv, 
And captive Good attending captain lU.'* 
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knowledge. The authority I mean here is that which many have 
Tiolently usurped of their own self-will and with the lust of power^ 
and to which the ignorant vulgar have yielded, to their own ruin, by 
the just judgment of God (in pemicionem propriam judicio Dei 
iusto). Now, where these obstructions exist, no reason can move, no 
judge decide, no law bind ; right has no place, the dictates of naturo 
no force ; vice flourishes, virtue fades ; laruth expires, and falsehood 
rules supreme. Even if the first three can be got over by some g^eat 
effort 01 reason, the fourth remains. Men presume to teach beforo 
they have learned, and fall into so many errors both in science and 
common life, that we see a thousand falsehoods for one truth. And 
this being the case, we must examine most strictly the opinions of 
our predecessors, that we may add what is lacking in them, and 
correct what is erroneous, but with all modesty and allowance. Wo 
must with all our strength prefer reason to custom, and the judgments 
of the wise and good to the opinions of the vulgar ; and we must not 
use the triple argument — ^it is established — it is customary — it is 
common, — and therefore it is to be retained, whether in opposition to^ 
or in accordance with the dictates of truth and reason." The man 
who held and expressed such opinions was a very dangerous person ; 
and accordingly he was imprisoned, his works forbidden to be read, 
and his lectures prohibited in the University of Oxford. The learned 
monk, while engaged in his inquiries into the works of nature, and 
in his experiments in alchemy, was seriously believed to have 
practised magic, and to have had converse ^th evil spirits. So 
gross in that age was the ignorance of the clergy that even Anthony 
^ Wood, the Oxford antiquary, who had no prejudices against the 
clergy, has stated with respect to their knowledge of geometry, that 
" they knew no property of the circle but that of keeping out 
the devil, and thought that the angles of a triangle would wound 
religion." 

Thomas Bradwardine was bom at Hatfleld, in Sussex, about the 
close of the thirteenth century, and received his education at Merton 
College, Oxford. He was distinguished both as a divine and as a 
mathematician. He constantly attended Edward the Third during hia 
wars in Erance, and was most probably present at the battle of 
Cressy in 1346. His works, '*De Arithmetica Practica," and **D0 
Proportionibus," were printed at Paris, the former in 1502, and the 
latter in 1495. He died in 1349, forty days after his consecration to 
the see of Canterbury. 

Mabnion, in his work entitled *' De Be Diplomatica," after tha 
examination of above 6000 documents, writes that he found no au- 
thentic date in Arabic figures earlier than that of 1355, and that dato 
in the handwriting of Petrarch.^ 

Geoffrey Chaucer, the poet, who died a.d. 1400, calls, in one of his 
poems, the Arabic numerals ''the figures newe." He had visited 
Italy, where he would have learned ^at the science of number was 

^In the "Journal of the Archseological Institute," vol. vii., p. 85, is a fac-simile 
of a date in a public document of 19 Edw. II., 1325 A.D., In which the date of the 
year is expressed in one part in Roman numerals, and in another in Arabic. The 
document is a warrant from Hugh le Despenser to Bonefez de Peruche and hia 
partners, merchants of a company, to pay forty pounds, dated February 4, 19 Edw. 
II. In a different hand on the dorse, is a memorandum of the payment, written by 
one of the Italian merchants to whom the warrant was addressed!. 
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there more cultiyated than in England. At Florence, Yenioe, and 
other cities of Italy, both literature and the arts flourished in the 
thirteenth and fourteenth centuries, and the science of the arithmetio 
of commerce was both cultivated and improved by their extensive trade 
Tvith other countries. He wrote a treatise on the Astrolabe in English 
for the use of his son. This is the earliest treatise in the English 
language written on any scientific subject. It has lately been edited 
by Mr. Skeat, of Christ's College, to which he has prefixed a very 
interesting preface. In pages xliii. — xlvi. will be found a table^ of the 
fixed stars, copied from a manuscript which bears the date of 1223 in 
the Arabian characters, a date prior to that of Petrarch by more than 
a century. The character of iJie writing, however, is very much like 
that of manuscripts written in the fourteenth century. If these charac- 
ters are really copied as written in the original manuscript, they con- 
stitute the earliest date as yet discovered in these characters. 

They do not appear in the dates of the works of Caxton. In 
^*The Myrrour or Ymage of the World," however, printed in 1480, 
where, treating of Arsmetryke, or Algorithm, among other sciences, he 
lias given a woodcut of an arithmetician sitting before a desk, on 
which are tablets or papers marked with the nine figures. At St. 
Albans ** The Myrrour of the World " was reprinted in 1506, in which 
the Arabic figures appear imder the forms now in use. 

The ancient calendars of the fourteenth and the early part of the 
fifteenth centuries, written before the invention of printing, supply 
some evidence of the manner in which a knowledge of the Arabic nota- 
tion was generally made known both in England and in the countries 
of Europe.^ Copies of these calendars are found in almost all the 

1 ** Tabula stellarom fizanun que ponuntar ia Astrolabio ceriificata ad civitatem 
parisias cuius latitudo est 48 gradus et 30 minuta. In anno domini nostri lesu 
Christi 1223.''— Pref. p. ±iiu.-^MS. Carnb. Univ. Lib. Eh., 6. 8,/oZ. 236.] 

* In Archbishop Parker's manuscript library, preserved in Corpus Christi College, 
Cambridge, there is a table of eclipses from 1330 to 1340, to which is subjoined a 
table, in three columns^ containing the Roman and Arabic numerals, and another 
nearly the same as the Roman, but the characters different. The following ex* 
planation is subjoined : — '* Omnis numerus vel omnis figura in algorismo primo loco 
se ipsum siguificat ; secundo loco, decies se ipsum significat ; tertio loco, centies 
se ; quarto loco, milesies se ; quinto loco, decies milesies se ; sexto loco, centies 
milesies se ; septimo loco, mille milesies se ; octavo loeo, decies mille milesies se ; 
nono loco, centies mille milesies se ; decimo loco, mille milesies milesies se. £t sic 
multiplicando per decem centum et mille usque in infinitum computando versus 
fiinistram." 

The calendar of John Somers, of Oxford, written in 1380, was one of the most 
popular of the time, and the copies in general have this addition : — '* Tabula docens 
algorismum legere, cujus ntilitas est m brevi satis sjMitio numerum ma^um com- 
prehendere. Et quin numeri in Kalendario positi vix excedunt sexaginta^ ultra 
lUam summam non est protensa. " There is a copy of this calendar in the Briti3h 
Museum, and several En^ish translations among tne manuscripts in the Ashmolean 
Library at Oxford. 

Mr. Halliwell states in his " Rara Mathematica," that, in the year 1812, a small 
octavo volume was published at Hackney, containing an account of an almanack 
for the year 1386, probably one of the oldest in En^ish. At this time the Indian 
notation appears to have been imperfectly understood, if one may judge from the 
mixture of Soman and Indian notations in numbers consisting of more than two 
figures ; as 52,220 is written thus — 52 MCO 20. 

There is a calendar preserved in the British Museum of about the date of 1403, 
which contains the numersds in the form they usually appear before the end of the 
fifteenth century. 

There is another described in the ''Archftologiay" voL ziiL, p. 153, which 
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puUic UbrarieB of Europe, and some are preserved in the libraries of 
Oxford and Cambridge. In many of them is explained the Arabic 
method of notation, which would seem to show that the writers of the 
almanacks were using a notation requiring explanation, and differing 
from the I^man characters th^i in use. In the calendars of the latter 
part of the fifteenth century the explanations of the Arabic notation had 
ceased to appear. 

Lucas Pacioli, or Lucas de Burgo, appears to have taught the sciences 
of algorithm and algebra at Yenice about the year 1460, and to have 
noticed the names of men who had been his predecessors. In the year 
1494 he published at Yenice his ''Summa de Arithmetica," the first 
work which was printed on the subject, and in 1525 a more complete 
form of it. This was his principal work. He professes to have consulted 
the earlier writers, Euclid, Sacro Bosco, Leonardo of Pisa, and others. 
The work itself treats c^ arithmetic, algebra, and geometiy. In the 
first part he explains the properties of numbers and rules of the arith- 
m.etic of commerce, and gives an account of the principles of keeping 
mierchants' accounts by double entry, afterwards called the Italian 
method. He also explains the rules of interest, exchange, barter, &c. 

The ^'iSumma de Arithmetica " was not printed till more them half 
a century after the invention of printing. The history of arithmetic 
and other sciences is almost entirely the history of books and manu- 
scripts which treat on these subjects, with very little of contemporaneous 
history to show how extensive or otherwise was the knowledge of these 
sciences. 

Guthbert TonstaU was bom in 1476, and studied first at the Uni* 
versities of Oxford and Cambridge, and afterwards at Padua. Erasmus 
and TonstaU were firm friends. 8ir Thomas More, in a letter to 
Erasmus, wrote of TonstaU : ''As there was no man more adorned 
with knowledge and good literature, no man more severe and of greater 
integrity for his life and manners, so there was no man a more sweet 
and pleasant companion, with whom a man would rather choose to 
converse." 

The work, " De Arte Supputandi," composed by Cuthbert TonstaU, 
was published in 1522. In lus dedication to 8ir Thomas More he pro* 
f esses to have read aU the books that had ever been written on the 
subject. Professor De Morgan remarks : ** This book was a fareweU to 
the sciences, on the author's appointment to the See of London, and is 
decidedly the most classical which was ever written on the subject in 
Latin, both in purity of style and in goodness of matter. For plain 
common sense, weU expressed, and learning most visible in the habits 
it had formed, TonstaU's book has been rarely surpajssed, and never in 
the subject of which it treats." 

Bobert Eecorde was educated at Oxford, and elected PeUow of AU 
Souls' College in 1531, where he appears to have zealously promoted 
the study of the mathematical sciences. In 1545 he was admitted to 
the degree of M.D. at Cambridge, where he taught arithmetic and 
other parts of mathematical science. His published writings prove 
bim to have been no common man, and he is thus acknowledged by the 

contains the following account of the Arabic notation : — '*Nota quod quselibet 
iignra algorismi in primo loco signat se ipsam, et in secundo decies se. Tertio loco, 
centies se ipsam. Quarto loco, millesies se. Quinto loco, decies millesies se. ^ Sexto 
loco, centies millesies se. Septimo loco, mille millesies se. £t semper incipiendum 
est computare a parte sinistra.'' 
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late Professor De Morgan : — '* The founder of the school of Englisb 
writers (to any useful or sensible purpose) is Eobert Eecorde, the 
physician, a man whose memory deserves a much larger portion of 
fame than it has met with on several accounts. He was the first wha 
wrote on arithmetic in English (that is, anything of a higher cast 
than the works mentioned by Tonstall); the first who wrote on geometry 
in English ; the first who introduced algebra into England ; the first 
■ ^ who wrote on astronomy and the doctrine of the sphere in English ; 
f "^ the first, and fi[nally the first Englishman (in all probability) who 
^ adopted the system of Copernicus." 

Some of his works passed through numerous editions, and were 
long in estimation. His ** Grounde of Artes " was first published in 
1549, and dedicated to King Edward VI. The last emtion of this 
work was published in 1669, with additions by Edward Hatton. '* The 
Castle of Knowledge" was first printed in 1556, and dedicated in 
English to Queen Mary, and in Latin to Cardinal Pole. " The Whet- 
stone of Witte," published 1557, was dedicated to "the Companie of 
venturers into Moscovia." In the ** Pathway to Knowledge " he thus 
writes his opinion of the authority of Ptolemy : — 

'*No man can worthely praise Ptolemy e, his travell being so 
great, his diligence so exacte in observations, and conference with all 
nations, and all ages, and his reasonable examination of all opinions, 
with demonstrable confirmation of his owne assertion, yet muste you 
and all men take heed, that both in him and in al meniies workes, you 
be not abused by their autoritye, but evermore attend to their reasons, 
and examine them well, ever regarding more what is saide, and how 
it is proved, than who saieth it ; for autoritye oft times deceiveth many 
menne," &c. 

He wrote on other subjects besides the mathematical sciences ; one 
of these works, *' The Urinal of Physic," may be named as having- 
passed through four or five editions. It is melancholy to add that a 
man so learned and accomplished in various knowledge was imprisoned 
for debt in the King's Bench Prison, and died there, probably in 1588. 

William Buckley, a native of Lichfield, was educated at Eton, 
where he was elected to King's College, Cambridge, in 1537, and was 
. admitted M.A. in 1545. He was much esteemed by King Edward VI., 
and during his reign he was sent for by Sir John Cheke, when Provost 
of King's College, to instruct the students in arithmetic and geometry. 
He was the author of a small tract on arithmetic, entitled " Arith- 
metica Memorativa," written in Hexameter verse. It contains about 
320 verses, giving all the ordinary rules of the science as then known 
and practised. It was first published in 1550, and afterwards printed 
at the end of "Seaton's Dialectica," at Cambridge, 1631.^ 

It is a fact, and one which exhibits the slow progress of the human 
mind, not only in discovery and invention, but even in the application 
of well-known principles, that the extension of the denary notation to- 
the descending scale was not discovered before the latter part of the- 
sixteenth century, more than a thousand years after the decimal 

J At the end is placed the following epigram : — 

mirpov r€, (TTdOfirjv rt, (vy6v t«, Koi Xtrov hpiB^Hii 

Etpov fi4v voSaroi, robs 8e Zuccuocrivrj. 
*Zv 8e ^iKaioffvi/p o'vW'fjB^riv vaa* apfrff Vt*. 

''Ov Ti ^Uaios &p* ivy itas hvipiQ^ios iiviip* 
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arithmetic of integers had beei\ known and cultivated in Hindustan. 
In the notation of integers it was well understaod that each succeeding 
figure placed on the left had a value ten times as great as the figure 
next to it on the right, and if the conver:ie of this had been perceived , 
it would have been obvious that the figure on the right of any other 
figure in the scale was one-tenth of the value of that adjacent to it on 
the left. But tlie truth is, it had not occurred to any one to apply 
this idea beyond the place of units, and thus to extend the scale to 
express decimal fractions. The scale thus extended would have caused 
no interruption of the law of continuity either in the ascending or 
descending parts of the scale, but would have rendered the scheme ot* 
notation complete for the expression of the smallest possible decimal 
fraction as well as the greatest possible integral number. 

The earliest notice of decimal fractions is found in a small tract 
written by Simon Stevin, of Bruges, in Flemish, and published about 
1590. He afterwards translated it into French, as he himself in- 
forms his readers. In the collection of his works published after his 
death for the benefit of his widow and orphans, by his friend Albert 
Girard, it will be found at the end of the treatise on Arithmetique. 
His tract describes the advantages of this extension of the 
descending scale of the denary notation, and calls decimal frac- 
tions "Nombres de disme."* He designates the first, second, 
third, &c., places of decimals by the numbers 1, 2, 3, &c., placed in 
small circles,' reserving 0, included in the same manner for the 
place of integers. These characteristic marks in his tract are 
written after the figures whose places in the scale they severally 
mark; thus, 8(0)9(1)3(2)7(3), will signify 8, ^ x"L io^, or 8'oVu- In 
the same manner 3(4)7(5)8(6), mean j-^,, ,-^y^, j^^,, or ^^.J^J^. The 
characteristic figures are also found written in operations both above 
and below the figures they distinguish, according to convenience. - * 

The notation of sexagesimals was continued to be used in astro- tp ^ 
nomical calculations after the introduction of the Indian notation. The 
mode, also, of marking degrees, minutes, seconds, &c., was retained. » 
rt appears that Stifelius, in his '* Arithmetica Integra," published in 
1544, was the first who indicated minutes, seconds, &c'., of the sexa- 
gesimal scale by the words minuta,^ prima, secunda, tertia, &c. , and 

employed the small figures 2, 3, 4, &c., with a circumflex to distiu- 

gra'J. min. 2 3 V 

guishthem. Thus in page 65 he writes : ** 1 1 1 1 1 instead of 
1® 1^ 1" 1*" 1*^, which signifies 1 degree, 1 minute, 1 second, 1 third, 
1 fourth. It is not improbable that Stevin, from this mode of noting 
the orders of sexagesimals, was led to mai*k in a similar way tlio 
orders of decimal fractions. 

The dedication of Simon Stevin's tract, as translated by "Mlv, 
Norton,' begins with the following passage: — '*Many seeing the 

* Parentheses arc substituted in the text instead of the small circles employed by 
Stevin, contxiiiiing the figures which indicate the places of each decimal figure. 

* The tract of Stevin, in 1608, was translated by Robert Norton into English, 
and published witli the following title : — ** Disme : The Art of Tenths ; or Decimall 
Arithmetike ; teaching how to performe all computations whatsoever by whole 
numbers without fractions, by the foure principles of common arithmeticke ; namely, 
Addition, substraction, multiplication, and division. Invented by the excellent 
inathematician, Simon Stevin. Published in English, with some additions, by 
IJobevt Norton, gent. Imprinted at London by S. S. for Hugh Astley, and ara 
to be sold at his shop at Saint Magnus Comer. 1608." [4to, pp. 37.] 
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smalnes of tliis book, and considering jour wortbynes to wbom it i» 
dedicated; may percbance eeteeme tbis our concejte absurd. But if 
tbe proportion be considered, . tbe small quantity thereof compared to* 
humane imbecility, and tbe great utility unto bigb and ingenious 
intendiments, it will be found to bave made comparison of tbe^ 
extreame tearmes, wbicb permit not any conversion of proportion- 
But what of tbat? Is tbis an admirable invention ? No, certainly;, 
for it is so meane as tbat it scant deservetb tbe name of an inven- 
tion. For as tbe countryman by cbance sometime findetb a great- 
treasure, without any use of skill or cunning, so bath it happened 
herein. Therefore if any will thinke, tbat I vaunt my selfe of my 
knowledge, because of the explication of these utilities, out of doubt, 
be showeth himselfe to have neyther judgement, understanding, nor 
knowledge to discerne simple things from ingenious inventions, but 
he (rather) seemetb envious of the common benefite ; yet, howsoever, 
it were not fit to omit the benefit hereof, for the convenience of such 
calumny." This most important invention of Simon Stevin appears 
not to have been appreciated by his contemporaries, but some time 
elapsed before its excellence was perceived and its use discovered. 
The notation be employed, being analogous to the notation of sexa- 
gesimals then in use, was a needless and cumbrous addition, and this- 
probably did not favour its general adoption. And it may bo observed 
that this' notation appears to have kept from his view, that the ratio 
of the descending scale from the unit's place towards the right was 
the inverse of the ascending scale from tho unit's place towards tho- 
left, and tbat the perfection of his scherao only required some mark 
for separating the integers from the decimals. 

. This important improvement was effected by John Napier, tho 
inventor of logarithms. Instead of employing the notation of Stovinus^ 
he simply separaffes the integers from the decimals by placing a point 
between them without making any remark on his own simplification 
of the notation. He afterwards writes the result of his example by 
placing one, two, three, &c., accents at the i*ight of the first, second, 
third, &c., places of decimals. In page 21 of his '^liabdologin," which 
he published in 1617, he gives the following account in an *'Admonitio 
pro Decimali Arithmetica " : — '* But should those fractions whoso 
denominators are various be found disagreeable on account of tho 
difficulty of working with them, and should that other kind, whoso 
denominators are always tenth, or hundredth, or thousandth, &c.,. 
parts (which tbat most learned mathematician Simon Stevin, in hia 
* Decimal Arithmetic * notes and names in this manner, (1) firsts, (2) 
seconds, (3) thirds), be preferred on account of their eflecting tho 
same practical facibty as integers, then the vulgar division being com- 
plete d and concluded with a i)eriod or a comma, you can annex to tho 
dividend or remainder one cipher for tenths, two for hundredths, three 
for thousandths, or more at pleasure ; and with these x)roceed to operate 
as in tho above example [861094 divided by 432] where I have added 
throe ciphers; the quotient being 1993,273, signifies 1993 integers- 
and 273 thousandth parts, or iVo^o» or as Stevinus has it, 1993, 
21 711 3>ii>? In the example refen-ed to, the decimals are separated 
by a comma from the integers, but in the following passage (p. 6) 
taken from his " Logarithmorum Canonis Constructio," published iu 
1619, tho decimals are separated by a period from the integers. 

'^The less accurate calculators take 100000 as the largest sine, the 
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deeper select 10000000, by means of wlxicli mimber tlie diflPerence 
betwixt all the sines can be better expressed. That is the reason why 
I have adopted it for the whole sine, and as the maximum of the geo- 
metrical progression. In computing tables, even very large numbers 
are to be made still larger by placing a period betwixt the original 
number, and ciphers added to it. Thus at the commencement of my 
■computation I have changed 10000000 into 10000000 0000000, lest 
the most minute error might, by frequent multiplication, grow into 
an enormous one. In numbers so divided, whatever is'noted after 
the period is a fraction, whose denominator is unity, with as many 
ciphers after it as there are figures after the period. Thus, 10000000*4 
is equivalent to lOOOOOOOy^. So 25-803 is the same as 25fJJ-. Also 
1)999998'0005021 is 9999998r4S|J^o, and so on. From iJie tables so 
computed, the fractions placed after the period may be rejected without 
any sensible error, for m these very large numbers the error is to be 
considered insensible and nugatory where it does not exceed unity. 
Por when the table is completed, for the numbers 9987643*8213051, 
which are equivalent to 9987643 /^^0^^^^ , there may be taken 9987643 
without any sensible error." 

^ Norto n ^a ti^g-nt flid not reach a second edition, and the subject ap- 
pears not to have been brought under general notice. About eleven 
years after, the substance of Norton's tract was published by Heniy 
Lyte in 1619, with a dedication to Charles Prince of Wales.^ His 
work contains no additions nor improvements on the notation of Stevin. 

The notation adopted by Norton is somewhat in form different from 
that of Stevin. Instead of circles with small figures placed within 
them, Norton employed a parenthesis, with small figures placed 
between the upper ends ; thus 8(0)9(i)3(2)7(*) means 8*9307. 

In the first chapter of his Clavis, published in 1631, Oughtred 
explained the principle of decimals, ana separated tke integers 
from the decimals by the mark L-, which he called the separatrix, 
as in p. 2 he writes |56, | 00005, and 379 [236, for -56, 

*00005, and 379*236 respectively. The theory as given by Oughtred 
and his notation were generally adopted by writers on arith- 
metic for more than thirty years after his time. Both the English 
and foreign writers on arithmetic adopted different modes of nota- 
tion, all of them, however, following more or less the notation of 
sexagesimals. 

The Arithmeticce Theorea et Praxis of A. Tacquet, publishod 
in 1656, marks the places of decimals mth Roman numerals as 
exponents, after the manner of Stevinus, Tvho employed figures. 

Briggs in the introduction to his Arithmetica Logarithmica em- 
ploys a line placed under the decimals to distinguish them from 
the integral numbers ; thus, p. 5, he writes, 343 for 3*43, and 16807 

for 1 6*807. In his posthumous work, "Trigonometria Bdtannica," 
published by Gellibrand, appears the same method of separating 
decimals and integers, as, p, 30, 131595971 denotes 1*31595971. 

It may be a matter for surprise that the convenience of Napier's 
simple notation for the separation of decimals from integers was so 

1 The following ia a copy of the title page : "The Art of Tens ; or, Decimiil 
Arithmetike ; wherein the art of Arithmetike is taught in a more exact and perfect 
method, avoyding the inft-icacies of fractions. Exercised by Henry Lyte, gentleman, 
and l>y him set forth for his countries good. London^ 1619." 
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imperfectly appreciated at the time, that it was not generally adopted 
uutil after the middle of the seventeenth century. 

Professor De Morgan in his ** Arithmetical Books" (p. xxiii.) 
questions the fact of Napier having first applied the comma or period 
to separate integers from decimals. He remarks : ** The inventor of 
the single decimal distinction, be it point or line, as in 123*456 or 
123 1 456, is the person who first made this distinction a permanent 
language, not using it merely as a rest in a process, to be useful in 
pointing ,out afterwards how another process is to come on, or 
language is to be applied, but making it his final and permanent 
indication as well of the way of pointing out where the integers end 
and the fractions begin, as of the manner in which that distinction 
modifies ox)erations. Now, first, I submit that Napier did not do this ; 
secondly, that if he did do it, Richard Witt did it before him." 

It is true that picl|ardWitt in 1613^ published a work entitled 
** Arithmetical Quiestions touching the buying or exchange of annui- 
ties, &c., briefly resolved by means of certain breviats."^ These are 
tables of compound interest calcttlated yearly, half-yearly, and 
quarterly, and a small vertical line is employed as a separation of 
the integers from the decimals. The tables are expressly said to con- 
sist of numerators with unity and ciphers annexed for denominators. 

On the table of the amounts of £1 at compound interest at 
10 per cent, per annum for one year to thirty j-ears, he remarks, — 
** These 30 termes, viz., the 30 numbers [11, 121, 1331, &c.] in the 
table, are numerators of improper fractions. The denominators of 
which fractions are also a progression : the first term thereof (that is, 
the first denominator) being 10, the second ten times the first, which 
is 100, and the third ten times the second, which is 1000, and so on 
increasing to 30 terms. So it appeareth, that if the numbers (or 
numerators) in the tables be taken with their denominators they will 
stand thus, H, which is liV ; {^, which is l^^i ; {-Hi, which is 

1x211 ; and so forth, till all the thirty termes have their denomi- 
nators placed under them." 

In p. 15 he writes the fraction '^^^^ thus, 17 [4494022, and 
employs no other notation in his work. He used the period to 



sepai-ate poimds, shillings, an# pence, as 61. 13sh. 4d. or 6 . 13 . 4d. 

It does not appear that "Witt emploj^ed his separatrix as Napier 
had used the comma and period, in the full sense of its modern em- 
ployment. This is clear from ihe examples in Napier's " Logaxith- 

morum Canonis Constructio," which had been composed long before 
Witt's book was published. 

Mr. De Morgan ingenuously adds, ** But I can hardly admit him 
(Witt) to have arrived at the notation of the decimal point. For^ 
though his tables are most distinctly stated to contain only nume- 
rators, the denominators of which are euways unity followed by ciphers, 
and though he has arrived at a complete and permanent command 
of the decimal separator (which with him is a vertical line) in every 
operation, as is proved by many scores of instances, and though he 
never thinks of multiplying or dividing by a power of 10 in any other 

* In Jcake's Arithmetic, p. 427, " Practice is so called from the fre(]^uent use and 
general practice thereof, and is a compendium or breviat of the bnef rules and 
most exi>editious method of resolving the proportions resolvable by the rule of 
tlirte." The word breviat is applied by Witt to his tables of interest. 
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way than by altering the place of this decimal separator, yet I cannot 
see any reason to suppose that he gave a meaning to the quantity 
with its separator inserted. I apprehend that if asked what his 
123 1 456 was, he would have answered: — It gives 123-rtftA)-, not it 
is 123 iV(^* It is a wire-drawn distinction; but what mathe- 
matician is there who does not know the great difference which so 
slight a change of idea has often led to ? The person who first 
distinctly saw that the answer - 7 always implies that the problem 
requires seven things of the kind diametrically opposed to those 
which were assumed in the reasoning, made a great step in 
algebra. But some other stepped over his head, who first 
proposed to let- 7 stand, for seven such diametrically opposite things." 

William Oiiyhtred . Etonensis (as he always styled himself), was 
born ana eaucated at Eton College, whence in 1592 he was elected 
a scholar to King's College, Cambridge, and afterwards to a Fellow- 
ship. He devoted his attention chiefiy to the mathematical sciences, 
and both by his example and his writings contributed to promote and 
extend the knowledge of them. His principal work was the '' Clavis 
Mathemat;ica," published in 1631. It passed through several editions^ 
and was in repute for a considerable period ; and it appears to have 
been the chief elementary work used in the Universities of Oxford 
and Cambridge. An English translation of the Key, '* new forged 
and filed/' was published in 1647, and dedicated by the author to 
Sir Bichard Onslow and Arthur Onslow, Esq. In 1682 was published 
'^Oughtredus Explicatus sive Commentarius in ejus Clavem Mathe- 
maticam, ad Juvenes Academicos, authore Gilberto Clark." This 
commentary it appears had been written by the author twenty years 
before, when he was a member of Sidney Sussex College, Cambridge. 
Another translation into English was afterwards made from the best 
edition, with notes, and published in 1 694. Oughtred published several 
other works on the mathematics; and after his death, a selection 
from his papers was published in 1676 at Oxford, under the title of 
'^Opuscula Mathematica hactenus inedita." Lilly, the astrologer, 
in his life styles William Oughtred the most famous mathematician 
then in Europe. After he had accepted the rectory of Aldbui*y, near 
Guildford, he continued his studies to the end of his life. 

The late Dr. Peacock, Dean of Ely, remarks of him : — " In those 
days the members of these Eoyal Foundations had not yet begun to 
consider the pursuits of literature and science incompatible with 
each other. His works enjoyed a well-deserved reputation in his 
day, and he is spoken of in his old age with singular reverence by 
Wallis. He died in 1660, in his eighty-seventh year, from excess of 
joy on hearing of the restoration of the monarchy." 

There are other names deserving of mention, both of Italy, 
France, Spain, Holland, and Germany, as well as of our own country, 
who have subsequently introduced improvements and promoted the 
extension of the knowledge of the Science of Number. The labour 
of performing calculations with large numbers has been considerably 
lessened by the extension of the denary scale to decimal fractions, 
and still more by the invention of Logarithms; the former ex- 
tending the powers of the notation, and the latter perfecting the 
methods of computation of the Indian arithmetic. 

In addition to the symbols assumed for the expression of numbers, i 

other symbols have, from time to time, been devised to express the I 
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relations and the elementary operations of numbers. These symbolfl 
have been designated symhoh of operation, to distinguish them from 
figures which have been named symbols of number. As to the symbols 
themselves, they stand simply as abbreviations of written words, and 
only roquire their assumed meaning to be understood so as to render 
intelligible the expressions in which they occur. The operations of 
arithmetic can dispense with the- use of them ; but where several 
operations are to be perfbrmed, some the reverse of others, it will be 
found useful to indicate the operations by means of these symbols. 

The mark = was introduced and used by Robert Recorde for the 
sign of equality. The first account of its use occurs in his treatise on 
Algebra, entitled- **^The Whetstone of Witte.*' In the rule of 
equation he remarks: — "And to- avoid© the tediouse repetition of 
these woordes, is equalle to, I will set as I doe often in woorke use, a 
pair of paralleles, or gemowe lines of one length, thus : =, bicause 
noe 2 thynges can be more equalle." 

When the symbol = is used in arithmetical reasonings or calcula- 
lations, it must be understood as having relation only to pure arith- 
metical equality. Napier adopted it and defined it in these words : — 
** Betwixt the parts of an equation that are equal to each other, a 
double line is interposed, which* is the sign of equation.'^ Mr. Bab- 
bage, however, in one of his papers on Notation, observes: — " It is a 
I curious circumstance that the symbol whick now represents equality 
! "was first used to denote subtraction, in which sense it was applied by 
! Albert Girard, and that a word signifying equality was always used 
* instead until the time of Harriot." 

The signs of relative magnitude, > meaning is greater than, and 
< is less than, when placed between any two numbers, were first in- 
troduced by Thomas Harriot, in his *' Artis* Analyticse Praxis." 

The sign -|- is used to signify addition, and was first employed by 
Michael Stifel in his ** Arithmetica Integra," whitjh was published in 
1544. Its origin is uncertain ; it has been supposed to be the abbre- 
viated form of the word et, as found in some manuscripts. The mark 
-f- was used by Stifel for- the word pltis, and employed strictly as the 
arithmetical sign of addition, instead of the words ** is added to." 

The sign — was also employed by Stifel in the same work as the 
sign of subtraction. Some have supposed he adopted it from the fact 
that a small line — w£U3 commonly used in Latin writings to ghow the 
contraction of a word by the omission of one- or more of its letters, as 
secudu for secundum, numerum for numerorum, &c., and that he 
named the mark mintcs, and used it instead of the words ** taken trom," 
or ** subtracted from." 

The sign x of multiplication was introduced by Oughtred in his 
'^Clavis Mathematica." It is used to indicate the product of two 
numbers when placed between them, and stands for the words ** mul- 
tiplied into." The product of more numbers than two may be ex- 
pressed in a similar manner. 

The sign -J- placed between two numbers denotes the division of 
the former by the latter, and stands for the words ** divided by," or 
** is divided by." The Hindus placed the divisor under the dividend, 
with no line of separation. The line was afterwards introduced by 
the Arabians, and has since, been tmiversally adopted. 
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MONET. 

AboTO all things good policy is to be used, that 
the treasures and monies in a state be not gathered 
into few hands; for otherwise a state maj have 
a good stock, and yet starve.^BAC0N, 

Tho money or coin of a State or Kingdom is the standard measore 
of the value of all things subject to valuation, and it is at the same time 
the equivalent in which all contracts are made payable. Money is 
therefore both a measure and an equivalenty and these two qualities can 
never be brought perfectly to agree. Money as a measure differs from 
all others ; for if made of a material of small value, it would not 
answer the purpose of an equivalent. And if it be made, in order to 
answer the purpose of an equivalent, of a material of value subject to 
frequent variations, according to the price at which such material 
is sold in the market, it fails, on that account, in the quality of a 
standard or measure, and will not continue to be perfectly uniform and 
at all times the same. In civilized countries money has generally ^ 
been made of gold, silver, and copper, but sometimes of other metals * 
or of mixed metals. Certain portions of these metals, called coins, with 
an impression struck upon them by the order of the Sovereign power, 
as a guarantee of their purity and weight, serve as money. Coins 
made of gold or silver, or of ^.ny other meted, whether considered as a 
measure, or as an equivalent, are however subject to some imperfec- 
tions. A failure or increase in the supply of one of the precious 
metals will tend to augment or diminish the value of the other. 
The supplies of gold, of late years, have been more largely augmented 
by the discovery of the gold fields in California and AustraUa, than 
at any previous period of the world's history, and gold has in con- 
sequence declined in value as compared with silver. It is evident, 
therefore, that coins made of gold and silver may vary in value with 
respect to each other at the same period in different countries, or in 
successive periods in the same country. As in England in the 43rd 
year of the reign of Queen Elizabeth, the relative value of fin^ gold 
and silver at the mint in that year was rated at less than 1 1 to 1 ; 
but in 1663 the rate had increased to above 14 to 1 ; and in 1805, it 
was rated at about 15 to 1. In the mints of foreign countries, the 
value of gold as compared with that of silver was estimated at 
a still higher rate. 

As each of these metals may vary in its value with respect to 
the other, so each may vary in its value even with respect to itself; 
and this variation will be caused by the greater or less quantity that 
may happen to be in the market or in circulation. And further, 
if the supreme government of any country fix the rate or value at 
which coins made of different metals shall pass into currency, the 
relative value of the metals in the market may. be found to differ 
from the value fixed in the coins: and if these coins of different 
metals are equally a legal tender, there will be two or more measures 
of property differing from each other. Besides the fluctuations in 
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the relative value of gold and silver arising from demand and supply 
in commerce, there is another cause which has in past times very 
materially affected their relative values in this country. 

Gold is said to he lowered in respect of silver, when a pound weight 
of the former is declared by law to be exchangeable for a less quantity 
of fhe latter than formerly ; and to he raised when the contrary take» 
place. And silver is said to be lowered or raised when the pound 
weight of silver is exchanged for a greater or less weight of gold than 
before. There is another relation to be noted, when gold and silver 
remain in the same proportion to each other, but the value of 
both is altered with respect to some other commodities. This alte- 
ration may be effected, either by coining the ponnd weight of 
standard gold and silver into a greater number of pieces of the 
same assigned value, as before, or by causing the current coins to 
pass for more than their previous values. In either case, the 
value of both the gold and silver is enhanced, and one may be 
enhanced more than the other, when each is made the subject 
of comparison with other commodities. The coin which is to be the 
principal measure of property, ought to be made of one metal 
only according to Mr. Lock&, who considers this money the measure 
of commerce and contracts ; and observes, that '* two metals such as 
gold and silver cannot be the measure of commerce both together in 
any country." The truth of this principle results from the nature and 
uses of money. But coins of one kind of metal do not conveniently 
answer all the purposes of money. Coins of gold are well adapted for 
large payments, but not for retail traffic; and coins of silver and 
copper would be too bulky for large payments, and therefore incon- 
venient. It is therefore necessary, that in commercial countries 
coins should be made of different metals. If gold in ingots or coins 
be taken as the standard or principal measure of property, silver and 
copper coins may be used as a legal tender only in a limited degree, 
80 far only as they are authorized by the State. The coins of every 
State are the measure of property within that State according to the 
nominal value declared and authorized by the supreme power. If 
gold be the legal tender without limitation, the silver and copper 
moneys must be made subordinate and auxiliary, as supplying coins of 
small value into which gold cannot be divided without the inconve- 
nience which arises from the smallness of the pieces. 

The variations in the relative values of gold and silver are also 
affected by other considerations and causes which must ever have 
an influence on society and nations. A dread, of public insecurity and 
political convulsions in a nation, will have a tendency to raise the 
value of the precious metals. War will tend to raise the value 
of silver more than the value of gold. A turn of commerce unfavour- 
able to a country will also affect the relative values of gold and silver, 
and will tend to raise the price of that metal which is preferred 
by those nations with which the inhabitants have commercial dealings. 
And in large commercial concerns, gold will be preferred, as by 
means of it extensive exchanges can be carried on with the greatest 
facility. If the coinage in circulation in any country be defective in 
purity or weight of metal, all payments from that country in its 
exchanges with other countries, will be augmented in proportion to 
the defect of the coins from their real value. Hence, it follows, that 
the exchange is always against a country which has a faulty or 
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defective coinage, and in fayour of those coiintries whose ooinage is 
abundant, pure, and in full weight. 

Mr. Chreaves more than two centuries - ago, wrote the following 
judiciotLS remark on that subject : '< If tluDse advantages which one 
country may make upon another in the mystery of exchanges and 
yaluation of coins be not thoroughly discovered and prevented by 
such as sit at the helm of the State, it may fare with them after 
much commerce as with some bodies after much food, that instead 
of growing full and fat, they may pine away, and fall into irre- 
coverable consumption." * 

In the early ages of the world, the exchange of one commodity 
for another is generally admitted to have been the primitive mode 
of traffic. In the course of time when such exchanges became incon- 
venient, necessity, the mother of invention, devised the use of money 
as a common measure of all commodities. Among the oldest records 
contained in the Book of Q-enesis no intimations are found of the use 
of money before the deluge. When, and by whom, the use of money 
was invented as a medium of exchange is unknown. There could be 
no want of it until mankind had multiplied and formed themselves into 
communities. Silver at a very early period of the world's history 
became a general representative of value, and was employed as a 
medium of traffic in the transactions recorded. 

The first mention of money, a thousand pieces of silver, oc- 
curs in the twentieth chapter of Genesis. The second, in the twenty- third 
chapter where Abraham is stated to have weighed four hundred 
shekels of silver, "current money with the merchant," which he paid 
to Ephron for a place of burial. A third mention is that in the thirty- 
seventh chapter, where Joseph is sold into slavery for twenty pieees 
of silver by his brothers to some merchants who were trading with 
Egypt. And that money was measured by weight is again noticed in 
the forty-third chapter, when Jacob's sons carried money into Egypt 
to buy com. All these instances sufficiently shew that the use of 
money existed at that early period of the world's history in Egypt 
and in the country which was afterwards called Palestine. And it is 
to be noted that though this money was sometimes called " pieces of 
silver," Abraham paid his four-hundred shekels by weight. The word 
shekel itself, from the Hebrew word to ' weigh,' implies as much ; for 
money at the first seems to have been a merchandize exchanged for 
other commodities. 

There are no traces of the existence of coined money to be found 
in any ancient Hebrew records. Their current money was generally in 
silver, and its relative value to gold is unknown in the early periods 
of their history. And it is now almost universally agreed that they 
had not any coined money before the time of the Maccabees.* 

1 The little work entitled ** Easy Lessons on Money Matters for the use of 
Young People," written by the late Archbishop Whately, is worthy of the at- 
tention of older people, as it contains excellent suggestions on some of the 
perplexing problems of the present time for adjusting equitably the claims of 
capital and labour. 

' Morell, one of the best judges of ancient coins, allowed that all the Jewish 
shekels he had seen were coined after the time of the Maccabees. The Jews 
had no coined money till the reign of Antiochus Sidetes. Before that time, their 
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The standards of the Hebrew weights were preserved in their 
Sanctuary or Temple, a practice common in other nations. Hence 
by *Hhe shekel of the Sanctuary'' notldng more is meant than a just 
and exact weight (Exod. xxx. 13 — 15). It is evident that the first 
capitation tax for the service of the Tabernacle was half a shekel, 
and the shekel was a quarter of an ounce. But after the time of 
the Maccabees a new shekel of half an ounce was introduced, and still 
named the shekel of the Sanctuary. Whatever this was owing to, 
whether policy or necessity, it enabled the Jews to embellish and 
adorn their temple by doubHng its revenues. 

Herodotus (i. 94) expressly asserts that the Lydians were the 
earliest people who coined money of gold and silver, and employed 
it in traffic. In the neighbourhood of Sardis, the capital of Lydia, 
have been found both gold and silver coins, oblong or circular, but 
rude in character and device, indicating an early state of the art 
of coining, and possibly older than any known specimens of the 
coins of Greece. Herodotus had travelled in search of knowledge in 
Egypt, Assyria, Babylon, and Phoenicia, but he makes no mention 
of their coinage, and as yet no coins of these countries have been 
found as old as those of Lydia and of Greece. 

The Parian Chronicle, however, assigns an earlier date to the 
origin of coined money, and gives the honour, not to the Lydians, 
but to the people of ^gina. This is reasserted by ^lian. Phidon, 
king of Argos is reported to have struck silver db:achm8B in iEgina, 
740, BO. (Leake, Num. Hellen*), The gold Darics of Darius and 
succeeding kings of Persia are not improbably the next in point 
of antiquity to the coinage of the Lydians. 

About 880 B.C. when Lycurgus reformed the Constitution of 
Sparta, the iron money adopted by that State was useless in any 
traffic with their neighbours, and from its nature could not have 
lasted long. In about half a century after, a dispute arose concerning 
money, and was the cause of the first Messenian War. It could 
scarcely have been the iron money of the Spartans that was in 
question. 

Herodotus (in. 95) in reference to the revenues of Darius Hys- 
taspes, states that gold was reckoned at that time to be thirteen times 
the value of silver. Herodotus read his History at Athens, B.C. 445. 
About 50 years after Herodotus, Plato in his Hipparchus asserts 
that the value of gold was twelve times that of silver. 

Thebes was probably the only city in Greece which coined gold 
before Philip II, king of Macedon, who began his reign B.C. 358, 
and drew more than 1000 talents of gold from the mines near 
Mount Pang8Bus. With this gold he had a coin struck called a 
Fhilippus, (Diod. Sic. ii., p. 88). About the same time the Phoenicians 
plundered the temple of Apollo at Delphi, and carried off gold to 
the amount of more than 10,000 talents. These circumstances 
rendered gold so plentiful, that, according to Menander, who was 

the plate, or shekel divided into two parts, as by its form might easily be done : 
and Festus has observed that the Homan didrachm was called sicilicus (siclus) 
for the same reason, quod semiunciam secet. (fiussey, Essay on Ancient Weights, 
p. 196). 

The shekel of the Hebrews, the aUXo^ of the Greeks, and the Sicilicus or 
siclus of the Romans were synonymous terms, and mean the same thing, a 
quarter of an ounce, differing very little in weight ; the name and estimate of 
both coming most probably from the same original. 
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bom B.C. 341, its value was estimated to be to that of silver as not 
more than ten to one. 

The coins of the cities of Greece' and their colonies exhibit the 
finest specimens of the art of coining in earlier times. The coins 
of Syracuse reached the highest degree of perfection, and the remains 
of these are marvels of art. The Boman coinage was inferior to that 
of the Qreeks, but from the age of Augustus to Hadrian, the Homan 
coins maintained a high degree of excellence in their execution. 

The earliest coinage of the Romans was of copper in the time of 
Servius Tullius, and they are supposed to have borrowed the art from 
the Etruscans. The silver coinage of the denarius was not introduced 
before the year 266 B.C., and was so named as having the value of 
ten asses. The gold coinage according to Pliny {Hist Nat xxxni. 
13) was introduced 62 years after the introduction of the silver 
coinage. The largest gold coin was the auretu. Aurei and Semi- 
aurei were the only coins in gold for nearly 300 years. Until the 
time of Sulla the aureus continued at 30 silver denarii, but in the 
reign of Claudius it was reduced to 25.* 

The coins of Eome during the Emperors form a most interesting 
series. The copper coins are of historical importance. The largest 
was the Sestercius, and from the age of Augustus was called nummus 
or sereus, of the value about twopence English. From the time of 
Augustus to Gallienus, the silver denarius contained 16 assaria. 

The coins extant of people and nations preserve and indicate some 
of the authentic facts of history, and are of service in determining 
with accuracy the order of events, and the succession of kings and 
rulers. A few brief notices of the history and use of coined money 
in our own country from early times, may appear to be a subject 
neither devoid of interest nor unworthy of the attention of the student. 

When Julius Osesar first landed in Britain, about 55 B.C., he states 
in his Commentaries on the Gallic war, that the ancient Britons 
'' use brass as gold money, or iron rings adjusted to a certain weight, 
instead of money," without further explanation. 

Of the coins of the early British kings before the invasion of 
Julius Ccesar, very little is known. There is one described by 
Mr. Evans (Ancient British Coins), having on its reverse the letters 

' The valuable collection of Greek coins made by Colonel Leake was 
purchased for the University of Cambridge ; and a catalogue of a selection of them, 
exhibited in the Fitzwilliam Museum, Cambridge, has been published by Churchill 
Babington, B.D., F.L.S , &c., Disney Professor of Archaeology, pp. 51, 4to., 1867. 

* It appears from the account of Pliny, that the value of gold to silver in 
the time of the republic was about 14i to one ; but this relative value did not long 
continue at Rome. Her armies had become victorious in every quarter of tho 
world, and her conquests were rapid and extensive. She quickly became ac- 
quainted with the wealth of other nations and adopted such a policy as suited 
her own views of acquisition. About 189 B.C., the relative value of gold 
to silver was estimated at 10 to 1 (Liv. xxxviii., 11). At a later period, conquest 
and plunder appear to have been the objects of Caesar's expeditions in Gaul. 
When he returned to Rome with the plunder he had seized in Gaul ; the gold 
amassed, according to Suetonius (Jul. Cses. c.lix), was so immense that a pound 
was sold for 750 denarii throughout Italy. If the pound weight be meant, the 
value of gold to silver was then as 9 is to 1 nearly, there being 84 denarii in the 
pound weight. \i the pound tale be meant, in which 100 denarii were reckoned 
to the pound, the relative value would have been as 7i to 1. 

a Utuntur tamen sere ut nummo aureo, aut annulis ferreis ad certum pondus 
examinatis, pro nummis.— C«5ar, De Bell, Gall. V.fol, Rom, 1496, Ed, Princeps. 
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TA80, Tasciovanus, king of the Trinobantes, who probably reigned 
about B.o. 30 to a.d. 5. His son Ounobeline succeeded, and reigned 
until about 42, a.d. On his gold, silver, and brass coins are found 
CVN, OVNO, cvNOBELi, for Ounobeliuus ; and camv, oamvl, for Oamu- 
lodunum, Colchester, the capital of Ounobeline' s kingdom. The Eoman 
letters and other devices on his coins plainly indicate an imitation of 
the coins of Augustus. It is stated by Geoffrey of Monmouth that 
Ounobeline was brought up at Bome under Augustus, and that a 
friendship subsisted between this king and the Bomans.^ 

A few years after the death of Ounobeline, Britain was subjugated 
a second time under Olaudius more completely than before, and the 
edict issued, as related by Gildas (De Excid. Brit. o. 5), ordered that 
all current money should have the imperial stamp. This was the 
usual practice in all countries which the Eomans reduced under their 
power. A triumph had been decreed to Olaudius in 43 a.d. for 
his conquest of Britain, which was celebrated the next year, and 
a triumphal arch was also erected to him (Dio Oassius, ii.). After 
this Olaudius issued a gold coinage, of which specimens are extant. 
On the obverse of these coins is the head of Olaudius laureated 
towards the right, with the circumscription ti . clavd . gaesab . Ava . 
p. M.TE. p. vim. iMP.xvi.,* and on the reverse, the front of a 
triumphal arch, with a pediment inscribed de britann, and sur- 
mounted by an equestrian statue between two trophies. He issued 
also a silver coinage. On the obverse is the head of the Emperor 
towards the left, and the same superscription as on the gold coinage : 
on the reverse, de bhitann, with the figure of the Emperor in a 
quadriga, his right hand resting on the edge, and his left holding a 
sceptre surmounted with an eagle. 

During the rule of the Emperor Hadrian 117 to 138 A.D., the 
Britons revolted, and the Oaledonians destroyed some of the fortresses 
built by Agricola. Hadrian, on hearing of these tumults, hastened 
to Britain, and reduced the people to submission; and to protect 
the Northern frontier of the province, built the wall which ex- 
tended from the river Tyne to the Eden. Of the coinages in brass 
during his reign, there is one of which the pieces are large, 
having on the obverse the head of Hadrian laureated to the right, 
with the superscription hadrianvs. avg. cos. in. ; and on the 
reverse, a female figure seated, her right foot resting on a rock, her 
head resting on her right hand, and a spear in her left, by her side 
a large circular shield with the circumscription bbitannia. The usual 

^ See the Catalo^e of a Selection from the British and English Coins in the 
Fitzwilliam Museum, Cambridge, by Churchill Babington, B.D., F.L.S., &c., 
Disney Professor of Archeology, pp. 14, 4to., 1867. 

In the Fitzwilliam Museum at Cambridge is a coin of Cunobeline, presented 
by the Rev. W. Selwyn, D.D., the Lady Margaret Reader in Divinity. The 
coin is of gold and was found near Shepreth in 1869. On the obverse, -which 
is concave, is the figure of a horse in the action of galloping with the head on 
the coin towards the right. At the back of the neck is a star of four rays, or 
some mark like it, and under the figure the letters CVNO. On the reverse^ is 
an ear of wheat across the coin. On the right side of it are the letters MY, with 
three pellets over them. On the left is an imperfect letter, the upper part like 
the letter A, the lower part of it worn away. It is not unlikely the letter C may 
not have been struck with the A, as the left half of the coin is not a complete 
half circle as the right. 

* Tiberius Claudius Caesar Augustus, Pontifez Maximut, Tribunitla Potestate 
nonum, Imperator decimum sexttim. 
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letters s. o. are placed under the figure. The same figure is retained 
on the copper coinage of Great Britain at the present time. 

Of the numerous brass coins of Antoninus Pius, 138 to 161 a-b., 
there is one having on the obverse his head to the right laureated, 
with the circumscription antoninvs. avg. pivs. p. p. tr. p. cos. in. ; 
and on the reverse a female figure seated on a globe surrounded by 
waves, holding in her right hand a standard, in her left a javelin ; her 
elbow resting on the edge of a large circular shield by her side, 
and beneath the figure, britax. Another has the same on the obverse, 
but on the reverse is a female figure seated on a rock in an attitude of 
tlejection ; before her a large oval shield and a military standard with 
the superscription Britannia, oos. iiii. This coin was struck in the 
fourth Consulate of Antoninus, and probably denotes that the cam- 
paign undertaken against the Brigantes was then ended. 

Of the coins extant of Oommodus, who ruled from 180 to 192 A.D., 
there are three with records of the war in Britain. These contain 
either the word Britannia, or viot. brit. or vio. brit., Victoria 
Britannica, in allusion to his victories over the Caledonians who had 
passed the Roman wall and invaded the province, but were driven 
back by his general Uppius Marcellus. 

In the reign of Severus, 193 to 211 a D , the Britons again revolted 
against their Boman masters. Herodian states that the governor of 
Britain wrote to Severus informing him of the rebellion, and re- 
questing him to send reinforcements or to come in person at once 
to reduce the insurgents. Severus, with his usual rapidity, arrived in 
Britain with a large army, and, accompanied by his son Caracalla, 
advanced to meet the rebels, whom he worsted in several engagements, 
though not without great losses. The growing infirmities of Severus 
compelled him to leave his son to carry on the war, and he retired 
to York, where he died in the year 211 a.d. In his last moments he 
urged his generals to prosecute the war against the Caledonians until 
they were exterminated. ** Omnia fui et nihil expedit" was the dying 
exclamation of this daring and successfnl despot, of whom soaroely 
one act of mercy or forbearance is recorded. 

Both the brass and silver coins of Severus are of various types, and 
specimens of seven coinages at least, which are extant contain on their 
obverses victorle britannica, viotoria brit., or viot. brit , all 
containing allusion to his victories over the Britons. 

Caracalla succeeded his father Severus and held the supreme power 
from 198 to 217 a.d. There are several types of gold, silver, and brass 
eoins of this reign bearing similar devices and the same inscriptions 
respecting Britain as on those of his father. The same description 
applies to the coins of Q-eta, his brother, who succeeded him. 

From the times of Caracalla and Gata to the reign of Diooletianus, 
no Eoman coins are known to be extant bearing the name of Britain, 
and it is doubtful if any were minted in the province of Britain. 

Carausius, a celebrated admiral, sailed over to Britain with the 
Roman Fleet, and usurped the imperial power, 287 a.d., and held it 
for six years. He arrived at a time when their discontent had 
rendered the Britons ripe for rebellion. Tacitus (Agric. xv.) writes, 
** that in his time the Britons groaned under the yoke of the Romans : 
they complained that instead of having one master, as formerly, they 
had then two ; one was the Governor, who exercised his cruelty upon 
their persons, and revelled in their blood; the other was the procu- 
rator, who seized and confiscated their property." 
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There are numerous coins of Oarausius, some of them bear th9 
letters m.l., which are supposed to signify Mofieta Londinensu. Others 
in copper, of the same usurper, bear o or cl for Oolonia, or rather 
Oamidodunum. The same letters appear on some of the coins of 
Allectus, his successor. 

The brass coins of Constantino and of his two sons have on many 
of them the letters pln or p • lon., Feeunia Zondtnensis, clearly shewing* 
them to be the produce of the province of Britain. It is probable,, 
that in the general reorganization of the Empire in 330, a.d. the mint 
of London (then the only one in Britain) was suppressed. On the 
later types {e^. Constantinopolis), of Constantine and his family, th9 
FLN and p . LON do not occur. But the London mint is now believed 
to have been revived by Magnus Maximus in 383, a.d., and the mint 
mark Ana. ob. occurring on some very rare gold solldi, (and also 
Aug. on an unique silver piece) is more probably Londinium Augusta, 
than Augusta Trevirorum (Treves).^ It appears that the Romans hacl 
ceased to commemorate on their coins their exploits in Britain aftor 
the reign of Garacalla. 

The Eomans maintained their power in Britain for nearly 400 
years, and totally abandoned the island about the middle of the fifth, 
century. It has been truly remarked that "from the first landin.^ 
of Julius Csesar to the final abandonment of the island by the Bomans^ 
the history of Britain presents, with few intervals, one long scene ot 
cruelty and extortion. Barbarian retaliation frequently followed 
civilized aggression, and war and slaughter were often preferred by 
the wretched islanders to the grinding taxation of their oppressors." 
The Britons, finding themselves enfeebled and defenceless by thd 
tyranny and oppression of their civilizod masters, solicited the aid of 
the Saxons against the attacks of their neighbours. The Saxons 
came to their help as allies, but soon settled themselves, and gradually 
brought the whole country under their power. The Britons were 
driven into Wales, or became the subjects of the eight successive 
Anglo-Saxon Kings, as the invaders were able to establish their power 
in different parts of the Island. These eight kingdoms, called thd 
Octarchy, bore the names of Kent, South Saxons, East Saxons, 
East Angles, West Saxons, Mercia, Deira and Bemicia. Little 
is known of the coinage of these different kingdoms besides the 
coins which are extant. The Saxon invaders most probably brought 
their own money, for the Saxon coins bear neither in form, typd 
nor weight any resemblance to the Boman coins then current in 
the island. The kingdom of Kent was the first established. Tiia 
most ancient coin known of the Saxons is the sceat, a silver coin, 
and found to weigh from 15 to 19 grains. The word sceat is purely 
Saxon, the same as seeai, a part, and may probably mean the smallest 
part of the shilling. A sceat of Ethelbert I., King of Kent, 561 to 
I 616 A.D., is said to be the earliest Saxon coin which has been as- 
signed. The word scilling or scylling occurs in the laws of this Kin;^. 

Fines are reckoned by shillings^ and by pennies, in the lawa 
of Ina, who reigned over the West Saxons from 688 to 726 a.d.' 

1 See De Salis in Numism. Chron. for 1867 (N. S. Vol. vii.) p. 61. 

' The Anglo-Saxon version of the Qospels is sufficient to shov^ the existcnco 
of such coins as half-pennies and farthings in use among the Anglo-Saxons at the 
time that version was made, not from the Greek or the Vulgate, but from the Vetu* 
Italica, as the Kev. Dr. Bosworth has shewn satisfactorily in p. xi. of the preface 
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by the wardens of the craft, and marked with a leopard's head (see 
Lowndes, p. 202). The coins of Edward I. and of his successors till 
Henry VII., represent him full-faced, and crowned with an open 
crown fleurie, consisting of three fleurs-de-lis, with two rays or lesser 
flowers, not rising so high as the other three placed between them. 
His style was, Bex Anglise, Dominus HibemisB, which latter title he 
introduced upon English money, though it had appeared on the g^eat 
seal from the time of king John. 

Edward II., 1307 — 1327, by proclamation, commanded in 1310, 
that money should be current at the value it bore in the reign of his 
father, and that no one should enhance the fine of his goods on that 
account, because it was the king's pleasure, that the coins should be 
kept up at the same value as they were wont to bear. It appears 
from the articles which the Commons delivered to the king, that the 
money was depreciated more than one-half. 

Notwithstanding the measures taken, the base and clipped money 
continued to increase in the country. His coinage was in every 
respect exactly# similar to that of his father. The favourable expec- 
tations formed on his accession, were disappointed ; for the whole of 
his reign was turbulent and unfortunate. His frequent disputes with 
the barons left him little leisure for attention to restore the integrity 
of the coinage, or to frame statutes for the well-being of his kingdom. 

Edward III., 1327—1377. The murder of Edward 11. by Isabel 
his Queen and her confederates, placed her son, a youth, on the 
throne. This atrocious deed was done, under the idea, that his 
mother's influence over him, would place in her hands the govern- 
ment of the realm. In less than three years after his father's murder, 
she was imprisoned by her son, and condign punishment inflicted 
on her adherents. His next act was to disavow the excesses and 
abuses which had disgraced the beginning of his reign, as having 
been done without his authority, and he appHed himself to correct them. 
Among these abuses, were the corruption of the coins of the realm, 
and the introduction of base money oy foreigners. Other causes be- 
sides these contributed to the scarcity of money in the kingdom.' 

^ At the Parliament held at Westminster, 28th May, 1343, a erievous com* 
plaint was exhibited by the Earls, Barons, Knights, Burgesses, and other of the 
Commons, for that strangers by virtue of reservations and provisions Apostolic, 
got the best of the benefices of the land into their hands, and never came to them, 
nor bore any charges due for the same ; but diminishing the treasure of the realm, 
and conveying it forth, sore endangered the whole state. Thereupon a letter 
was framed by the Lords of the temporalty and Commons, representing the 
matter to the Pope, and signifying that they would not suffer such enormities 
any longer, and beseeching him to revoke such reservations, &c. This was most 
ungraciously received by His Holiness, who sent an answer ; but the King, never- 
theless, proceeded in prohibiting such provisions, &c., within his realm, on pain 
of imprisonment and death to the intruders. — Holinshed ii. p. 365. 

About half a century before this complaint of the English people was made. 
Pope Boniface VIII. in the year 1300, in imitation of the Jews (but not with the 
same object), first instituted a year of Jubilee, to be celebrated every hundredth 
year. The first celebration was found very profitable. Clement VI. reduced the 
period to 50 years. Urban VI. next ordained it to be held every 35 years, and 
lastly, Sixtus IV. further reduced the period to every 25 th year. Erasmus has 
wittily remarked (Epp. Lib. xx. Ep. 90) ** Monachi mirum in modum am ant 
ignem purgatorium quod utilissimus sit illorum culinis. It is not unworthy 
of attention to note the various methods by which Papal Rome has successfully 
managed to subject the minds of men to her authority, and thereby to get com- 
mand of their property. 
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In tills reigpEL an important change was made in the money of 
England, by the introduction of gold into the currency. Hitherto, 
the representative of value was limited chiefly, if not entirely, to 
silver, and the legal pound sterling by tale had been of equal value 
to the pound weight of silver. In the reign of Edward I., a small 
addition was made of three pence, so that a pound weight of silver 
was authorized to make one pound and three pence sterling. Such 
was the law until the proclamation for the gold coinage in 1343 ; and 
then it was in the power of the king to cause the pound sterling 
to be represented by a given weight of gold, as well as by a given 
weight of silver. Hence, it appears, that the gold coinage might at 
one time be made to conform to the, standard value of silver, and at 
another time, the silver coinage might be made to conform to the 
standard value of gold. 

Three sorts of gold money were ordered to be made in the Tower 
of London ; that is, one coin with two leopards (lions), each piece 
current for 6«., and to be equal in weight to two petit florins of 
Florence, full weight ; a second piece of one leopard, and a third of 
one helm, being the half and the quarter of the larger coin in weight 
and value. The type upon the largest coins bore an impression 
allusive to the royal arms of England, while the half bore a mantle 
on which the king's shield was displayed, quartering the arms of 
France and England, and the smallest piece was stamped with his crest. 
This money being rated too high according to the standard of silver, 
a new coinage of gold was made the same year. The Tower pound 
weight of gold of the old standard was coined into 39^ nobles, 
at 6«. 8i. each, and £13. 3». 4d, by tale; or a proportional number 
of half and quarter nobles. On one side of this new coinage, is the 
king*s image in a ship,* and on the reverse, a cross fleury with 
lioneux, inscribed ** Jesus autem transiens per medium eorum ibat," 
and on the reverse of the quarter nobles, " Exaltabitur in gloria.'* 

In 1347, the weight of the noble was diminished by nearly 10 
. grains, and the pound weight of gold was to make 42 nobles at 68. Sd. 
each, and £14 by tale. At the same time the penny was reduced 
to 20 grains, or the pound of silver was shorn into 22*. 6d. by tale. 

The year 1351 was remarkable for a great alteration which took 
place in the coins. They had hitherto been so much better than those 
of any other nation, that they were exported, and base money brought 
into the realm to the impoverishment of the people. New money of 
gold was made of like impression and value as before, but of lesa 
weight. The pound weight of gold, old standard, was coined into 45 
nobles by tale, or a proportional number of half, and quarter nobles. 
Also a new silver coinage was issued. The pound weight of silver of 
the old sterling was to make by tale 75 grosses, or 150 half-grosses, 
or 300 sterlings going for a penny each, respectively amounting to 
] 25 shillings. These were the first grosses coined in this reign. The 

4 
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1 It is extraordinary, that the gold coins were not entitled from the new and 
singular type of a ship with which they were impressed, and thus distinguished 
from every other coin of that time existing. It could have been adopted ooly 
for commemorating some great event, most probably the victory of Edward over 
the French fleet off Sluys, on Midsummer day, 1340, when two French admirals 
and about 30,000 men were slain, and above 230 of their large ships wcr^ 
taken, with inconsiderable loss on the part of the English. (Carte, Hut» of J^. 
Vol. II., p. 436). 
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words ^DEi OBATiA appear now for the first time on English coins. 
They were insorihed on his earliesA geld ooins, and afterwarda on his 
groats, bnt not on his smaHer pieces of mkyer. It is remarkable, that 
these emphatic words should not have obtained a place on the coins 
at an earlier period, as they are Ibund on all the great seals after the 
reign of Williain I. They were used as eai]y as the latter end of 
the seventh eentnry by loa, king of the West Saxons, in the in* 
troduction to his laws. 

The 40th year of this reign is remarkable by an order of the 
king, that Peter-pence^ should be no mote gftthared in Eiigland and 
paid to the Bishop of Borne. 

Eichard 11., 1377 — 1399, at the age of twelve years ascended the 
throne of his grandfather. The troubles of his reign did not prevent 
attention to the state of the money and coinage. In the second year 
of his reign the Commons petitioned the king, against the clipping 
of the coins and the exportation of the good money. In the Parlia- 
ment of 1361, the Oommons again represented the distressed state of 
the country ctrising from the gold and sQver being carried out of the 
kingdom; and what was left was very much clipped; they renewed 
their petition at the end of the Session, and prayed that good and wise 
counsel might be taken after inquiry and a resiedy applied. The 
remedies proposed were various. One of the chief was, that no clerk 
nor provisor should be suffered to take away silver or gold, or to 
make any exchange for pa3rments to the court of Home. On these 
informations, a statute was enacted, which, among other things, pro- 
vided that only " lords and other great men of the realm, and mer- 
chants and soldiers," might carry money in gold and silver out of the 
kingdom. A few years afterwards, an occasion arose for the enact- 
ment of a statute to protect the supremacy of the Crown, commonly 
called the statute of praemunire.* 

^ In the year 1376, the court of Rome had become so oppressive in Its 
exactions that the Commons were forced to prefer a petition to the Parliament 
in which they stated, — ** So tost come le pape roet avoir monoie pur meintenir 
ses guerres de Lumbardie, ou aillours, pur despendre, ou pur raunson' ascuns 
de ses amys prisoners Fraunccys pryses par Engleys, il Yoet avoir subside de 
clergie d' Engleterre. Et tontost ce luy est grantez par les prelatz, a cause que 
les evesqes n' osent lay oontrestore, et est leve del clex^ie sanz lour assent eut 
avoir devant. Et les seculers seigneurs n'y preignent garde, ne ne font force 
coment le elergie est destruit, et la monoye du roialme malement eniporte.*' 

The King in his answer replied, that he had already provided against such 
offences by divers statutes and other means ; and that he was then proceeding 
against the Holy Father, the Pope, in that very business* and that he was ready 
to do, from time to time, whatev^ might be effectual. It also appeared that 
the chief part of the money was conveyed out of the realm by the Pope's collector, 
and by the Cardinal'-s procurator, who likewise discovered the secrets of the state. 
The remedy proposed was, that Parliament should ordain, and that it should 
be proclaimed throughout the realm, that no one should in future, upon pain 
of life or limb, act as procurator for the Pope, the Cardinals, or any other residing 
at the Court of Rome. 

In the following year, they further complain to the King ** that the Pope's 
collector here held a receipt equal to a prince or a duke, and sent annually to 
Rome from the clergy for procuration of abbeys, priories, iirst-fruits, &c., twenty 
thousand marks, some years ftiore, some less ; and to cardinals and other clerks, 
holding benefices in England, was sent as much, besides what was conveyed to 
English clerks remaining there to solicit the affairs of the nation ; upon which 
they desire his majesty, that no collector of the Pope may reside in England." 

* The Commons of the Realm made the . following noble declaration against 
the assumptions end aggressions of the Bishop of Rome: — 

"The Crown of England hath been so free at aU times, that it hath been 

o2 
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The coinage of Biohard II. does not differ from that of his 
predecessors. His name is inscribed Eicabd. or Bioabdus, with the 
title Eex Anglie et Francie et Domikus Hibebnie et Aqttitanie. 
The last appears only on his gold coins. 

Henry 1 v., 1399 — 1413. The system of favouritism of the irre- 
solute Biohard at length brought on his deposition, and his death by 
violence. He had been compelled to resign his crown from his inca- 
pacity to govern, and Henry, Duke of Lancaster, claimed the crown 
by hereditary right. 

In the Parliament at Westminster, 20 Jan. 1400, the Commons 
petitioned the king, and the king's answer is contained in the statute 
of 5 Bich. II., which provided that gold and silver should not be sent 
out of the kingdom without the king's licence. 

In the year 1402, the Commons complained that the statute 
14 Bich. II., c. 2, respecting the exchanges made by merchants to 
the court of Borne had not been enforced. 

In 1404, the statute 6 Hen. lY. c. 1, was intended to prevent the 
payment to the Church of Bome of more for first-fruits than had been 
accustomed, by which large sums had been carried out of the realm. 
Another statute was made in this year to prevent the increasing evil 
of carrying money out of the realm to the Court of Bome. 

In 1411, it was ordained that the Tower pound of gold should be 
coined into 50 nobles, and the pound of silver into 30 shillings of 
sterlings, so that this gold and silver should be of the same standard as 
the old money. This ordinance brought down the coins, the groat to 
60 grains, the half-groat to 30, the penny to 15, the half-penny 
to 7i, and the farthing to 3| grains. It will be seen, that the 



in no earthly subjection, but immediately subject to God in all things touch- 
ing the regality of the same crown, and to none other, should be submitted 
to the Pope, and the laws and statutes of the realm by h'im defeated, and avoided 
at his will, in perpetual destruction of the King our Lord, his crown, his 
regality, and of all his realm, which Qod defend. And, moreover, the Commons 
aforesaid say, that the said things so attempted by the Pope be clearly against 
the King's crown and his regality, used and approved of the time of all his 
prog<initors ; wherefore they and aU the liege Commons of the same realm, will 
stand with our said Lord the King, and his said crown, and his regality, in the 
cases aforesaid : and in all other cases attempted against him, his crown, and his 
regality in all points, to live and to die." The occasion of this declaration arose 
from the fact, that the bishop of Rome had ordained and proposed to translate 
some prelates of the realm, some out of the realm, and some from one bishoprick into 
another, within the realm, without the King's assent and knowledge, and without 
the assent of the prelates so to be translated. By which translations (if they 
should be suffered) the statutes of the realm woula be defeated and made void ; 
and the king's liege sages of his Council, without his assent, and against his 
will, carried away and gotten out of his realm, and the substance and treasure 
of the realm carried away, and so the kingdom would be destitute as well of 
counsel as of substance. To remedy these evils, in the year 1392, the statute 
IG Rich. II. c. 5 was enacted. This statute declared, that all persons who 
should purchase or pursue, or cause to be purchased or pursued, in the court 
of Rome, or elsewhere, any such translations, should be put out of the King's 
protection ; their lands and tenements, goods and chattels, forfeited to the King, 
and their bodies to be attached, if they might be found, and brought before the 
King and Council, there to answer ; or that process should be made against them 
by prcemunire facias. 

In 1 399, in order to check the carrying of money and gold and silver out of 
the realm by the Pope's agents, an oath was now administered by the collector, 
by which he engaged not to conyey any money, &c., beyond the sea, without 
the King's special licence. 
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precious metals were not only enhanced, but th^ir relatire value was 
again altered. 

Henry Y., 1413 — 1422. The English coins of this monarch, both 
of gold and silver, were of the same weight as those of his prede- 
cessor. No means are known by which they may be distinguished. 

Soon after his accession he directed his attention to the coinage of 
his kingdom, and finding that the treasure of his realm was fraudu- 
lently exported by alien Frenchmen, who had been appointed to 
benefices within the kingdom, contrary to the statute of 13 Bich. II., 
it was enacted in his first Parliament that the ordinances against 
such practices should be firmly holden and kept, and duly put into 
execution : and the alterations in the standard of coins by statute 
13 Hen. IV. were established. 

In 1414 no Parliaments were holden. The Commons represented 
the mischiefs which would ensue, whenever peace was made with 
France, from the sums of money which would year by year be 
remitted from the alien priories in England, to their chief houses 
abroad ; and petitioned the king to take such priories into the hands 
of himself and his heirs for ever, with some few exceptions which they 
stated in their petition. To this the king gave his consent. 

1420. In this year the Commons petitioned the king — that no 
person of what estate or condition soever should convey or carry out 
of the realm of England, or cause to be conveyed or carried, gold or 
silver fbr traffic, or for benefice of holy church, or for any other grace 
or privilege of holy church, or for any other cause whatever in the 
courts of holy church beyond sea, reasonable costs and expenses for 
their passage excepted, upon pain of forfeiture of life and limb, and 
of lands and tenements in fee simple, goods and chattels as in case of 
felony. It was not, however, thought fit to grant this petition, nor 
to go the length of making this offence capital. Accordingly, it was- 
only commanded that the statutes already made should be observed 
and kept. 

Henry VI., 1422 — 1461, was eight months old when his father 
died, and about two months after he was also proclaimed king 
of France on the death of Charles VI. 

In 1432, the Pope's ambassador had licence to pass out of the 
kingdom with gold, money, and jewels, to the amount of one hundred 
pounds. The next year, the laws which prohibited the exportation of 
money were again partially suspended, and the bishop of Winchester 
had licence to carry out of the realm money and plate to the amount 
of 20,000 pounds of sterlings. 

In this reign the usurpations of the Church of Rome, and the 
attempt of the Pope to render null and void the statute of prsBmunire, 
occasioned much trouble in the kingdom. The Commons presented 
an address to the king, praying that he would send an ambassador 
forthwith to the Pope to justify the conduct of Chicheley, Abp. of 
Canterbury, in refusing to consecrate a nominee of the Pope for a 
diocese in England. In the letter sent are the following memorable 
words: "Be it known to your Holiness, that while I live, by God's 
assistance, the authorities and usages of the Kingdom of England, 
shall never be diminished. But even if I were willing so to debase 
myself (which God forbid), my nobles, and the whole people of 
England, will by no means suffer it." 

In the year 1444, on account of the want of small money, which 
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had oeoasionecl tnttok di^treds tanotig poor people, the Oommoti* 
petitioned the Parliament for relief. Their petition concludes with 
these words : '^Tliis for the lore of Ch>d, and for the common profit 
of the ponre liege peple, which for this mexitory dede shall hAtWy 
pray to Qod for yoa. The petition was granted. And some years 
after, he ordered the Tower pound of gold of old standard to be coined 
into £22. lOi. by tale, that is, to make 67^ aagels at 6^. 8^. eai6h, and 
the pound weight of silver of the old sterling into 112^ groats, amount* 
ing to 37«. 6i. by tale, and the half^groats, pennies, half-pennies, and 
farthings in proportion. 

Edward IV., 1461— 14S3. In the fourth year of his teign, a 
new coinage was issued. The gold coins were then reduced to 
£20. 168. Sd, by tale, that is, each pound of gold was to make 60 
nobles, ralue by tale 8^. 4^. each. The silrer was reduced to 37^. 6d. 
the pound weight. 

In 1465 the gold ooius were again altered, 45 nobles were to be 
made out of the pound of gold, each 10»., or 67^ of the pieces im* 
pressed with angels, current for ^, 8<f. each, and consequently the 
pound weight of gold was coined into £22. l(k, by tale. 

The silver moneys were the same as in the preceding year, at 
d7«. 6d. the Tower pound, so that ther^ were made of groats tl2jt, 
half-groats 225, ^erlifigs 450, half-pennies 9t)0, and farthings 1800, 
all of the old standard. These new nobles were called nalSt a term 
from the French, who gave that name to their coin, on account of the 
figure of the king in his royal robes (Le Bknc), but which was ill- 
applied to coins bearing the same impression as former nobles. The 
change of the name was probably intended to obviate the inconve- 
nience which might have resulted from the nobles in currency, and 
the nobles in account b^ing of different values. The new species of 
money, called the angel, being of the value of the noble, was called 
the noble angel. 

On the reverse of the noble was the figure of the sun, then in- 
troduced on the coins of Edward IV., surmounted by a rose, the 
badge of the House of York. This impress he adopted after his 
victory at the battle of Mortimer's Cross, in Herefordshire, where, 
just before the battle, the extraordinary phenomenon of three suns 
appeared, which shone for a time, and then were suddenly united 
into one. 

The inscriptiott on the obverse of his English silver coins was 
"Edwabdits Dm Gratia Ebx Akolib bt FRAirciB," and on the 
reverse, **Posui Deum Adjutorem meum." On some it was Ed- 
wardus Dei Qratia Dominus Hibemie; on others, Bdwardus Rex 
Anglie Francie, is continued on the reverse, Dominus Hibemie. 
On his great seal the style, which had been discontinued by Henry VI. 
he resumed in this form : Edwardus, Dei Q-ratia Eex Anglie et 
Francie et Dominus Hibernie. He made no alteration in the type of 
his coins, which are distinguished f^m those of his predeoess(»*s 
only by the name, weight, or mint-marks. He was the first English 
king who used a flaming sun as the royal badge on his coins. 

1477. About his 17th year, the coins and bullion of the realm 
appear to have been debased by almost every possible method ; for in 
a statute made in that year, the principal acts formerly passed for 
their preservation were recited, aud fresh provisions enacted for 
the protViion of them, which the infringement of the laws rendered 
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absolutely nece^an^ at th«^ tiiAe. the profiflkms for Mlaedy by )l;bi8 
new enaotnxent W6re to continue for (sevett years. 

Edward V. was about twelre yeiurs old at the time of fais father'tf 
death in 1483, and was murdered tbe same year. 

Eichard III., 1483—1485, tbe undo of fidward Y. usjurped 
the throne, and one Parliament was held during his short reign. 
One of its provisions was a statute designed to stoo the exportation of 
the coins, and anoth^ to remedy the Abuses whi<»& had increased in 
the Irish mints during the last three years of Edward lY. The saiBA 
type and legend appear on his coins as on those of Edward lY. 

Henry YII., 1485—1509. The battle of Bosworth Pieid placed 
Henry, Duke of Kichmond, on the throne, with the title of Henry Y£L 
In the year 1489, the fifth year of his reign, a new gold ooin was 
ordered of the old standard of the realm, but double of the valua of 
the royal (rial). The Tower pound weight of gold was to be mads 
into coins 22 1 pieces by tale, each to be oaiied a sovereign, and to 
be of value in payment for 20 shillings sterlings. The statute of the 19th 
year of his reign mentions half-sovereigns likewise. This statute abb 
ordains, ** that clipped money shall not be current in payments. And 
to prevent the clipping of coin in future, it is directed that a circle 
shall be about the outer part of the new coins, and that the whole 
scripture shall be about every piece, without lacking of any past 
thereof, to the intent, that the king's subjects heteafter may ketva 
perfect knowledge by that circle or scripture when the same coins bs 
clipped or impaired.'^ Although this monarch made no alteration in 
the standard of the metal, he introduced several variations from the 
usual type. He first placed on the coins an arched crown With a 
globe and a cross on the arch. The type of his coins in the 19th 
year was wholly changed. His portrait was given in profile, with a 
crown of one arch only, a form which had not appeared on the coins 
since the reign of King Stephen. A single beaded line likewise took 
place of the double tressure upon the obverse of the groats and half- 
groats; the inner circle of the reverse, which contained the name of 
the mint, was omitted; and the rude pellets, which bad so long 
occupied the quarters of the cross, were superseded by an est^utcheoa 
of the royal arms surmounted by the cross. On some of these coins 
he added to his name Septimus or YII., a prcLctice which had been 
disused ever since the reign of Henry III., on whose coincf alone, of 
all our monarohs, i^om the earliest times, numerals or any other 
distinction of the kind had disappeared. The omission of i, ii, in, 
upon the coins of the &rst three Edwards, and of iv, v, vi, on three of 
the Henrys, has oocasioned difiBLOulties almost insuperable in the 
appropriation of their respective coins to those monarchs. 

The type of the usu^ gold money was continued ne€u*ly the same 
as before ; but Henry's new ooin, the sovereign, bore on the obverse the 
monarch seated in state upon his throne, from whenqp it derived its 
name, and on the reverse a double rose, in allusion to the union 
of the two Houses of Lancaster and York, with the royal a^rms in 
the centre.^ 

On his silver coins he is styled Henrious Dei GaA.TiA Rex Anglib 
IST Peancib ; to which is added on his gold coins, DoMiNxrs Hibbrnie, 
as on those of his predecessors. On some of his ecclesiastical pennies, 
the king is represented on the throne, crowned and in royal robes, 
in his right hand a sceptre, and in his left a globe. 
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Henry Yin., 1509—1547. When this monarch came to the 
throne, he succesded to the immense wealth the ayarioe of his father 
had accumulated. According to Lord Bacon {JBist, Hen. YII. p. 230) 
he left £1,800,000 sterling. And Sir B. Cotton writes, that he left 
in bullion four and a-half millions, besides his plate, jewels, and rich 
attire. All this wealth Henry dissipated in a few years, and to supply 
his extravagance for the future, he had recourse to disgraceful means^ 
and stands recorded as the first of the English Sovereigns who debased 
the sterling fineness of the coins, and then legalized the debased 
coins. 

On Sept. 23, 1513, Eling Henry, with his army, took Tournay, in 
Flanders, and in the same year had small silver coins struck in that 
city. They were groats of three kinds. One has his arms on the 
obverse, with the figure 8 after his name, and Civitas Tornacensis. 
with the date 1513 on the reverse. This is the earliest date known 
in Arabic numerals on the coins of any English monarch. 

On July 24, 1526, a writ was issued to Thomas Wolsey, Cardinal 
Abp. of York, legate a latere of the Apostolic See, Primate of England 
and Chancellor, commanding him to carry out into effect the king's 
desigpi of reducing the English money to the standard of foreign 
coins. The reason assigned in a proclamation of August 22 follow- 
ing, was that the price of gold in Flanders and in France was rated 
so high as to cause all the coins of the realm to be transported 
thither. It was ordained by proclamation on 5 November, that tho 
money of gold and silver should be reduced in weight. 

One pound Troy of gold of the old standard was ordained to be £27 
by tale, and to be coined into 24 sovereigns at 22«. 6d. each ; and rials^ 
angels, G-eorge nobles, half-angels, and penny pieces in proportion. 

And one pound Troy of gold of 22 carats fine only was to be coined 
into 100^ double rose crowns; or 201 half-crowns, making by tale 
£25. 2«. ed. 

One pound Troy of silver of old sterling was to be coined into 
135 groats or 275 half-groats, or a proportional number of sterlings, 
half-pennies, or farthings, so that every pound weight made 45*. by 
tale. The augmentation of the value of money by royal authority 
brought on the natural consequences, and loud complaints were made 
by the people.* 

During the preceding reigns, all the provisions enacted to keep tho 
good English coinage in the kingdom appear to have failed. Sir 
Thomas Gresham urged on Sir Thomas Audley, the Lord Privy Seal 
(25 July, 1529), the necessity of permitting all merchants, both 
subjects and foreigners, to exercise exchanges and rechanges without 
restraint, the want of which was a great detriment to trade, and 
requested him to prevail with his Majesty to issue his royal proclama- 
tion for that purpose, which was done when Sir T. Audley was 
Lord Chancellor. 

The debasement of the standard of gold and silver was preceded 
by a proclamation in rather ambiguous terms, the year before the 
Act of Parliament confirmed it. By the indenture then made, 151:3, 

* In Rastell's Chronicle, 1529, may be read one of them : ** But ye must note 
that xL«. in those days [in the time of Kichard II.] was better than xls. of the 

S resent day, which is now the xxi yeare of Kynge Henry the VIII, for at those 
ays v grotes made an ounce, and now at this day xi grotes maketh an ounce." — 
London^ reprinted 18 11, 4to. p. 242. 
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Of all the petty monarchies of the Octarchy, the kingdom of 
Mercia was by far the most wealthy, if we may form this conclusion 
from the number of its coins which have descended to modem times. 
The earliest specimen extant is of the reign of Edwald, who began 
his reign 716 a-d., nearly a century after its foundation as a separate 
kingdom. The coins of Ofia, whose reign in Mercia was from 758 
to 796 A.D., exhibit some of the most elegant specimens of the Anglo* 
Saxon coins. As he was at Home in the Pontificate of Adrian I., 
it is probable he brought over Italian artists to whose ^ skill the 
improvement of his coinage is to be imputed. The coins of his 
successor, Egbert, assumed the former rude appearance of the 
Saxon money. 

At the beginning of the ninth century, Egbert, on the death of 
his brother Ethelbert,* succeeded to the throne of the West Saxons, 
and during his reign brought the whole of the petty kingdoms 
of the Octarchy under his dominion, and first gave the name of 
Anglia to his kingdom, of which he is considered the first sole 
monarch, though the States of the Octarchy were not completely 
united in one kingdom until the time of Edgar. The coins remaining 
of the West Saxons are inferior in their workmanship to all the 
Saxon moneys. \ 

At the age of twenty -two, Alfred succeeded to the throne in 871, 
A.D. In despair for his country, or in distrust of himself, at first he 
hesitated, but at the unanimous desire of the people of Wessex, he 
accepted the regal power, and was crowned by the Archbishop of 
Canterbury. His reign was in constant disturbance by the incursions 
of the Danes, with whom he was engaged in contests almost to the 
time of his death. Notwithstanding his troubles, he surpassed his 
predecessors in literature and the arts, and was unwearied in his 
efforts to raise and advance the intelligence of his people. King 
Alfred believed ** the Ten Commandments*' to be the laws of God, 
and prefixed them to his laws, thus recognizing them as the only true 
foundation of the laws of a Christian state. His laws are silent on 

to his edition of the Gothic and Anglo-Saxon Gospels, with the versions of Wycliffe 
and Tyndale. The Gospels, as well as the remains of the Anglo-Saxon Pentateuch 
also, are conclusive with respect to shillings as a silver coin in use. In Matt. xxvi. 
15, and xxyii. 3, 5, TpiaKovra ipyvpia are rendered thrittig syllinga, thirty shillings, 
not thirty pieces of silver as in the authorised version. It appears also from Exod. 
xxi. 32, that thirty shekels of silver was the price of a slave in the Hebrew Law, 
the same that Judas got for the betrayal of his master. It is rendered in the 
LXX by rptdKovra dpyvpta iidpaxfiat and in the Anglo-Saxon version thrittig 
syllinga seolfres, thirty silver shillings. Their proverbial expression " ne tceaU 
ne scylling'* signifying neither small nor great, was most probably formed in. 
reference to their smallest and largest coins. 

In the Anglo-Saxon laws of Athelstan, when a man forswore a debt, the- 
form of words prescribed to be used, was " I owe him neither sceatt ne scyilhig,'* 
meaning, I owe him nothing, either little or much. And it is there also stated 
that 30,000 sceattse are equal to 120 pounds weight. 

A silver sceatta, preserved in the Fitzwilliam Museum, is described by 
Professor Churchill Babington in his catalogue of select British and English 
coins. 

1 A large hoard of the coins of Ethelbert, 249 in all, was discovered in 1817 
in the neighbourhood of Dorking. In the year 1808 a large quantity of Saxon 
coins, (542 in number) was turned up by a plough in the parish of Kirk Oswald, 
in Cumberland. Some bear the names of the Kings Eanred, Ethelred. Redulf, 
Osbercht; and others the names of the Archbishops Eanbald, Vigmund, and 
Vulfhere. 
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the knoiiey a'lld coinage of his time. His three mintsi were at 
London, Canterbury, and Oxford. In the league between Alfred and 
Guthrum the Dane, both the mark* and the mancus are named. 
After the martyrdom of Edmund by the Danes, Guthrum was placed 
on the throne of East Anglia, and on his conversion to Christianity 
in 878 he took the name of Ethelstan. On the death of Alfred in 
901, his son Edward, called the Elder, succeeded to the throne. 

Athelsteui, grandson of Alfred, began to reign 924 a.d., on the 
death of his father Edward the Elder, He was the first who ordained 
laws for the regulation of the coinage, and reduced the standard of 
the Saxon shilling from five pennies to four pennies. In a grand 
Synod four years after his succession, he decreed that there should 
be one kind of money in use throughout the kingdom, and that no 
one should coin but in a town. On his coins he is styled simply Bex, 
or Bex Saxonmn, or Bex Totius Britannise, the last a title not found 
on any of the coins of his predecessors. He was the king of the "West 
Saxons by inheritance, of Mercia by election, and of the greater part 
of the rest of Britain by conquest. In his laws occur the names 
of all the denominations of money in use among the Anglo-Saxons. 
He died in the year 940. a.d. 

Edward II., called the Martyr, in 975 ascended the throne on the 
death of his father Edgar. He had mints both at Oxford and at Cam- 
bridge, and it does not appear that he made any alteration in his 
coins. He was put to death at the command of his stepmother to 
make way for her son Ethelred, who was placed on the throne in the 

1 In the first Tolume of the whole works of King Alfred the Great (2 vols., royal 
8y6, 1858), will be found some account of the Anglo-Saxon Mint, with a de- 
scription and impressions of all the coins of Kins Alfred known to be extant. 

^ The mark, a certain weight of money, gold or silver, was introduced into 
England most probably in the time of King Alfred, as marks of gold appear for 
the first time in the league between that monarch and G-uthrum, about a.d. 878. 

In the treaty between Edward and Guthrum, the fines to be imposed on 
Saxons and on Danes were stated differently; as for instance, the Saxon was 
to pay 30 scillings and the Bane a mark and a-half ; and again in another 
part, where the Saxon was to forfeit 30 scillings, the Dane was fined 1.2 oras. 

The silver mark was only in the tenth century estimated at 100 pennies, 
and at 160 in A.i^. 1194 according to Matthew Paris. The value of the mark at 
160 pence or 13<. 4d. was long continued in payments of legal fees, fines, &c. 

In the Judicia Civitatis Londonise, before the middle of the tenth cen- 
tury, a schilling was reckoned at 12 pennies. About the end of that century, 
Archbishop ^Ifric names the schilling at 5 pennies. This discrepancy seems to 
shew that l^re were two pennies in circulation, but of different values. And 
Wilkins has she'vi'n (p. 66, 71) that two distinct estimates of the scilUng occur by 
thrismas, which can only be reconciled by the supposition of the fact of two 
shillings of different values being current at the time. It is uncertain when 
arose the reckoning of 12 pennies to the solidus or shilling, and 20 shillings to the 
pound. That revenue was so reckoned in England in Saxon times, is clear from 
the Domesday Book i— ** In Civitate Sciropescirie T. R. E. (».c. Tempore Regis 
Edvardi) erant oclii ..burgenses reddentes per annum vi lib. xvi solidos, et 
VIII dinar." In Athelstan's laws, the Thane s Weregild is computed at 1 200 
shillings, aiid said to be equal to the sixth part of 20 pounds. If 1200 shillings 
were equivalent to 20 pounds, the pound or 240 pence must have been equal to 
60 shillings of 4 pennies each shilling. This division continued to the Norman 
times, and one of the Conqueror's laws places the matter beyond all doubt. It is 
there stated, that the Saxon shilling was 4 pennies, and the preamble declares 
that these laws were in force during Edward the Confessor's reign. ** Ice les 
meismes, que le Reis Edward sun cosin tint devant lui del dei apres le polcier 
XV solz de solt Englois co est quer diners." The fine for the loss of the first 
finger was xv solz, i.e. of the English solt, or solidus, which was four peonies. 
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year 979. The reign of Ethelred was marked hj a series of actionfl 
"^hich betrayed the most helpless irresolution and pusillanimity. The 
Danes invaded his kingdom, and levied exactions to the immense amount 
of 167,000 pounds. The last of these was made in 1014, and amounted 
to 30,000 pounds. His moneyers were numerous, and his laws shew 
that provision was made to preserve the integrity of his coinage. He 
£ed to Normandy in 1013, and Swein, the Danish invader, mounted 
the throne. He died a few montks after his elevation, and his son 
Canute, after a contest, was established in the kingdom in 1017. 
The mints of Canute were more numerous than those of his pre- 
decessors. He had one at Oxford and another at Cambridge, and 
ordained that one coin should be current throughout his kingdom, 
and that no man should refuse it, unless it were false. The standard 
both of the Danish and Anglo-Saxon money is somewhat uncertain. 
England under his reign became more wealthy, as being able to 
retain the fruits of her industry, which had been for more than two 
centuries before perpetually plundered by the rapacity of the Danes. 
At his death in 1036, his son Harold ruled in England. On Harold's 
death in 1040, Hardicanute, his brother, came to the crown. Upon 
his death, Edward, surhamed the Confessor,* the surviving son of 
Ethelred II., succeeded in 1042. On the death of his father he had 
been sent to Normandy, where he had lived till the time of his 
accession. His mints were numerous, and as many as 500 varieties 
of his coins are known, several of which indicate that they were 
struck at Cambridge or Oxford, as well as at many other places. 
The fines which were imposed by his laws t^ere regulated by poundsi 
eras, marks, shillings and pennies. 

On the death of Edward the Confessor in 1066, there were four 
competitors for the crown of England, Harold, Earl Ghodwin, Tostig 
his brother, the king of Norway, and William, Duke of Normandy. 
Both Harold and WiUiam founded their titles to the crown on the 
gift of Edward. 

Harold being in England assumed the sovereignty at once, and 
defended himself against his two brothers, Tostig and the king of 
Norway, and they were defeated and slain. His victory over them 
had so weakened his forces, that he was unable to withstand the 
attack of the Duke of Normandy, and fell at the battle of Hastings 
after he had held the supreme power for a little more than nine 
months. During his short reign he made frequent coinages at his 
numerous mints, one of which was at Oxford. The coins have on 
the obverse his name and title as king of England, and the reverse 
bears the moneyer's name and place of mintage.* 

William, Duke of Normandy, 1066 — 1087, by the decisive battle 
of Hastings and the death of Harold became established on the throne 
of England. He did not rest his title by right of conquest only, but 
affected to consider himself the lawful heir and successor of Edward, 

* The Anglo-Saxon kings conferred the privileges of coining on their 
subjects. King Edward the Confessor, on confirming the liberties of St. Edmund 
(St. Edmundsbury), gave to Abbot Baldwin a stamp and authority to haye an 
exchange or mint, and to coin In his monastery. The coins now extant prove 
this, and shew that there were very few considerable towns without a mint. 

* In the year 1739, a large quantity of Harold's coins was found at Dym- 
church, in Komney Marsh ; and again in 1774 there was another parcel found near 
St. Mary Hill Church, in London. 



12 KOKBT. 

whose laws he shortly after ratified. He used all his arts to cajole 
the people of England into the belief that he regarded them as hia 
natiural subjects, and not as a conquered people.^ He imitated the 
form and type of the coinage of the late monarch Harold, and made 
no alteration of the standard used in the mints of the kingdom, two 
of which were at Cambridge and Oxford. In his charters he styled 
himself "Ego Willielmus Dei G-ratia Anglorum hsereditario jure 
factus" {Mbnast. AngL i., p. 44). He did not inscribe Dei gratia on 
his coins, which have on the obverse his name and title as king, with 
some of the leading letters of Anglorum. In the Domesday Book^ 
wherever any notice of his arrival in England is referred to, it is 
always made (with one exception, fol. 124, ^), as if he had come to 
his own dominions and without opposition. 

The Domesday Book furnished him with the exact amount of 
taxation he might impose in kind, or which might be commuted for 
money. It is recorded, that the sheriff was ordered to commute bread 
for 100 men or a pasture-fed ox for one shilling ; a ram, sheep, or 
provender for 20 horses for fourpence. The Conqueror fixed the rate 
at which supplies or services might be commuted, and thus the value 
of the money was determined. He considered every man bound to 
pay according to what he had, and it does not appear he ever 
demanded what his subjects had not ; like a prudent shepherd, he 
knew how much wool he could fleece his English flock; he was 
satisfied with the fleece, but seldom or never touched the carcase. And 
from the same document it appears he made little alteration in the 
laws and ancient customs which prevailed in cities and boroughs 
in the time of Edward. He retained the weight of the Saxon penny, 
but introduced the Norman mode of computation by shillings of 
12 pennies, and the pound of 20 shillings. In his laws the fines are 
regulated by pounds, eras, marcs, shillings, and pennies. The shillings 
are sometimes stated expressly to be English shillings of four pennies 
each. In the Domesday Book various other coins or denominations 
of money are to be found; such as the mite, farthing, halfpenny, 
mark of gold and silver, ounce of gold and marsum. Of all these the 
penny, halfpenny, and farthing are the only coins which have 
descended to our times. 

William II. (Eufus), 1087—1100, son of William I, succeeded 
his father on the throne of England. He soon dissipated the 
enormous wealth his father had accumulated. During his short 

1 The conqueror entertaining an equal hatred towards the English and their 
language, determined to depress the one and annihilate the other. However 
superior their merit, the English were admitted to no dignity, but strangers were 
preferred. Their language was interdicted, and the laws of the English kings 
were translated into Norman French, and all his own laws were recorded in that 
language or in Latin. His efforts to impose the Norman French on his English 
subjects were unavailing, except to a very limited extent, as is clearly ma- 
nifest from the predominance of the Saxon element in the English language of 
the present day. A statute of Edw. IV., so late as 1482, appears in Norman 
French. 

When Gregory VII. (Hildebrand) despatched, in 1078, his legate to William, 
whose claims to the crown had been favoured by his predecessor, William 
replied—** Religious Father, your legate, Hubert, coming unto me, admonished 
me, in your behalf, inasmuch as I should do. fealty to you and your successors. 
Fealty I would not do, nor will I ; because I neither promised it, neither do I find 
that my predecessors ever did it to your predecessors." Such was the assertion 
of the Royal Supremacy of William, the first sovereign of the Norman line. 
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reign he appears to have made no alteration in the standard of the 
coins. ^ 

Henry I., 1100 — 1135, usurped the throne in the absence of 
Hobert his elder brother, the lawful heir to the crown. He ordained 
many wise and politic laws for the benefit of his subjects, and resisted 
the encroaching policy of the court of Bome. He inflicted penalties 
for debasing the coinage, and in 1125 the severest sentence of the 
law was executed on 94 delinquents of the moneyers. 

After this severity, he had recourse to a new coinage which became 
a new evil, as one of the old chroniclers writes, '* by thus changing 
the mone}', all things became most dear, whereof a right sore famine 
ensued.'' The types of his coins are various, as also the inscriptions. 
On the obverse of some are his name and title as king of the En^^lish, 
on others, h.b., or Henricus. On the reverse are the names of the 
inoneyer and the mint. When Henry died, he is reported to have 
left 100,000 pounds weight of silver in his treasury. 

Stephen, 1135 — 1154, usurped the government, to the exclusion 
of Maude, the surviving daughter of Henry, and dissipated on his 
armies the immense treasures left by his predecessor. Henry, the 
son of Maude, Duke of Normandy, invaded England with a large 
firmy, and after a contest with Stephen, concluded a treaty which 
provided for his succession after the death of Stephen. His coins were 
reduced to a wretched state by his necessities and the powers his 
subjects had usurped. His pressing wants led him to sanction the 
debasement of the money of which he imderstood not the power. 

Henry II., 1154 — 1189, succeeded as the lawful heir. After his 
coronation he took means to remedy the disorders which had arisen 
during the usurpation. He resumed the grants Stephen had made, 
and destroyed the castles illegally erected, whence had issued the 
greater part of the base coin which had brought great distress on the 
people. About the year 1156, he issued a new coinage,' as the money 
issued by his predecessor and by the numerous mints he allowed, was 
60 debased in value that commerce was obstructed. He appreciated 
the power of money, and at his death was found in his coffers 900000 
pounds weight of silver and gold, besides plate and jewels. 

Bichard I. 1189 — 1199, succeeded his father on the throne of 
England, and his martial disposition was unfavourable to the interests 
of his people, who were impoverished by the expenses of his armies, 
and the heavy ransom which was extorted for his release from unjust 
captivity. In the year before his death, his army defeated the French 
at Gisors. His parole for the day of the victory was IHeu et mon droits 
which is still retained as the motto of the Boyal Arms of England. 
It is uncertain how far he may have issued coins from English mints. 
There are specimens of the coins of his Gallic mints extant, which 
bear his name as king of England, though they were struck by him 
as Earl of Poitou or Duke of Aquitaine. 

John, 1199 — 1216. John was born in 1166, and at a very early 

^ In the year 1703 — 4, in digging the foundation for a new building in the 
Upper Ousegate, York, after a fire, which had happened there, a small oak box 
M'as discovered containing 250 pennies of William I and William II. And in 
1833, at Beaworth, in Hampshire, a very large collection of coins of these reigns 
was discovered, amounting to about 6,500 pieces. 

' A large quantity of the coins of Henry II. was found at Royston 1721, and 
subsequently a larger hoard of more than 6*700 at Tealby, in I«incolnshire in 1807. 
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age, in 1177, had been declared by his father '^Lord of Ireland,'^ 
a title which seems to have invested him with regal power, as waa 
manifest ft'om his using a great seal, and striking money with his 
name and title impressed uj^on it. This title was most probably 
derived from a Bull of Pope Adrian IV., in which he gave permission 
to Henry II., in 1155, to subdue Ireland, and made use of the words 
''Et illius terras populu^ te recipiat, et sicut Dominum veneretur'^ 
(Matthew Paris). On his accession to the crown of England, he 
had impressed the title of king on the coins he issued from the 
Irish mints, though on his great seal he continued the title of Dominus 
Hibemise. This title continued to be used by the English monarchs 
till the year 1541, when Henry VIII. assumed the title of king. His 
pennies and halfpennies have, on the obverse, his bust within a 
triangle, with Johannes or Johannes Bex only; on the reverse, a 
crescent and blazing star (perhaps intended for the sun and moon), 
besides a small star in each of the angles of the triangle. In order 
to discover coins- deficient in weight, there was in his reign issued 
from his mint office a penny-poize, wanting one-eighth of a penny» 
to be delivered to any person who desired to have it, to be used until 
Easter in the next year. 

King John attempted to exact by force from his people the same 
heavy contributions as his father. His cruelty and oppression >of 
the Jews almost exceed belief. He failed in his object, and was 
compelled to suiTcnder the glory of his crown to the Pope,* and the 
power of it to the Barons, who, at Bunnymede in 1215, wrested from 
kmg John the Magna Charta. The ratification of this charter has in 
successive reigns been confirmed at thirty different times. 

Henry III., 1216 — 1272, was nine years old when his father died. 
On his accession, the greater part of his kingdom was in the possession 
of his enemies, and the royal treasury was exhausted. 

In Grafton's Chronicle, it is recorded that in 1227, about this time 
a Parliament was holden in London, in which it was ordered, that 
'^ The English ^rote should be coyned at a certain weighte, and of the 
one side the King's picture, and on the other side a cross, as large fully 
as the grote to advoyd dippying." So greatly had the old coinage 
been lessened by clipping, that scarcely 20 shillings of the new coins 
could be gotten in exchange for 30 shillings of the old money. 

The payment of tenths to the Pope of Kome was now exacted with 
80 great severity, that people were compelled to borrow money of the 
usurers, who came over with Stephen, the Pope's Nuncio, at "the 
rate of one noble for the loane of 20 by the moneth," which was at 
the rate of 60 per cent, per annum. These usurers were banished 
about 1240, but being the Pope's money-changers, they were suffered 
to return in 1250, and were again expelled a short time afterwards. 

1250. The king at this time extorted money from the Jews without 
mercy. Matthew Paris remarks, " that though he could make them 
wretched, he could not make them poor." 

1257. The 41st year of Henry III. is remarkable for the first gold 

* In a subsequent reign, the Parliament unanimously declared, "that the 
grant of the kingdom by king John to the Pope was null and void ; that it was 
made without the concurrence of Parliament, and in violation of his Coronation 
oath," and they determined that if the Pope should attempt, by process or 
otherwise, to maintain such usurpation, they would resist and withstand him 
wtth all thdr power. 
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coinage^ in England, of which any authentic records can be founds and 
it is extraordinary that it took place in the height of his distress for 
want of money. This event is related in a MS. Chronicle preserved in 
the archives of the City of Londoni which was probably written at 
the time, as the transactions are brought down to 1267. The writer 
states, that in this year the king made a penny of the finest gold, 
which weighed two sterlings, and willed that it should be current for 
20 pence. On the obverse of the gold penny, the king is represented 
crowned, and sitting on a chair of state, with a sceptre in his right 
hand and a globe in his left. The reverse has the long cross of his 
later coinage, with a rose and three small pellets in each quarter. 
Scarcely had the king's proclamation been made, and tlie gold coins 
began to circulate, when the City of London made a representation 
against them, and obtained another proclamation that no one was 
obliged to take them, and whoever did, might bring them to the ex- 
change and receive there the value at which they had been made 
current ; one halfpenny only being deducted fix>m each, probably for 
expense of coinage. In the 49th year of his reign, the gold penny 
was raised to 24 pence or two shillings. 

From the Conquest till this reign, with the exception of the coins 
of Henry II. and John, great changes were made in the inscription 
and type of the coins. The portraits of the monarchs were re- 
presented either in profile or full, and the crosses were exhibited 
under almost every variety of form. The portrait of Henry III. is 
invariably full-faced on his coins, the cross consists of double lines; 
and the only difference between his earlier and later coinage is, that 
in the former the cross is bounded by the inner circle, and has four 
pellets in each quarter; while in the latter, it extends to the outer 
circle, and the number of the pellets is reduced to three. In this 
description the gold penny forms the only exception. This ornament, 
though rude, kept entire possession of the coins until Henry YII. 
introduced heraldic bearings. It then began gradually to g^ve ground, 
but was not entirely lost before the time of James I., the end of a 
period of nearly 400 years. 

Edward I., 1272 — 1307, succeeded to the turbulent reign of 
Henry III., whose ruling passions appear from his doings. Like his 
father, he was resolved to have money, and was not over scrupulous- 
about the methods of obtaining it, from those who possessed it. His- 
policy consisted in the skill with which he divided the wealthy classes, 
against each other, and by attacking them singly, and bringing them, 
by turns to bear upon each other, he so completely subjugated th^ 
whole as to render the power of the crown in his time as absolute as 
it had been in the time of the Conqueror. By means of extortion and 
confiscations he brought considerable wealth into his treasury. In his 
fifth year he had 300 Jews executed in London under the charge of 
debasing the coin, and their property he confiscated. And in his 
eighteenth year he banished 15,000 Jews &om his kingdom, and con* 
fiscated all their goods. There was perhaps no class of his subjects, 
possessing money, from whom he did not continue to extort it. In his 
eighth year he issued a writ, which required all his subjects to shew by 
what titles they held their lands. And by this he drew large sums from 

^ Both before and after the gold coinage of Henry III,, Bezants (so named 
from Byzantium) and other foreign gold coins of various values were current ir* 
England. 
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the barons and others. One of the barons, however, John, Earl of 
Warren, responded to the king*s demand, that he held his lands by the 
Bword, and would so hold them as long as he lived until his death. 

Soon after his accession he applied himself, in 1274, to reform the 
abuses which had accumulated during his father's unquiet reign; 
one of them was the debasement of the money, which was carried to 
a height unknown before in the kingdom. The regulated produce 
of his mints was clipped^ and otherwise reduced to less than half its 
legal weight, insomuch, that foreign merchants would not bring over 
their commodities, and every article of commerce became dearer. 

No ordinances respecting the standard of the coins have been pre- 
served between the Norman Conquest and the 8 th year of Edward I. 
According to Stow (fol. 1633, p. 45), Gregorie Eokesley, Mayor of 
London, being chief master of the king's exchange or mints, a new coin- 
age was ordered, that the pound of easterling money should contain 
12 ounces, of which, fine silver, such as was then made into foil, 
and was commonly called silver of Guthuron's Lane,* 11 ounces, 
2 easterlings, and 1 ferling, and the other 17 pence halfpenny to be 
alloy. Also the pound of money ought to weigh 20 shillings and 3 pence 
by account ; so that no pound ought to be over 20 shillings and 4 pence ; 
nor less than 20 shillings and 2 pence by account. The ounce to weigh 
20 pence ; the penny 24 grains, which 24 by weight then appointed, 
were as much as the former 32 grains of wheat. 

It was ordained, that the money should be received and paid by 
the weight of five shillings in amount and five shillings in value by 
the tumbril, which was to be delivered by the warden of the exchange, 
being marked by the king's stamp as the measures were. 

From the Conquest to 28 Edward 1., the penny weighed 24 grains, 
Tower weight, or one pennyweight, so that a pound of silver was a 
pound both in weight and tale. But now the first variation from 
this rule took place, and the penny was reduced to 23*7073 grains 
Tower weight. This appears from an indenture in Lowndes' Reports, 
p. 34, which recites, that an indented trial piece of the goodness of 
old sterling was lodged in the exchequer, and every pound weight of 
such silver was to be shorn at 23 shillings and 3 pence. 

In this year 1300, goldsmiths were restrained by statute from 
using any gold worse than the touch of Paris, or any silver 
inferior to the alloy of sterling. And no vessel of silver was to be 
delivered from the hands of the workman until it had been assayed 

^ The clipping of the coin was not confined to the laity or lower orders, but 
was practised by ecclesiastics of the highest ranks. Guy, the Prior of Montacute, 
was convicted of clipping, but pardoned by the King on payment of a fine of 60 
marks in that year. He was a second time convicted of clipping and counter- 
feiting in the 18th year of the reign, and was again pardoned, but paid a fine 
of 200 marks, doubtless claiming the privilege of clergy {Rymer'a Foedera, Ed. 
1816, vol. I, p. 610. Clause Edw. I. m. 7). 

The Chronicle of the Priory of Dunstable has recorded, that many Christians 
were accused by the Jews of having consented to the clippTmg of the coins, and 
these were chiefly of the nobility in London. In the month of July, in the 
same year, 1278, the King's Justices met at Bedford, to inquire who were the 
clippers of the money, and who had given consent and assistance to the Jews 
in that matter. 

' So called from a former owner. It was a small lane leading out of Cheapside, 
east of Foster Lane, and was anciently inhabited by goldbeaters. — Ptiliert 
Worthier, p. 204. i 

By 1 1 ounces, 2 easterlings, and 1 ferling must be understood, eleven ounces, 
two pennyweights and a quarter.— iS^oto'i Survey of London, 1633, p. 45, 
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It is a fact, that daring all the troubles of the king and his diffi- 
culties, no debasement of the standard took place, however rude his 
coins may have been in form and workmanship, after he had taken 
up arms against the forces of the Parliament. 

The Commonwealth, 1649 — 1653. In 1642, the Commonwealth 
seized the Tower and the Mint, and proceeded to coin and issue 
money with the king's types and titles. 

In 1649 it issued a silver coinage of various pieces of the same 
fineness as the 43rd Elizabeth. 11 oz. 2 dwts. pure silver, and 18 dwts. 
alloy ; the weight being in proportion to 7 f' grains to the penny. On 
the obverse was a shield bearing the cross of St.Q-eorge within branches 
of laurel and palm, with the legend on the four larger denominations. 
The Commonwealth of England. On the reverse were two shields, 
one bearing the cross of St. George, the other the harp of Ireland, 
with the legend God with us, and the date. 

On 25 April the same year, the Committee reported, and the 
House resolved, that the inscriptions on the coins should be in the 
English language, that on one side should stand alone the English 
arms with the inscription The Commonwealth op England; and 
on the other side, the arms of England and Ireland, with the words 
God with us. These coins became a subject- of standing jokes. 
In Hudibras will bo found some wit on the subject. The Cavaliers 
took occasion from the legend on the coins to observe, that God and 
The Commonwealth were on different sides. 

The Parliament also ordered a jury of goldsmiths to make two 
standard trial pieces, one of gold, 22 carats fine and 2 alloy, and one 
of silver, 1 1 ounces 2 dwts. fine and 1 8 pennyweights alloy ; and by a 
resolution they were approved as standards for the new coinage. 

It is remarkable that the pieces of date 1651, have the image and 
superscription of Cromwell, as Protector of England, Scotland, and 
Ireland, though he was not publicly invested with that title until 
16 Dec. 1653. Coins were struck by the authority of Parliament, and 
they occur of all the intermediate dates from 1649 to 1660 inclusive. 

A copper coinage was projected for the use of the poor. Pattern 
pieces exist of the dates of 1649 and 1651, but it is not known 
whether the design was ever carried into effect. 

Cromwell understood the power of money. On learning the arrival 
of three ships from flamburgli, having £300000 in silver on 
board, he ordered a detachment of soldiers to seize it. Having 
this money at command, he was emboldened to dissolve the Par- 
liament.^ The secret of his policy, like that of all other despots, 

^ " The Members of the Long Parliament, when it assumed the government, 
voted to each other, for his own private use, at firat four pounds a -week, and 
afterwards, it was reported, distributed among themselves, out of the public 
treasury, about £300000 a-year. And, under the pv-etence of rewarding the 
godly for their services in the good cause, unbounded largesses were bestowed. 
Lenthal, the speaker, received £6000 at once, besides offices to the amount of 
£7730 a-year, Bradshaw, president of the high court of Justice, by whom the 
king was condemned, had the present of an estate worth £1000 a-year, and the 
king's house at Eltham, for the active part he took in that memorable transac- 
tion ; and in free gifts to the saints, the sum of ^679800 was publicly expended. 
The Parliament is also accused of suffering the most enormous frauds to be per- 
petrated with impunity. Instead of the public accounts being examined at the 
Exchequer, where peculation could with difficulty escape detection, every branch 
of the revenue, and every article of expense, was entrusted to committees of the 
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appears to have been, the control of the army bj money, the control 
of the people by the army, and thus governing the people by mere 
force of military power, he had at command the means of getting 
money, and the material of money wherever it was known to exist. 
Such methods of supplies might serve an emergency, but could not 
last long, as the sequel proved, by a restoration of the king and the 
laws for the protection of property. 

Oliver Cromwell, Protector, 1653 — 1658. It is more than probable 
that when the army ceased to be the servants, they became the masters 
of the Parliament, being entirely under the influence of Cromwell. 
And after he was proclaimed Lord Protector of the Common- 
wealth, he only exercised that authority which had before been 
entirely in his hands. The flrst act of his government declared 
in reference to the coinage what offences should be adjudged high 
treason. 

There can be no doubt of Cromwell's intention to issue his coins 
for general circulation, otherwise it is difficult to account for his taking 
the opinion of his council on the form of them and the inscription. 
It is certain the coins of Cromwell were never the current money of 
the nation, because they are not named in the proclamation of 
Charles II. of 7 Sept. 1661, which forbade the currency of the coins 
of the Commonwealth, but made no mention of the coins of Cromwell 
as Protector, which, if they had been in circulation, could not have 
escaped notice. It is probable, that if he coined money as supreme 
ruler, he was prevented from uttering it, by the same considerations 
which deterred him from assuming the title of king. 

Eichard Cromwell was elected Protector within an hour after the 
death of his father, on 3 Sept. 1658. In answer to a petition in 1659, 
a warrant was issued for the coinage of copper farthings, and the 
powers of it were to last for 31 years. In the following month of 
May, Eichard resigned the Protectorship, which prevented the carry- 
ing of this project into execution. It is a fact, that coins of the 
Commonwealth were struck bearing the date of 1659. 

Charles II., 1660 — 1685. This monarch coined money on the 
same principles as his father, regardless of the improvements in the 
machinery, and in the manufacture of the coins which had been ex- 
hibited in the striking of pattern pieces during the Commonwealth 
and the Protectorate. He issued three distinct coinages of hammered 
money of the same fineness as that of the 43 Elizabeth. 

In April 1662, a French artist was employed in the Mint to furnish 
the machinery, mills, &c , for coining, and to discover his secret unto 

house, who appropriated whatever sum they thought proper to their own private 
use. By these frauds, the Parliament was disabled from paying the army 
regularly. Its arrears amounted to £331000, and that mutiny, which proved the 
principal source of Cromwell's exaltation, was owing to the indignation with 
which the troops saw the members of the House of Commons rioting in wealth, 

grocured by public plunder, whilst they who had fought their battles could 
ardly provide themselves with subsistence. They loudly complained, *that 
Parliament bestowed upon its own members £1000 a- week out of the public 
treasury, whilst the soldiers' wants were great, and the people in the utmost 
necessity.' It is said, that the Parliament left about 41^00000 in the treasury, 
and stores to the value of iS700000, when its authority was abolished bv Crom- 
well ; yet such was the expense of his administration, that he died indebted to 
the amount of £2474290, which, however, consisted chiefly in arrears due to 
the army and navy." — Sinclair on the Public Revenue^ Vol. i., pp. 286 — 288, 3rd 
Ed. 1803. 
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his Majesty, and imto the Warden, Master, and Workero and Oomp- 
troUer of the mint. 

After the restoration of Charles II. in the year 1663, gold pieces 
of twenty shillings yalue were first coined, instead of the hammered 
broad pieces of gold which had been before in use of the same valae. 
The guineas took their name from the gold brought from Ghiinea on 
the Western Goast of Africa by the African Company. As an en- 
couragement to import gold for coinage, they were permitted to have 
the stamp of an elephant upon the coins made of the AMcan gold. 
They were afterwards, by proclamation, made current as 21 shilling 
pieces, and ever so continued. A pound Troy of gold was coined 
into 44 guineas, each to pass for twenty shilling^. Some of these 
guineas have under the King's head the elephant with a castle upon 
his back, others the elephant without the castle. There were likewise 
coined by the same company, gold pieces of forty shillings value, 
half-guineas, and pieces of five pounds, during the same reign. 

In 1663, it was found expedient to modify the statutes which 
prohibited the exportation of bullion. Among the reasons assigned 
for this measure, there is one which obserres, " It is found by ex- 
perience, that money or bullion is carried in the greatest abundance 
as to a common market, to such places as give free liberty for ex- 
porting the same, and all of them are such as might have taught 
the legislature to see the absurdity of attempting to confine any kind 
of commodity within the kingdom by pains and penalties (as had 
been done hitherto) ; but it should seem that the last thing which 
all statesmen are willing to resign, is their weak and frequently 
pernicious interference with commerce, and other subjects beyond the 
province of parliamentary legislation." 

In 1665, a coinage of copper farthings and halfpence was pro- 
jected. They had on the obverse the king's bust laureat, with 
Carolus a Carolo ; and on the reverse Bbitannia^ with Quatxjoi^ 
KARiA YiNBico. This was the first coinage of real copper money; 
the regular coinage of copper for current coin of the realm takes its 
date from 1672.^ 

New patterns for the coinage were adopted, and the coins were 
struck by the improved process by machinery, and not by the hammer. 
On the obverse is the king's bust to the right, the head laureat 
with long hair, and his shoulders covered with a mantle of the 
antique style, and the words Caboujs II. Dei Qra. or D£i Gratia. 
On the reverse, are the Boyal arms upon four separate shields, 
crowned and arranged in the form of a cross, with the star of the 
order of the Garter in the centre. The inscription is composed of the 
date and the King's titles. 

The crowns and half-crowns have the edges inscribed with Dbcus 

^ The scarcity of money at this time formed one of the topics of Lord Lucas' 
severe speech against the government on 22 Feb. 1670, on the second reading of 
the Subsidy Bill, in the presence of his Majesty. " And it is evident," he said, 
" there is a scarcity of money ; for all the Parliament money, called breeches 
money has wholly vanished ; the king's proclamation and the Dutch have 
swept it all away, and of his now majesty's coin, there appears but very 
little ; so that, in effect, we have none left for common use, but a little 
lean-coified money of the late three former princes ; and what supply is pre- 
paring for it, my Lord ? I hear of none, unless it be of copper farthings, and 
this is the metal that is to vindicate, according to the inscription on it, the domi- 
nion of the four seas." 

d2 
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KT TuTAiCEN, and the year of his reign with one or two exceptions. 
This inscription was placed round the edge to prevent clipping. 
Evelyn states that it was suggested by himself to the Master of the 
Mint, having observed it in a vignette in the Cardinal de Bichelieu's 
Greek Testament. The inscription round the edge began to be dated 
with the year of his reign, but different years of the reign sometimes 
appear on coins of the same date. The crown of 1663 is inscribed 
Deoxts et Tutamen. Anno Eeqni xv. On that of 1667 is found 
Deoimo nono, and subsequently the Boman numerals were changed 
to the corresponding words. 

James II., 1685 — 1688. The short and unhappy reign of King 
James II. was in almost every respect eminently disgraceful, and in 
no single instance more so than in the state to which he at length 
reduced the coinage in his kingdom of Ireland. How different was 
the conduct of his father Charles I., who in his extreme distress never 
debased the standard of the coinage of the realm. The money of Eng* 
land escaped violation , for James was forced to abandon that kingdom 
before his necessities became verj' urgent, and only the coinage of his first 
year was of the same standard as his brother's. On 23 December, 1688, 
he was compelled to abdicate the throne, on account of his unscrupu- 
lous attempt to force the Boman Catholic religion upon the nation in 
violation of his Coronation oath, and he retired into France. In the 
following March he made an attempt to recover the Crown, and on 
the 12th, with about 6000 French troops, he landed at Kinsale. On 
the 24th he entered Dublin in a triumphant manner, and issued a 
proclamation, raising the value of the current coins, the guinea in gold 
to 24 shillings, and the crown in silver to 58. bd. 

But all his expedients failed to procure a sufficient supply of 
money, he coined brass and copper sixpenny pieces to meet his 
immediate necessities, and shortly after, copper shillings and half- 
crown pieces. Some of them are known for every month from June, 
1689, to April, 1690, inclusive. To supply the mint with metal for 
this degraded coinage, two brass cannons from the Court of Dublin 
Castle were delivered to the Commissioners of the mint. And it 
appears that they not only bought old brass, old broken bells, and 
pewter and copper, but actually pillaged the metal utensils from the 
kitchens of the citizens of Dublin, because they found it difficult to get 
a sufficient supply of copper or brass for the mint. 

These brass and copper monies were found insufficient for the 
expenses of his army. On 1 March money of white mixed metal was 
coined into pieces about the size of a shilling and a sixpence, to be 
current for a penny and a halfpenny respectively. These coins had on 
one side the head of the king with Jacobus II Dirs. Dei Gratia; and 
on the other side a piece of prince's metal fixed in the middle with the 
impression of the harp and crown, and the inscription Maq : Bai : 
Faa: et: Hib: Bex, with the date. A further coinage of white 
metal for crown pieces was ordered to be .current on the 21 April. 
On 15 June the brass and copper half-crowns were called in, and 
restamped with the die which was used for the white metal crown pieces, 
and then re-issued at the value of 5«. 

There is an account of this coinage preserved, from which it appears 
that the weight of metal used was 389724 lbs. 2^ozs. Avoirdupois, 
which at 4id. a pound (valued by the workmen at the mint) gives the 
real value at £6495. 8«. Ad, This metal was coined and issued as 
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cnxrent money ; and the total value imposed upon the coins by arbitrazy 
power was no less than £1596789. 0«. 6^^. sterling.^ If to this amount 
be added the increase by raising the half-crowns to the vidue of crowns, 
and the reduction in the weight of the large shillings and small half- 
crown pieces, these additions on a very moderate computation would 
raise the aboYO amount to £2163239. 9«. as the produce of £6495, 
the real yalue of the metal. There might also be some further 
additions made to this large sum, if it were known exactly what 
proportions were coined into copper half-crowns and restamped into 
crowns, and also what sums were coined into white mixed metal 
crowns, and into pewter pennies and half-pennies. A prodigious sum 
of money was raised by this scheme in a short time, exceeding £180000 
a month. Of all this money, when that unhappy prince fled from 
Ireland, there was little found left in the mint, not aoove £22489, of 
metal value £642, as appears from the accounts of Lord Goningsby, 
Yice-Treasurer of Ireland, and of which he rendered an account.' 

In this wretched money the Popish soldiers were paid their sub- 
sistence, and the Protestant tradesmen and creditors were obliged to 
receive it for their goods and debts, and it was computed that they 
lost upwards of £60000 a month by this cruel stratagem. The 
G-ovemor of Dublin, the Provost-Marshal and his deputies, threatened 
to hang up all who refused it. 

The records of history in no former age of the civilized world 
exhibit a parallel to these proceedings of King James II. and his 
Boman Catholic advisers and adherents. By the force of his Boyal 
prerogative, he invested base metal of the real value of four pence, 
with the current value of £10 sterling. 

William III., 1689—1702. The abdication of James 11. opened 
the way for King William and Queen Mary to the throne of England. 
In the first year of this reign a coinage was ordered to be continued 
of the same kind, weight and fineness, as had been ordered in the 
first year of King James II. 

Crowns were issued with the busts of the King and Queen on the 
obverse towards the right, surrounded by the words Gulielmus et 

1 The amount stands thus : 

Weight of metal Valae imposed on coinage. 

AToir. lb. oz. £. ». d, 

62,422 2i coined into large shillings 245,879 17 

110,308 15 „ half-crowns 443,498 10 

172,731 1) „ large shillings and half-crowns .689,378 7 

14,080 3 „ small sixpences 49,042 6 6 

8,914 llf „ small shillings 41.800 

21,267 OJ „ small half-crowns 127,2t)0 



lbs. 389,724 2i £1,696,799 6 

' Accounted for as thus stated (Simon, p. 62). 

Imposed valae. real ralue. 

£. «. d. £. 8. d. 

17292 copper crowns ....'.. 4,323 yalued at l<f. each 72 1 

126503 large half- crowns 16,812 17 6 „ Irf. each 527 111 

2489 small crowns 311 2 6 „ f „ 7 15 6 

9043 large shillings 452 3 „ i „ 18 16 9 

4767 small shillings 237 17 „ i „ 4 19 li 

6000 copper sixpences ... . 160 „ J „ 660 

4808 pewter crowns 1202 „ i ,» 5 2 

£22489 £641 19 6J 
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Maria Dei Gratia. On the reyerse, the four shields are arranged 
crosswise as beforOi but having the shield of Nassau in the center and 
round it the numerals 1691, and in the angles w and m interlinked, 
and the continuation of the inscription, Mao. Bb. Fb. et Hi. Bex 
ET Begina. 

On the obverse of the half-crowns was the same as on the crowns. 
On the reverse, a square shield, crowned, bearing in the four quarters 
the arms of England, Scotland, Ireland, France; Nassau on an 
escutcheon of pretence. This is probably the only instance of the 
arms of France being placed in the fourth quarter. The inscription 
is the same as on the crowns, 1689. The coinage also included 
shillings, sixpences, groats, threepenny pieces, half-groats and pennies. 

On 14 June, 1690, William landed in Ireland, and having defeated 
the army of James, at the Boyne on 1 July, he encamped near Dublin, 
and issued a proclamation to stop at once the mischievous effects of 
the debased money. This was done by reducing the debased coins to 
the value of the metals of which they were composed. In the year 
1694, a license was granted to coin 700 tons of copper into halfpence 
and farthings, at the rate of 22 pennies for every pound weight 
of copper. 

On 28 December, 1694, Queen Mary died, and after this event the 
king's ef^gy and style only were placed on the coins. At this time, the 
trade of the nation suffered from the excessive debasement of the 
money, both by clipping and counterfeiting, and by the exportation 
of the good money.* 

In the Session of Parliament, 1695, an Act was passed to suspend 
for a time the coinage of guineas, and the importation of gold coin 
was also prohibited. These measures, in conjunction with the Bank 

* In Evelyn's Diary, 1694 — 1696, are found the following passages . — " Many 
executed at London for clipping money, now done to that intolerable extent, that 
there was hardly any money that was worth above half the nominal value." 

*' Great confusion and distraction by reason of the clipped money." 

*' Want of current money to carry on the smallest concerns, even for daily 
provisions in the market." 

'* Add the fraud of the bankers and goldsmiths, who having gotten immense 
riches by extortion, keep up their treasure in expectation of enhancing the 
value. Buncomb, not long since a mean goldsmith, having made a purchase of 
the late Duke of Buckingham's estate at near £90,000, and reputed to have near 
as mu<ih in cash." 

** So little money in the nation that exchequer tallies, of which I had for 
j^200C on the best fund in England, the Post office, nobody would take at 30 per 
cent, discount." 

Intheyear 1696, merchants and others petitioned the House of Commons, and 
stated that by the artifice of brokers and others, guineas were advanced from 2 1 
to 30 shillings, and that they could get no money for their goods unless they 
received the coins at that rate ; and that they could not pay them away again at 
the Custom House or on foreign bills without loss. On the other hand, several 
graziers and Others petitioned against lowering the price of guineas, alleging they 
had for about twelve months received them at 30u6hillings. A tfiird petition from 
several merchants stated that the use of guineas, on account of the badness of the 
silver coins, had raised gold about 40 per cent, in value above the proportion of 
gold to silver in an/ other part of Euro^^e. A fourth petition represented that 
they had of late been imposed upon by bankers and goldsmiths, to whom they ' 
had been compelled to pay the guineas under 29 shillings, although they had 
received them at 30 shillings a piece, and prayed the price of guineas might fall 
gradually. The House resolved upon a reduction of the value of guineas, and by 
a clause in an Act, passed in the same session, the current value was reduced to 
22 shillings, on account of the prejudice which trade had eustained from the 
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of England, then recently established,^ strack at the root of the 
monopoly of the precious metals. For when men were deprived by 
law from the possibility of obtaining gold, no man could be com- 
pelled by law to make payments' in gold ; and bank-notes, bills of 
exchange, and silver would constitute the only existing currency. 
This suspension of payments in gold produced the effect, that the 
value of gold declined rapidly. 

uncertain value of coined gold, which had encouraged certain evil-disposed persons 
to raise and lower the same, to the great prejudice of the landed men of the 
kingdom. 

Sir Dudley North, in the time of William III., thus declared his opinion 
against the renewal of the Free Coinage Act : — 

** I call to witness the vast sums that have been coined in Eneland, since the 
free coinage was set up. What is become of it all? Nobody believes it to be in 
the nation; and it cannot well be all transported, the penalties for doing so 
being so great. The case is plain, the meltine pot devours it all ; the latter, 
because that practice is so easy, profitable, and safe from all possibility of de- 
tection, as every one knows it is ; and I know no intelligent man who doubts but 
the new money goes this way. Silver and gold, like all other commodities, 
have their ebbings and flowings. Upon the arrival of quantities from 8pain« 
the mint commonly gives the best price for it : that is, coined silver for uncoined 
silver, weight for weight, wherefore it is carried into the tower and coined. Kot 
long after there will come a demand for bullion to be exported again. If there 
is none, but all be in coin, what then? melt it down again ; there s no loss in it, 
for the coinage cost the owners nothing. Thus, the nation has been abused, and 
made to pay for the twisting of straw for asses to eat." 

^ The Bank of England received its charter of incorporation in 1694, when tl^ 
whole of its original capital was lent to the Qovernment. In 1750, it began 
issue notes for £10, its previous issues up to this date having been for notes of 
£20 and upwards. In 1793, notes for £o were first issued, and in 1797, notes for 
£1 and £2 were put into circulation as a relief under the Bank Restriction Act* 
which restrained the Bank from making payments of its notes in gold and silver. 
At the end of the year 1813, the amount of notes in circulation was nearly 24 
millions, the price of gold was £5. 10s. an ounce, and the depreciation of the Bank 
notes in consequence was between 29 and 30 per cent. At the end of 'the nest 
year the circulation of notes had increased to about 28}^ millions, but gold had 
fallen to £4. 6s, 6d. an ounce, so that the notes were only depreciated to about 
10 per cent.. The rise in the value of notes alone, 19 per cent., was chiefly caused 
by the large quantity of gold brought into the country on the reopening of 
commerce after the peace of 1814. In 1817, the Bank gave notice, that all notes 
of £1 and £2 of dates prior to 1816 might be received in gold, and in 1819 an Act 
was passed for the gradual resumption of cash payments, but provided that the 
Bank Restriction Act should be continued in force until I February, 1820. From 
that date till the following 1 October, the Bank was required to pay its notes in 
standard bullion, at the rate of £4. \s. an ounce. From 1 October, 1820, to 
1 May, 1821, at the rate of £3. 19<. 6d. an ounce, and after that date at the rate 
of £3. ]7<. laid, an ounce; and on 1 May, 1823, gold coins of the realm might 
be demanded. . The Bank, however, anticipated these provisions, and began on 
1 May, 1821, the payment of their notes in specie. On the renewal of the Bank 
Charter in 1833, a provision was made for any other Bank beyond 65 miles from 
London to issue notes payable on demand. A clause in the Act also provides, 
that notes of the Bank of England shall be a legal tender in any part of England. 
This relieves the Bank of England from providing bullion to meet any run upon 
country banks which can pay the demands on Uiem by Bank of England notes 
instead of specie. 

The establishment of the Bank of England effected an important change in 
the monetary system of the country. As bank notes could be paid for taxes, 
customs, and in all other commercial payments as gold and silver, they were soon 
found to be as serviceable, and to diminish the necessity for gold, and consequently 
to diminish its value. It also altered the relative value which had previously 
subsisted between gold and silver. The Report of the Committee of Secrecy, 
made in August, 1832, contains the evidence and experience of practical men oo 
the subject and the principles of banking. 
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An Act was passed to commence on 25 March, 1696, to continue 
seven years, to raise a tax of £1200000 by a ^uty on dwelling- 
houses, for supplying the deficiencies of the clipped money then in 
circulation by a new re-coinage. The coins were found to be so 
diminished as to weigh less than half the legal weight. The coinage 
of the provincial mints bears the dates of 1696 and 1697, from which 
it may be inferred, that the new coinage was completed in two years. 
The mint at the Tower continued the coining of large sums for about 
two years longer. 

It appears that in making up the accounts in^l699, the actual 
quantity of silver money coined at the Tower mint was £5091 121. 7«. 7d. 
and in the provincial mints £1791787. 12«., making a total of 
£6882908. 19«. 7rf. If we suppose only two-thirds of this sum were 
worn or clipped coins, which were diminished nearly one-half, and 
received at the exchequer in payment of the public revenues, and at 
their nominal value, the loss to the public, on this account, would 
amount to £2294302. Ids. lOd. If we suppose the remaining third 
cost the public no more than sixpence an ounce, or about 10 per cent., 
this gives a further loss of £229430. And adding £179431. 6«. the 
mint charges, the three sums amount to £2703164. 5«. lOi., the total 
loss to the public. 

' Anne, 1702—1714. On the death of William HI., Anne, the 
second daughter of James II., succeeded to the Crown. The beauty 
of tlie coinage of this reign was very greatly improved. By the 
articles of union of the two kingdoms df England and Scotland, which 
had been agreed to on 22 July, 1706, and which were to take effect 
on 1 May, 1707, it was provided that the coin should be of the same 
standard and value throughout the United Kingdom, as it was at that 
time in England, and that a mint should be continued in Scotland, 
under the same rules as the mint in England. An alteration was made 
in the Eoyal Arms on the coins; England and Scotland were then 
impaled on the first and third quarterings, France placed in the 
second, and Ireland in the fourth. The Queen's bust is the same, 
both upon the gold and silver coins ; her style was the same as in the 
last reign. 

George I., 1714 — 1727. The coinage of George^ I. was of the 
same species and value as that of Queen Anne, but to his style on the 
reverse were added his German titles with Fidei Defensor,^ which 
then for the first time appeared on the coins, although it had been 
constantly used in the style of our monarchs from the time of 
Henry Vm. The adoption of the words Fidei Defensob on the coin- 
age of George I. cannot be understood to mean that the King of Great 
Britain is a defender of faith in the dogmas of the Komish Church, 
as was Henry YIII.^ These words must be taken in reference to the 

1 This title of «* Fidei Defensor" was conferred in 1621 by Pope Leo X. on 
Kins Henry VIII., on account of his work in Defence of the Seven Sacraments 
of the Romish Church against Martin Luther, the German Reformer. The- 
identical copy of this work on the Seven Sacraments, presented to LeoX., may be 
seen in the Library of the Fitzwilliam Museum, at Cambridge. On its binding are 
impressed the Tudor Arms, and the undoubted sign manual of Henry VIII. may 
be read inscribed both at the beginning and end of the work. About two years 
after Henry VIII. had received this distinguished title, he ordered the learned men 
of his time to search the Records of the Realm, and to ascertain on what grounds 
the Bishop of Rome assumed and exercised authority in the Realm of England. 
After a long and accurate search in ancient records, they reported that ** The 
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a ponnd of gold of 23 carats fine and one alloy was to be coined into 
£28. 168. by tale. The sovereigns were to be corrent at 20 shillinga 
each, and the other ooins in proportion. A pound of silver of 10 
ounces fine and 2 alloy was to be coined into 48 shillings by tale ; 
namely, into testoona,^ 12 pence each, groats, half-groats, halfpence 
and feurthings. 

An Act of Parliament, which was passed the same year, ratified 
the style he had assumed, and declared it in the words : '* Henricus 
Octavus Dei Gratia, Angliaa, Franciae et Hibemiss Bex, Fidei De- 
fensor, et in terra EcclesisB AnglicansB et Hibemiss Snpremum 
Caput:" and in English, "Heniy the Eighth, by the grace of God, 
King of England, France and Ireland, Defender of the Faith, 
and of the Church of England and also of Ireland, on earth the 
Supreme Head." It was also declared to be high treason to attempt 
to deprive the king of this style (Stat. 85 Hen. VJLLl. c. 3).* 

By a proclamation in 1544, the price of gold of 24 carats was fixed 
at 48«. the ounce, and the finest sterling silver at 4«. the ounce ; and 
ordained the rate at which certain coins should be current. In this 
year the standard was still further reduced both in weight and fine- 
ness. The gold was to be 22 carats fine and 2 carats cdloy, and one 
pound weight of gold was to be coined into £30 by tale, that is, 30 
sovereigns of 20 shillings or 60 half-sovereigns ; and the king had a 
royalty of 2 carats of fine gold for coinage, which yielded him 50«. on 
every pound weight of gold. -The silver was reduced to 6 ounces fine 
and 6 ounces alloy, and the pound weight was coined into 48«. by 
tale, in testoons, groats, half-groats, pence, halfpence, and farthings. 

In the year 1545, the coins were reduced to the, lowest degree 
of fineness which ever disgraced the English mint, excepting a small 
quantity of silver in the first year of Edward VI. The gold was 
now brought down to 20 carats fine and 4 carats alloy ; and the silver 
to 4 ounces fine and 8 ounces alloy. The coins continued to be of 
the same weight as they were in the indenture of the preceding year, 
but the debasement raised the pound weight of fine gold to £36, and 
of fine silver to £7. 4«. 

The proceedings of Henry YIII. in the debasement of the silver 
coinage, first by making a fifth part alloy in the 34th year of his 
reign, and two years after making it half copper, and in his 37th. 
year making it only one-third silver, and in like manner debasing his 

^ Le Blanc says, the new species of coins struck by Louis XII. were called 
testonSf because the head (teste, tdte) of the monarch was represented upon them. 
The reason of adopting this name for the English coin is not obvious. 

' In the Statute 23, Hen. YIII. passed in 1532, for the restraint of payment 
of first fruits to the See of Rome, it was stated that since the , second year of 
Henry VII to this time, the sum of 80,000 ducats, amounting in sterling money 
to £160,000 at the least, had been paid for the investiture of bishops ; and other 
great and intolerable sums yearly had been conveyed to the Court of Rome to 
the great impoverishment of the Realm. On this account it was ordained, that 
such unlawful payment of first fruits should utterly cease, and also the con- 
veyance of sums of money to the Court of Rome under other pretences. This 
was further enforced by Statute 25, Hen. VIII , so that the payment of Peter- 
pence and all other payments to the See of Rome were absolutely forbidden. 

The author of '• the Wealth of Nations,** who was no bigot nor enthusiast, 
has recorded his deliberate judgment of the Church of Rome with its head, 
generals and orders of the Papal army, — *' that it is the most formidable combi- 
nation that ever was formed against the authority and security of civil govern- 
ment, as well as against the liberty, reason, and happiness of mankind.*' 
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gM coinage^ at l^mgtii ptsodweed ooasequeiwe* which were Buffered in 
the reignd of the eoyereigtis who Mieceeded him«^ 

It is a fact worthy of remark, that although Henxj YlII. managed 
to enhance the silver coinage of England largely above its commercial 
valtie, the gold coinage was never so enhanced. He no doubt in* 
tended to make a like profit by the debasement of the gold coinage as 
he had succeeded in making of the silver coinage, but this profit 
could only be gained by making one metal dearer than the other* 
He had already raised silver to about four times its former value^ 
while gold was raised only about one-third, and thus the relation 
as coinage was greatly altered ; while the commercial value was 
not so fidtered. The gold was therefore kept nearly at its com- 
mercial value, and could be employed to purchase silver at its 
commercial value ; and a» silver had been raised by the king's pro- 
clamation to bear so exorbitant a value in coinage above its commer- 
cial value, it was possible for the merchant to secure considerable 
profits so long as the stock of pAd in the country was not exhausted. 

Edward YI. 1547 — 1663, was a minor on his accession, and the 
Begency added to the debasement of the coinage. The baseness of 
the testoons coined in the first year of his reign gave occasion to 
great complaints, and to several epigrams which were circulated in 
manuscript at the time.* 

In 1649, the testoons were called in by proclamation, and by 
an indenture of the same year a new issue of coins was somewhat 
improved in fineness 1 hough reduced in weight. The pound of gold 
of 22 carats fine and 2 alloy was to be coined into £34 by tale into 
sovereigns of 20 shillings, and crowns of 6 shillings a piece, with 
halves of proportional value. The pound of silver of 6 ounces fine 
and 6 ounces alloy into 72 shillings of 12 pence each by tale, of which 
the merchant, for every pound weight of fine silver, received £3. 4«., 
and the Crown about £4 gain (Lowndes, p. 46). These testoons or 
shillings, thus reduced in weight, but a little improved in fineness, 
are those most probably which Bishop Latimer alluded to in his two 
sermons before the king on 8 March and on 22 March, 1649, which 
gave considerate ofBence.' 

^ Rents of lands and tenements, with the prices of victuals, were raised far 
beyond the former rates, and, as Strype in his time remarks, had hardly been 
brought down since. It is probable that Erasmus ,in his Adagia, p. 130, in 
speaking of the P/um&eo< Angliat might refer to the debased silver coins. The 
inspection of one of them, a groat of Henry VIII. in the Fitzwilliam Museum at 
Cambridge, will fuUy warrant the justice of the expression. It is suggestive, 
that some of the base coins of Henry Yltl. have the following words on the 
leverse, " Redde cuique quod suum est." 

It appears, from a passage of Budelius de Monetis, p. 5, that the leaden 
tokens mentioned by Erasmus as current in the reign of Henry VIII, still con- 
tinued in circulation so late as the year 1591, the 33 of Elizabeth. 

* Tlie following are two of the epigrams alluded to, copied from John 
Hey#ood's Woorkes, printed in London* 1566. 

63. 
Of Testons. 
TtstoBt lM gone to Oxforde, God be their specde: 
To stadie ia Breaiensose there to proceede. 

64. 
Of Redde Testoas. 
Theet Testons look redde : how like yoa the samet 
*ris a tooken of grace: they blaeh for ehaBM. 

• 'f he following passage alludes to the new coinage: « We hare now a prety 
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By pr oclam atiott on 30 April, 1551, the d^bMed groAts and shilliaga 
of Henry Vlil. were ordered to be current fbr 9d, and ^i, on pain of 
forfeiture and imprisonment, with a Azrther fine at kk Majes^g 
pleasure. Bj another proclamation of 11 May waa declared tha 
king's determination to proceed in the restoratioA of the fineness of 
the coinage. On 18 July, a third proclamation was issoed to quiet 
the alarm raised by the reduction in the value of coins^ threatening 
severe penalties against all who should '^invent, speak, mention, or 
devise any manner of tale, news or report, either touching the abasing 
of the said coins, or that in any manner of wise might sound either 
to the dishonour of his Hajesty's person, or the defacing of his 
Highness's [the Eegent, Diu:e of Somerset] proceedinsn, or of his 
council, or to the disquieting of his subjects, on pain of six months? 
imprisonment and such fine, &&" Notwithstandmg the severitf of 
this proclamation, it appears from the king's own journal, that in less 

little shillyng, indeed a very prety one. I have bdt one I thynke in my ptine, 
and the last day I had put it away almost for an old grote, and to I tmat aome 
will take them. The finesse of the tnOvn I cannot see. But therein Is printed a 
fine sentenee ; that is, Timor Domini/ims 9iU8 vel tapkntim, — ^The fesre of the Lord 
is the fottnt&yne of lyfe or wisedome. I would God thia sentence were alwayea 
printed in the hart of , the king, in chosing hys wyfis, and in all hys officers." 

In the Sermon preached on March 22, he points out the pernicious conse- 
quences of debasing the coins of the kingdom :— ** Thus they burdened me erer 
with sedition, so this gentleman commeth up now wiUi sedition. And wot ye 
what^ I chauaoed in my hist sermon to speake a mery word of the new shillyng 
(to refreshe my auditorie), how I was lyke to put away my new shillyng for an 
olde groat, 1 was herein noted to speake seditiously. Yet I comforte myselfe in 
one thinge that I am not alone, and that I hare a fellow • . • I have now 
got one fellow more, a companion of sedition, and wot ye who ia my fellow? 
£say the prophet. I spake but of a little preaty shillyng ; but he speaketh to 
Hierusalem after another sort, and was so bold as to meddle with their coine. 
Thou proude, thou cotetous, thou hautie citie of Hierusalem : Argentum tuum 
versum eit in icoriam^ thy silver is turned into what ? into testions ? tcofictm^-^ 
into drosse. Ah seditious wretch, what had he to do with the miate? why 
should not he have left that matter to some master of policie to reprove ? Thy 
silver is drosse, it ia aot fine, it is ooonterfait ; thy silver is turned, thou haddest 
good silver* What pertained that to Bsay ? Mary he espied a peice of divinite 
in that policie, he threateneth them God's vengeaunce for it. He went to the 
roote of the matter, which was covetousnes ; he espyed two pointes in it, that 
either it canM of co^retousnes, which became hym to reprove : or els that it 
tended to the hurte of the poore people, for the nought^nea of the silver was the 
occasion of dearth of all thynges in the real me. He imputeth it to them as a 
great crime. He may be called a master of sedition indeede. Was not this a 
seditious varlet ; to tell them this to their beardes \ to their face Y* 

At St Paul's, Jam 17, 1548, Bp. Latimer, in a sermon, wa3 extremely severe 
In his censure of the appointment of bishops, and other ecclesiastics to lay offices, 
and more especially he pointed at their occupying situations in the Mint. He 
supposed that some of the following reasons might be assigned tO excuse them 
being unpreaching prelates. 

" They [the Bishops] are otherwise occupyed ; some in the kinge's matters, some 
are ambasaadours, some of the privy councell, some to furnish the courte, some are 
lords of the Parliament, some are presidentes, and some comptrolle of myntes. 
Well, well ! Is this their duety ? Is this their office ? Is this their calling \ should 
we have ministera of the church to be comptrollers of the myntes ! Is this a meet 
office for a priest that hath cure of soules ? Is this his charge ? I would here aske 
one question : I would fayne know who comptroUeth the devill at home at his 
parish, while he comptrc^leth the mynt? If the Apostles might not leave the office 
of preaching to be deacons, shall one leave it for mynting? I cannot tell you; 
but the saymg is, that since priestes have been mynters, money hath bene wurse 
than it was before. And they say Uiat the evilness of money hath made aU things 
dearer." 
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than one month from the date of it, the current value of a testoon was 
cried down from 9d, to 6^., the groat from 3^^. to 2^., the twopenny 
piece to one penny, the penny to the halfpenny, and the ha^penny to 
a farthing ; which proves that the people had some cause for cdarm.^ 

By the proclamation, the loss was thrown on individuals who held 
the base coins at the time ; whereas it should have been borne by the 
nation at large. An almost similar proclamation was issued in 1843, 
whereby the temporary holders of the gold coinage, which by wear 
and tear had become light, were made to bear the loss. 

Under these circumstances, great efforts were made for restoring 
the standard of the coinage.* In 1552, it was ordered that a pound of 
gold of old standard should be coined into 24 sovereigns of 20«. each, 
making £36 by tale ; or 72 angels at lOs. each, and half-angels in 
proportion. Aiid a pound of Crown gold of 22 carats fine and 2 alloy, 
into 33 sovereigns at 208. or 132 crowns, making by tale £33. 

A pound of silver of 1 1 oz. 1 dwt. fine and 19 dwts. alloy, was 
ordered. to be coined into 12 crowns, 24 half-crowns, 60 shillings, 120 
sixpences, 240 threepences, 720 pence, 1440 halfpence, or 2880 
farthings, at £3 by tale. By this indenture, standard gold was to 
standard silver as 12 to 1, and Grown gold to silver as 11 to 1 
(Lowndes, p. 47). This was the first coinage of threepenny pieces. 

On King Edward's silver coins he is styled Edwaedus VI. Dei 
G-RATiA Anqlie et Fbancie £t Hibebnie Bex. And the reverse has 
the words Timor Domini Fons'^vite, and Inimicos ejus induam 
CONFUSIONE. His gold coins bear the same style, but on the obverse 
or reverse is inscribed, Jesus autem transiens per medium illorum 

IBAT, or SOUTUM FiDEI PROTEGET BUM, Or PeR ORUCEM TUAM SALVA 

wos Ohriste Redemptor, or Lucerna pedibus meis verbum 

TUAM. 

The expectations raised by the measures adopted for the restora- 
tion of the purity and integrity of the coinage were soon disappointed, 
for the king died on 6 July, 1553. 

Mary, 1553 — 1558. On her accession, Mary announced her in- 
tention to restore the coins to their original standard of fineness of 

18 ounces 2 pennyweights pure silver and 18 pennyweights alloy ; 
but instead of that, she made it less fine than she found it. The last 
silver coinage of Edward VI. was 1 1 ounces 1 pennyweight fine, and 

19 pennyweights alloy, but Mary's was 11 ounces fine and 1 ounce 

^ Cowper has noted in his Chronicle the sufferings of the poor from these 
. proceedings, as what they possessed lay chiefly in the current money ; whereas he 
adds, ** the richer sorte, partely by friendship, understanding the thing before 
hande, dyd put that kinde of money away ; partely, knowyng the basenesse of the 
coyne, kept in store none but good golde and olde sylver that would not bryng 
anye losse." 

* A letter of the Clerk of the Council, William Thomas, to King Edward 
VI., on the state of the coinage, contains the following passage : — 

*• If there be any quantity of gold remaining (as some men think small) it 
cannot come to light ; because that like as the value of our silver money doth 
daily decay, so doth gold increase to such a value that, lying still, it amounteth 
above the revenues of any land. And he that shall live twelve months, shall 
see an old Angel (which by law was current for eight shillings) ,shall, in value 
and estimation, want little cf twenty shillings of our current money,^f provision 
for the redress of your Majesty's coin be not had." At length it became clear 
to the Counsellors of the King, that it was unnatural, and impossible to force 
permanently by law on a debased coinage a value above that which the precious 
metals, uncoined, bore in the ordinary course. 
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alloy. The proolamatioii was contradicted by this provision of the 
indenture for the new coinage. Before her marriage with Philip of 
Spain, she coined groats, half-groats, and pennies, the weight was in 
proportion to 8 grains to the penny, bat the base pieces weighed 12 
grains. Upon some of the groats she is represented in profile, to 
the left crowned, and wearing a cross suspended to her necklace. 
She is styled, ^Lauia. D. G. Ana. FaAiro. bt Hib. Bboi,, and a pome- 
granite after her name serves as the mint mark. On the reverse is a 
shield and cross fleare, with the words ybritas temporis vilia, a 
pomegranite being placed after the first word. This motto, with the 
device of Time drawing truth out of a pit» was adopted by the persua- 
sion of her Popish Clergy, in allusion to her endeavours to restore the 
Papal superstitions (as if they constituted the truth), which had been 
in a great degree suppressed by her predecessor Edward YI. (Hawkins, 
p. 144). In the first year after her marriage, the new coins exhibited 
the busts of Mary and Philip, face to face, with their titles. 

Elizabeth, 1558 — 1603, on her accession found the existing coinage 
in an unsatisfactory condition, and she had both the ability and the 
will to attempt to restore the silver money in relation to gold which 
it held in the time of her grandfather. On 27 September, 1560, a 
proclamation was issued, by which the base coins were ordered to be 
reduced to their true value as near as they might be. The shilling 
or testoon, which Edward YI. had reduced to sixpence, was now 
reduced to fourpence-halfpenny, excepting the very base testoons, . 
which differed so much in value from the rest of the base testoons, 
that they should be taken only at their true value. But for the relief 
of such persons as held them, her Majesty was pleased to give pieces 
of good sterling money of fine silver, at the rate of 2^i. for each 
testoon of twelve pence, and for every pound weight of them, three 
pence over of good money. 

The coinage of the first three years^ of her reign contained 11 oz. 
of pure silver and 1 oz. of alloy, but in her second year she restored 
the standard to its original fineness of 1 1 oz. 2 dwts. pure silver and 
ISdwts. alloy, and in that state it has continued to the present time. 

Queen Elizabeth ordained the pound weight of Grown gold to be 
coined into £33 by tale, and the pound of the old standard gold 

^ Hitherto coins were struck with the hammer only, but in 1561, the third 
year of Elizabeth, a new process of coining was introduced by means of the mill 
and screw, but it did not come into use at the mint until 1662, when letters and 
grainings were first made on the edges of coins. The coins made by this process 
were called milled money. They are similar in type to the hammered money, 
but more neatly executed, rounder in form, and have their edges, grained. It is a 
curious fact, that the hammered money should also have been coined at the same 
time» for a period of about fifteen years. It is well known that machinery, 
which is worked by a constant force, can always produce a greater mechanical 
efifect in a given time than the arm of a man, which, from several causes, is 
subject to variation, whereas the former, besides a greater mechanical efifect, 
always works with more accuracy. Not only in the act of coinage, but in all 
the useful arts, the extensive employment of machinery has been one of the 
chief causes of the superiority of the people of the British Isles. By means of 
their machinery, effects scarcely credible have been, and still are, constantly pro- 
duced in every department of the arts. These effects have been mainly depen- 
dent on the abundant and constant supply of cheap coal, cheap iron, and cheap 
labour. If any one of these essential elements should fail, the natural effect will 
be the decline of England's superiority, and the mechanical arts will migrate to 
other countries where the necessary conditions for thtfir success are available. 
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into £36 by tale, whioh is nearly oi the same value as tlie goid coin* 
age of 37 Henry YIII., wben the pound weight of gold, 20 carats fine 
and 4 alloy, waa coined into £30 by tale. It is clear, that here waa 
no improvement in the vt^ue of the gold money; but the silver 
coinage was restored by coining the pound weight of standard silver 
into £3 sterling, which bears to £36 the value of one pound weight 
of standard gold, ihe same relative value as £1. 17«. ^i, bore to 
£22. IQs. in the reign of Henry VII. 

The opportunity for restoring the silver coinage of England wa^ 
becoming more favourable, in consequence of silver in Europe be- 
coming of less value than gold in commerce, from the increased 
suppUes which were derived from the new world. The plan for 
restoring the standard of t^e coinage, begun by Edward Yl., was 
carried out by Elizabeth, but not so completely as her professions 
and proclamations indicated. She permitted the Master of the Mint^ 
by several commissions, to vary from the terms of his indentures, for 
the express purpose of coining money of less weight and fineness. 

The title upon her coins was the same as that of Mary before her 
marriage, Elizabeth Dei Gbatia Anqjam Francls: et Hibernx^ 
Begina. The motto upon her silver coins is Posui Dettm ADJuroREif 
mexim: upon her gold coins are found Jesus atjte^ tbansiexs per 
medium illorum ibat: or A Domino factum est istud et Esr 

MIEABILE IN OOULIS N0STBI8 ; Or SOUXUM FIDEI PROTEOET EAM. 

There was a large amount of the current money either clipped or 
counterfeit, and this caused both the relative value of gold and silver, 
and the rates of exchange between England and foreign countries, to 
be deranged. For the shilling of silver and the pound of gold, though 
somewhat less than their true weight, could be current in England at 
their legal value. But their relative value, and their value in foreign 
countries, varied less or more according to the diminution of their 
legal weight, and merchants could buy gold money of full weight 
with the current silver money of diminished weight, and the silver 
money of full weight with gold money of diminished weight. And 
during her reign, the money coined for Ireland amounted to 
112,649 pounds weight, and its total value in English money was 
£94,577. 19«. 6i., which at the rate of 16 pence Irish for every 
English shilling, comes to £118,222. 9«. 6^^?. So that out of 112,649 
pounds, only 2,977 pounds were sterling, and the remainder, being 
more than 40 parts to one of the whole amount, base alloy. 

On a charter of incorporation being granted by Queen Elizabeth 
to the East India Company, the merchants were informed by the 
Privy Council, that her Majesty would not permit them to send the 
coins of the King of Spain or of any other foreign power to India, and 
that no coins should be imported but such as should bear her efiigy 
on one side and the portcullis on the other. By virtue of a commission 
in 1600, a coinage was struck for the use of the OoiicipaDy in India. 
The weight of the pieces was to be regulated according to the just 
weight and fineness of the Spanish piastre or piece of eight reas, and 
the half, the quarter, and half-quarter of the same unit. 

James I., 1603 — 1625. In the second year of his reign, James 
assumed the title of "King of Great Britain, France, and Ireland, '* 
and an indenture was executed 11 Nov. 1604, for a new coinage. 

The weight, fineness, and type were nearly the same as the old, 
except on the smaller money the legends on the reverses were altered. 
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The orowns wer* eumlar in l^pe to the tonaBt coinage. The inden- 
ture to Sir B. MartiB orderea that ene poimd weight of gold* 22 
carats fine and 2 oarata alloy^ was to be coined into £37. 4#. by tale, 
and the pound weight ot fiuver into 62 Bhillingfli or a proportional 
niunbw of other coine. 

A proclamation waa issued on 16 Nov., in which it was stated^ 
that great inconvenience had arisen from the Scottish coins of gold 
having been declared equal to the gold coins of JBngland. It was 
not said that the Scottish coins were not worth so much of the 
English silver money ; but because English gold coins in regard to 
silver coins, were not of the true proportion between gold and silver 
in other nations. This error had been the great cause of the trans- 
portation of gold out of the realm into' other a>untxiesy because the 
gold coins of England were of more value in those .parts than 
they were allowed to be current within the realm. 

To remedy these and other inconveniencesy new coins were struck 
both of gold and silver to be made of several stamps, but of one 
uniform standard and alloy, to be current in the kingdom of Qreat 
Britain; namely, a gold coin weighing 6dwts. 10| grains, to be 
called the unit of 20s, value, and other gold coins, of the values of 
the half, the quarter, the fifth, and the eighth of the unit. The silver 
coins ordered were pieces of the value of five shillings, two shillings 
and sixpence, one shilling, sixpence, twopence, and one penny. All 
these were proclaimed and authorised to be the current coins of 
Great Britain. 

In this year a very singular proclamation was issued dated 14 May, 
which exhibits strange proofs of ignorance of the principles of com- 
merce, and equal boldness of assertion respecting the nature of the 
prices of the precious metals at that time ; and a remedy was proposed 
by fixing the rates at. which foreign gold and silver coins should be 
authorized to pass current. By another indenture of 1612, the pound 
weight of gold, old standard, was to be coined into £44 by tale, and a 
pound of gold, 22 carats fine, into £40. ISs* id. by tale« 

In the year 1613, farthing tokens of copper were first coined, and 
allowed to pass in currency in his Majesty's dominions. Several 
coinages of gold and silver were ordered during his reign, and pro ^ 
clamations issued against the exportation of the precious metals, 
which do not appear to have been successful, as the merchants and 
goldsmiths gave higher prices for gold and silver than were given by 
his Majesty's mint. On the coins struck after his accession to the 
English throne, his style was Jacobt7S Dei Obatia Anqum, Scotue, 
Feakcms et Hiberni-e Eex. In the second year, Anglic Scotl» 
were changed into Magsje Biutakki^. His earliest English coins 
had on the reverse Exurgat Detts Dissipeijtur inimici. But 
after his second year, they were Qu^ Detts conjunxit kemo sefaret ; 
or Ttteattjr ttwita Deus ; or Faciak eos m gentem unam, or Hen- 
Ricus ROSAS, REGNA Jacobtjs, in allusion to the two roses by 
Henry VII., and his own desired union of the two countries. 

Charles I., 1625 — 1649, inherited the kingdom with his father's 
debts, and being engaged in war, he found his want of money ex- 
ceeded all his means of supply. His first expedient was to enhance 
the values both of the gold and silver coins. The natural conse- 
quence of such a scheme would have been, that all the old money both 
of gold and silver would cease to circulate, and would become bullioj^ 
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and if silver were enhanced more than gold, the gold would be bought 
up with silver. This scheme was quickly abandoned. 

In 1626 he coined Grown gold of 22 carats fine at £44 by tale, and 
angel gold at 23 carats 3} grains fine. The pound of silver was 
directed to be coined into £3. 10«. 6i. by tale; but it is doubtful if 
this indenture took effect. But there was another indenture with 
Sir. B. Harley by which a pound of old standard gold was to be 
coined into £44. 10«. by tale, and a pound of Crown gold of 22 carats 
fine into £41 by tale; one pound of sUver of the old standard was to 
be coined into 62«. by tale. 

The year 1628 was memorable for the great improvement which 
took place in the workmanship of the coins. Nicholas Briot, a native 
of Lorraine, offered his services to Oharles I. They were accepted and 
he was made a denizen, and authorized to frame and engrave the 
first designs and effigies of the king's image. 

During this reign it was the practice to pick out the heavy coins 
and melt them into bullion, and thereby were made considerable 
profits. In 1637 a complaint was exhibited in the Star Chamber 
against certain persons, for transporting money out of the kingdom, 
and giving prices for gold and silver above the prices of his majesty's 
mint and for melting down the coin into bullion. In the course of 
the trial it appeared that from 1628 to 1631 about £500,000 a year 
had been examined and £7000 or £8000 of heavy money was partly 
melted and partly sold unmelted. Heavy fines and imprisonment 
were inflicted on the offenders. 

In 1640, the king's necessities became so urgent that in July he 
gave orders to seize upon the bullion to the amount of £40,000 which 
had been brought from foreign parts to be coined at the mint. He, 
however, was induced to release it on the condition of one-third of the 
sum being lent to him. On 24 April following, a petition signed by 
20,000 citizens of London, remonstrated in these words, ** that the 
stopping of the money in the mint, which, till then, was accounted the 
safest place and surest staple in these parts of the world, did still hinder 
the importation of bullion." About the same time the king bought 
up a large quantity of copper on credit, and sold it again immediately 
much under its value. 

In a remonstrance which the Parliament presented to the king at 
Hampton Court on 1 Dec. 1641, they upbraided him with his violation 
of the public faith, as well as of private interest, in seizing the money 
and the bullion in the mint ; and complained that the whole king- 
dom was like to be robbed at once in that abominable project of 
brass money. 

These ways of getting money were only make-shifts.* It was 
proposed to debase the coin, and Sir Thomas Roe was called in, who 
being permitted to speak his opinion, declared that such a measure 
would intrench very far both into the honour and justice, and also 
into the profit of the king. 

* In January, 1642, the king's household was reduced to so great want, that 
the Queen was obliged to coin or sell her plate for the supply of necessaries, as 
there was no money in the exchequer, nor in the power of the ministers of the 
revenue ; as the issue of money from the customs, out of which the allowance for 
the weekly support of their majesty's household was supplied, had been forbidden 
by the Commons. About the middle of the year, all hopes of an accommodation 
between the king and his parliament seem to have been abandoned. 
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reformed faith, and not to faith in the Somish dogmas, which are 
described in the Articles of the Beformed Ghnrdi of England as 
<< blasphemous fables and dangerous deceits" and as *' repugnant to 
the Word of God." 

In 1717, there was a coinage of halfpence and farthings issued from 
the Tower. The pound of copper Avoirdupois was coined into 28 pence 
instead of 21 as in the time of E^g William, and about 21 8 j tons were 
coined, giving the amount of £46, 000 sterling. 

In the same year after an address of the Commons, a Hojal Pio* 
clamation was issued, which declared that the relative value of gold 
and silver in the current coins, was in England greater in proportion 
than in other nations of Europe ; and this had been the chief cause 
of the export and lowering the species of the silver coins. It was in 
consequence ordered that no person should either give or receive any 
of the gold coins of England called guineas, at a higher rate than 
twenty-one shillings, and in like proportion for the half-guinea and 
smaller pieces. The guinea itself was originally coined of the value 
of twenty shillings, but had been current at twenty-one shillings and 
sixpence. This order was intended to bring the guinea nearer to its 
value in silver bullion, which Sir Isaac Newton had stated to be 
twenty shillings and eightpence. 

The House of Lords also in Committee took into consideration the 
matter of gold and silver coins.* Lord Stanhope imputed the scarcity 

Pope had no authority at all in England, either by the Laws of God, or by the 
Laws and practice of the Primitive Church, or by the Laws of the Land." On 
this Report was founded the Act 24 Henry VlIL, c« 12, which declared the- 
supremacy of the Crown, and the independence of the Realm of any foreign 
prince, potentate or prelate. Next the Act 28 Henry VIII., c. 10, with some 
other Acts, abolished all usages in England which had been founded on no other 
authority than the Papal decrees. 

In " The Cambridge Documents," published by Dr. Lamb, late Master of 
Corpus Christ! College, will be found an account of a public disputation held at 
Cambridge on the question — *' Whether the Pope had granted him by God in the 
Scriptures any greater authority or power in this kingdom than any other foreign 
bishop ?" The question was determined in the negatire, and this decision waa 
confirmed by the votes of the Senate on 2 May, 1634. 

The king, however, was so leavened with the old superstition, that he lived 
and died a devoted adherent to the dogmas of the Church of Rome, which he had 
defended in his work on the Seven Sacraments. It was the same Sovereign, in 
the 31st year of his reign, who signed the Act for the suppression of Monas- 
teries, and the Act of the Six Articles, which latter imposed submission to the 
Romish dogmas under the pain of death by burning, and, as in the case of high 
treason, the forfeiture of lands and goods. 

1 In a Report of Sir I. Newton in 1717. then master of the mint, it appeared 
that in the last year of William III., the French Louis d'or was current for 
17». 6fl?. when its real value was only 17j. O^d, An order was issued that the 
Louis d'or should be current at 17*., and therefore they were brought to the 
mint as bullion, and the coinage from the bullion produced £1,400,000. In thia 
case the advantage of 6}rf. for each Louis d*or brought them very largely inte 
the kingdom, and the loss of frf. on each, drove them out of circulation. On 
another occasion, Portuguese moidores passed for 28*., and they abounded in 
the country. A Report was made that they were intrinsically worth 27s. 7rf. 
each, and their currency was ordered at 27*. 6rf, A complaint was raised and 
the moidores disappeared, so that a profit of 6d, on each brought them into the 
kingdom, and the loss of Id, sent them out again. It may also be noted, before 
the issue of the new silver coinage iu the time of George IV., an immense 
number of francs and half-francs were in circulation as shillings and sixpences. 
The intrinsic value of the franc was lOrf., and the gain of 2d, on every frane 
passed as a shilling, brought some millions into circulation in this country. On 
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of silver to the increasing luxury in relation to silver-plate, the vast 
exports of bullion to the' East Indies, and the clandestine trade of 
Nexporting gold and silver to Holland and other parts. 

In 1723, a patent was granted to W. Wood, Esq., to coin halfpence 
and farthings to supply the want of small money in Ireland, for the 
use of such persons as would, without compulsion, voluntarily receive 
it. The patent was for 14 years. The copper was limited to 360 tons ; 
100 tons to be issued in coins the first year, and 20 tons annually for 
the remaining 13 years, under a comptroller appointed by the Crown. 
A pound of copper was to be coined into two shillings and sixpence by 
tale. The sum of £800 a year was reserved for the king, and £200 
for the comptroller, to be paid by the patentee. 

This measure was extremely unpopular in Ireland, and the prejudices 
of the people were so strongly raised against it by Dean Swift and 
others, that the patentee was compelled to resign his patent.^ On 
18 August, the King in Council was pleased to direct that the coins 
already made to the value of about £17,000, and as much more as 
would make up the sum to £40,000, should be permitted to be cur- 
rent according to the terms of the patent. Mr. Wood was charged 
with fraud and deceit in executing the powers granted to him as 
patentee. A Committee of the Lords of the Privy Council was 

the issue of the new coinage all foreign coins were refused, and only old English 
coins were received in exchange for the new shillings and sixpences. 

Mr. Fleetwood, in a sermon before the Lord Mayor, on Gen. xxiii. 16, 
pointed out the mischiefs arising from debasing the coins cither in weight or 
fineness, and the wickedness of the practice, as being a fraud upon every person 
who received the coins so debased. He pointed out the calamities which would 
ensue, that a time would come when the money would be no longer current, but 
at its just weight and fineness. Then every family would be a loser, but the 
loss would fall most severely on the poor. 

^ By misrepresentations and the delusive force of a sermon of Dean Swift, 
and his Drapier's letters, he brought to the test of experiment, an impudent and 
unprincipled assertion of his own, that were he permitted to write whatever he 
pleased, he would engage to write down any government in a few months. 

Swift attacked the report with sophistries and misstatements, which were 
well calculated to mislead minds already prejudiced agaim^t the measure ; and 
when a proclamation was issued offering £300 reward for the discovery of the 
author of the Drapier's fourth letter, and a bill of indictment was preparing 
against the printer of it ; Swift published ** Seasonable advice to the grand jury, 
in which by similar modes of arguing he called upon them not to find the biU. 
A copy of the pamphlet was distributed, on the evening before the trial, to every 
person on the grand jury; and thus by the very means which Swift himself had 
«o strongly reprobated when used by the Committee of the Privy Council, namely, 
by prejudging the case, he accomplished his purpose, and the bill was not found. 
From this time. Swift was considered the Saviour of Ireland, and Wood was 
ridiculed in ballads and executed in effigy, and at last obliged to resign his 
patent, and (as Mr. Leake expresses it) for the satisfaction of the people of Ireland ! 

Lord Chesterfield has truly remarked that ** every numerous assembly is a 
mob, let the individuals who compose it be what they will. ^ Mere reason and 
good sense are never to be talked to a mob ; their passions, their sentiments, their 
senses, and their seeming interests are alone to be appealed to." On this principle 
8wift wrote, and his writings were, in the instance before us, eminently successful. 
But the triumph attending such success ia shortlived, while the infamy of it is 

Dean Swift appears to have forgotten, or wilfully ignored the fact, that it 
is the prerogative of the Sovereign of a State or the supreme power, and not that of 
the people, to coin money, and to give authority for making it current. And, 
further, to impose such a value on foreign coins, as he may appoint, to make 
them current in his kingdom. And it may be added, that this prerogative has 
ever been by English sovereigns guarded with extreme jealousy. 
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appointed to inyestigate the trath of these charges. From their 
report it appeared that no papers nor evidenoe from individuals, 
which might be necessary to support the charges and objections 
against the patentee, could be obtained from Ireland. The patent, 
nevertheless, was cancelled, and for the loss which Mr. Wood had 
sustained, an annual pension of £3,000 was awarded, to be continued 
for eight years. 

A Commission was appointed, consisting of Sir Isaac Newton and 
others, to make trials and assays of Mr. Wood's copper coinage, and 
they reported that, though all the coins were not exactly sized, yet 
when taken together they exceeded the weight required by the patent. 
The copper was of the same goodness and value as that which was 
coined for England, and that Mr. Wood's coinage of halfpennies and 
farthings exceeded in weight and fineness those which had been coined 
for Ireland in the reigns of Charles II., James II., and William 
and Mary. 

George II., 1727^1760. No alterations were made in the form 
or value of the coinages during this reign, nor in the style of the coins. 
In 1729, the first coinage was ordered to be made of 46 halfpence or 
92 farthings out of one pound of copper Avoirdupois. 

In 1732, the old hammered gold coins were called in, and the 
officers of the Mint were authorized for one year to receive them at 
the rate of 81«. for one ounce Troy, and to reooin them into other 
current money. 

About 1736, great inconveniences were experienced in Ireland by 
the want of good copper money, and on the humble request of 
the Lords Justices and Council, an order for the coinage of halfpence 
and farthings was issued.^ At the Mint in the Tower of London fifty 
tons of copper were coined, of which five-sixths were made into half- 
pence, and one-sixth into farthings. The pound Avoirdupois of copper 

^ The omission of Dei Quatia on these coins was noted in the OetUleman'* 
Magazine, for June, 1737 : — 

No Christiaa kings that I can find, 

Howerer matched or odd, 
Excepting oars, hare ever coined 

Without the Oraee of God, 

By this aoknowledgment they shew 

The mighty King of kings. 
As Him from whom their riches flow. 

From whom their grandeur springs. 

Come then, Urania, aid my pen, 

The latent cause assign,— 
AU other Kings are mortal men. 

But GEOBQE, *tis plain, 's diyine. 

In the number for the next month appeared the following reply :— ** To the 
author of the epigram on the new Irish halfpence" : 

While you hehold ib* imperfect coin, 

Receired without the Oraee of Qod, 
All honest men with you must join, 

And even Britons think it odd. 

The Oraee (tf Ood was well left out. 

And I applaud the politician ; 
For when an evil*s done, no doubt, 

'TlB not by Ood** ffraoe, but permissioi. 
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was cut into 52 halft)ence or 104 farthings. His Majesty's effigy was 
impressed on the obverse with Georqius II. Bex only, and on the 
reverse, the Irish harp crowned with the inscription Hibernia, with 
the date of the year. His Majesty was pleased to direct that the 
expenses of this coinage, and of the. transmission of it to Ireland, 
should be paid by His Majesty's Yice-Treasurer, and any profits that 
might remain should go into the public revenue of Ireland. 

In the next year a Proclamation was issued, which declared at 
what rates the several pieces of gold in circulation should be current. 

Besides the English gold coins, the guinea and the half-guinea, 
there was in circulation a large number of the gold coins of France, 
Spain, and Portugal. It W6U3 ordered in case any of the coins 
named in the proclamation were found deficient in weight, that two« 
pence should be allowed for every grain wanting of the true weight 
in each coin, one penny for half a grain, and one halfpenny for a 
quarter of a grain, and with this allowance the coins were to be 
received as of full weight. 

1742. About this time offences against the coinage laws had 
greatly increased, both by filing and sweating the gold coins, as well 
as by counterfeiting them in base metal and gilding them, so that a 
remedy became urgent. The £400 a year allowed by an Act of the 
ninth year of Queen Anne, for several years had proved insufficient 
for the expenses of prosecuting the offenders. An Act was passed 
(15 Geo. II. c. 28.) by which an additional sum was allowed for th& 
expenses of such prosecutions, but the amount was not to exceed 
£600 in any one year. 

George III., 1760 — 1820. On the accession of George III., the 
grandson of George II., the coinage was still found to be in a very 
imperfect state, and during his long reign, measures were taken from 
time to time to amend its defects, and to render it sufficient for the 
requirements of the nation. 

In the year 1771, the gold coins were found to be in a very defec- 
tive state ; three-fourths of the silver coins were base, and the copper 
was as bad as the silver. The offences against the coinage had so 
increased, that £1136. 19«. 10^. was allowed in addition to the £600 
allowed for the expenses attending such prosecutions in the year 1 770. 

In 1774 an Act was passed, that the deficient coins should be 
called in andrecoined, and that £250,000 should be granted towards 
the expenses. And that in future, the currency of gold coins should 
be regulated by weight as well as by tale, as was conformable to the 
ancient laws of the kingdom. The regulation thus established of 
weighing the gold coins, has been the means of preserving them at 
nearly the same state of perfection to which they were then brought. 
Besides the sum of £250,000 granted in 1774, other sums were granted 
in the three following years amounting to £267,320. In the year 
1 792, silver coins and bullion largely disappeared by the policy of the 
French, who exchanged their assignats for all they could procure. 
So rapidly they acted in this business, that not less than 2909000 
ounces of silver were purchased with the assignats, and sent into 
France. It had before been ascertained, that a recoinage of silver 
was necessary, and in 1797, the coinage transactions formed a strange 
anomaly in the history of the mint. The deficiency of silver coins was 
attempted to be supplied by the issue of Spanish dollars, counter- 
marked on the neck of the bust with the mark of the king's head. 
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used at Goldsmith's Hall for distinguisliiiig the plate of this kingdom. 
G?his scheme was abandoned in less than seven months from the date 
of its adoption. 

By statute in 1797, the 37 Geo. III. c. 45, 91, the Bank of England 
vras restricted from making payments in cash. This measure was 
only a palliation, and not a cure of the evil which produced it; 
and experience has made it doubtful, whether a recoinage of the gold 
money of such a weight as might have rendered it unprofitable 
either to melt or to export it, would not have been more expedient. 

In the same year a contract was entered into with A(;. l^QBlteQ^ CtC 
Soho, near Birmingham, for the coinage of 500 tons of copper moneys 
in penny and two penny pieces. The penny piece was to weigh one 
ounce Avoirdupois. Each piece was to have on one side the king's 
effigy, with his name or title, and on the reverse the figure of 
Britannia, sitting on a rock in the sea, holding a trident in her left 
hand, and a branch of olive in her right, and the date of the coinage. 

Two years after this a proclamation was issued for the currency of 
Mr. Boulton's new coinage. Owing to an unexpected rise of copper, 
the Privy Council allowed 36 instead of 32 halfpenny pieces to be 
coined out of the pound of copper. 

1801. Upon the union of Great Britain and Ireland, it was 
declared by proclamation on 1 January, 1.801, that His Majesty's 
royal style and title should be G^orgius Tertius, Dei Gratia Britan- 
niarum Bex. Eidei Defensor; and that the arms of the United 
Kingdom should be, quarterly, first and fourth, England; second, 
Scotland ; third, Ireland ; and on an escutcheon of pretence the arms 
of His Majesty's dominions in Germany. 

In the year 1804 the Bank of England was authorized to is&ue 
silver tokens of five shillings value, and 1211484 were issued during 
the year. These coins had on the obverse the king's bust laureat, with 
the circumscription Geobqius III. Dei Gratia Bex. On the reverse 
was Britannia seated under a turreted crown, holding an olive branch 
in her right hand and resting the left on a shield and spear. On 
her left side was a cornucopia, and a bee-hive on her right, with the 
inscription Bane of England, 1804. Five Shillinqs Dollar. 

From a sudden rise in the price of copper, the greater part of the 
penny and twopenny pieces disappeared, because they were worth 
when melted down nearly one-third more than their value in coins. 

On 7 May, 1806, a new coinage of penny, halfpenny, and farthing 
pieces was made current on the same terms as those issued in 1799. 
There were 150 tons of copper coined into penny pieces, 24 to the 
pound Avoirdupois ; 427 J tons into halfpenny pieces, 48 to the pound ; 
and 22^ tons into farthings, 96 to the pound. All these were of the 
same type and form as those of 1797, but of less weight. 

In 1810 a Committee of the House of Commons was appointed to 
inquire into the causes of the high price of bullion and its efiPect on 
the credit paper currency. This report declared that the evil arose 
from the excessive issue of Bank of England notes since 1797 ; that a 
rise in the price of gold, and a fall in foreign exchanges, and a general 
rise in prices of all commodities, would always be the effect of the undue 
quantity of the currency of a country, which is not exportable to other 
countries; and that no sufficient remedy for the present evil, or 
security against its recurrence existed, except in the repeal of the law 
which suspended cash payments. Other causes might be stated, one 
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of wliich is the law which fixes bullion when coined to a certain yalue^ 
but which has no power over uncoined bullion, and, therefore, leaves 
it, like other commodities, to find its price according to the supply 
and demand. 

As gold coins are fixed at £3. 17«. 10^4. the ounce, it is singular 
that the Committee should be surprised that the ounce in coin was not 
equal in value to the ounce in bullion, which latter was worth £4 
and upwards ; and that they should conceive such inequality in value 
to have been occasioned by a superabundance of paper money, when 
they might have seen that, if the coins were free from restriction, 
they would become of the same value as standard bullion. 

The Committee assumed that the gold coin is the measure of valtte^ 
and on this assumption founded the most essential points of their 
Beport. But a measure implies something fixed and unchangeable, 
which the material of coins cannot be, so long as it is a subject of 
traffic. The truth is, the pound sterling is our actual measure in this 
kingdom, and the coin is only the instrument by which that measure 
is applied. So long as it remains, or is supposed to remain, precisely 
equal to its prototype, so long only is it an accurate substitute for it. 
Whenever it exceeds, or falls below the value of the pound sterling, 
it equally becomes an incorrect resemblance of it.« 

The debate in the House turned on the question, whether the 
bank notes were depreciated or the guineas enhanced in value. If 
the dividends payable for the interest of the National Debt were made 
the test, the bank note was not depreciated, but the guinea was 
raised. If coin or any other mercantile commodity be the test, it will 
appear that the guinea was not enhanced, but that the bank note was 
depreciated. This dilemma was not considered, but after a debate 
which lasted seven nights, the majority of the House, voted that the 
bank note was not depreciated,* but that it was highly important 
that the restrictions on cash payments at the Bank of England should 
be removed whenever it was compatible with the public interest. 

It is curious to remark, that the Bank of England issued a notice 
on 18 March, 1811, that the price of silver had risen so much since 

* From 1797, the circulating medium has been chiefly carried on by a credit 
currency of exchequer bills, bank notes, and promissory notes. The manufacturer 
having employed his capital in the production of goods, sold them to the mer- 
chant, and received a promissory note payable at a fixed date. The country 
banker discounted this note with his own local notes payable on demand. With 
these notes the manufacturer could pay his workmen and produce other goods^ 
and his workmen could with them procure necessaries. When the promissory 
note became due, it was discharged by the produce of the sale of the goods. This 
method of local currency dispensing with the precious metals, and depending oa 
credit, became the means of very largely increasing the industry of the people. 
The system, however, is subject to serious drawbacks and dangers, which have 
not failed to cause both embarassment and even ruin, both to manufacturers, 
merchants, and bankers, and great distress to the workmen. 

* Lord King, in a letter to his tenants, declared that ** In consequence of the 
late great depreciation of paper money, I can no longer consent to receive anv 
bank notes at their nominal value in payment or satisfaction of an old contract. * 
He required payments in guineas, or Portugal gold equal In weight to the number 
of guineas due, or in bank notes with an addition of £14. 12«. &d, per cent, such 
being the difference in the market price of gold, when the agreements were made 
in 1807 and the market price in 1811. The government was reduced to the 
dilemma, either to strike at once sufficient gold coins, or to protect from arrest 
those who were unable to procure guineas to meet the demands on them. The 
latter was determined on, and an opportunitv was lost of establishing a gold 
coinage of such a weight as would have secured it from disappearing. 
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the issue of bank dollar tokens at 5«. each, as to make them worth 
more as bullion than as coins. It was deemed expedient, in order to 
prevent them fiK>m being withdrawn from circulation, that they 
should in future be current at the increased value of 5«. 6d* each. la 
the year 1812, an Act was passed to amend that of 51 Geo. ILI.y 
c. 127, respecting the gold coins and the notes of the Bank of 
England.^ 

On July 1, 1817, a new gold coin, called a sovereign of 20«. value, 
was made current by proclamation. It was 5 dwts. 3*274 grs. Troy 
weight of standard gold. On the obverae was the head of the king^ 
with the circumscription Q-boboius III . D. Q-. BRiTANiriAB. Bex F. D., 
and the date, and on the reverse, the image of St. Qeorge, armed on 
horseback, encountering the dragon with a spear, placed within the 
g£u:ter bearing the motto, Honi soit qui icaIi y pestse, with a graining 
on the edge (Stat. 57, Geo. IH., c. 46). A new coinage of silver also 
was ordered. According to an account delivered to the House of 
Commons on 1 June, 1818, the coinage of sovereigns was 5,406,517, 
and of half-sovereigns 3,103,474, of shillings 50,490,000, and of six- 
pences 30,436,560. 

George IV., 1820 — 1830. Various coinages were issued both for 
the united Kingdom and the Colonies during this reign. 

In 1821, there "was a silver coinage of crowns, shillings, and six- 
pences, and a gold coinage of sovereigns and half-sovereigns. The 
sovereign had on the reverse the figure of St. George and the Dragon, 
the half-sovereign, the ensigns armorial of the United Kingdom on a 
shield, surrounded by the rose, thistle, and shamrock, with the date. 

Earthings were also struck, having on the obverse the king's head, 
with his titles; on the reverse, the figure of Britannia seated on a 
rock in the sea, holding a trident in her left hand and an olive 
branch in her right, with the inscription Bbitanniab. Kex. Fed. Def., 
and the date. In this year and the next, above 51 tons of copper 
were coined into farthings, 96 to the pound weight Avoirdupois. 

In 1825, an Act was passed **to provide for the assimilation of 
the money and moneys of account throughout the United Kingdom 
of Great Britain and Ireland." 

William IV., 1830—1837. William IV. ascended the throne on 
the death of his brother. A new coinage was ordered in 1830, of 
gold, silver, and copper, without any alteration of standard or weight, 
for the United Kingdom, and in the following years coinages were 
effected for several of the Colonies. By an order in CouncU, 3 Feb. 
1836, a fourpenny piece in silver was struck for common circulation. 
The coin of this denomination was discontinued after the reign of 
Charles I., and was not struck for common currency until this year. 

' The following epigram appeared while the Bill for this Act was passing 

through Parliament : 

Bank Notes and Guineas. 
'*Bank notes, it is said, once guineas defied 
To swim to a point in trade's foaming tide ; 
Bat ere tbey could reach the opposite brink, 
Bank notes cried to gold,— help us, cash us, we sink* 
That paper should sink, and guineas should swim, 
May appear to some folks a ridiculous whim ; 
But before they condemn, let them hear this suggestion^ 
In pun-making, gravity's out of the question." 
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On the reverse is the figure of Britannia, and on the obyerse, 
FouRPENCE, with the date. 

Victoria, 1837. Her Majesty Queen Victoria succeeded to the 
throne on the death of her uncle. 

1838. An order in council directed the coinage of a sovereign and 
half sovereign of the same type, containing the ensigns armorial of 
the United Kingdom on a plain shield, surmounted by the royal 
orown, and encircled by a laurel wreath, with the inscription Victobia 
Begina Fid. Def., with the rose, thistle, and shamrock placed beneath 
the shield. The type of the half-sovereign bears the arms without 
the wreath. The various coins struck during her Majesty's reign are 
in circulation, and require no description. 

The following is a list of the names, weights, and current values of 
the coins in general circulation : 

GOLD COINS. 

The Sovereign ; weight, 5 dwts. 3} grs. Troy ; value, 20 shillings sterling 
The half<sovereign ; 2dwts. 13|gr8 10 

The standard of the English gold coinage consists of 22 parts pure 
gold and 2 parts alloy. The word carat used as a weight is equal to 
31 grains Troy, but when employed to express the fineness of gold, 
bears only a relative sense, as for instance, the English standard 
gold is said to bo 22 carats fine, meaning, that it is composed of 22 
parts pure gold and 2 parts alloy. 

Gold coins being the standard of value, are the legal tender in 
payments to any amount whatever. 

silver coins. 

The Crown weight, 1 8 dwts. 4 A grs. Troy, value, 5 shillings 

The Half-Cro \vn 9 dwts. 2 A grs 2 shillings & 6 pence 

TheFlorin 7dwts. 6A grs 2 shillings 

The Shilling «.... 3 dwts. 15 A grs. • 12 pence 

The Sixpenny piece • Idwt. 19^ gi's C pence 

The Fourpenny piece 1 dwt. 5,\ grs ••.. 4 pence 

The Threepenny piece 2 i |f grs 3 pence 

The standard silver consists of 1 1 oz. 2 dwts. of pure silver and 
18 dwts. of alloy, or of 37 parts pure silver and 3 parts alloy; and 
wAb in the time of Edward I. called the old standard of England, 
which expression clearly proves that such must have been considered 
the standard for a long time before. Silver coins did not cease to be 
a legal tender before 1816, and are now only a legal tender for any 
sum not exceeding 40 shillings in one payment. 

BEONZE COINS. 

The Penny piece, weight ^ oz. Avoirdupois, value 4 farthings 

The Halfpenny piece, i oz 2 farthings 

The farthing piece ...... ••••.. 1 farthing 

The bronze-metal of the current coinage consists of 95 parts pure 
copper, 4 parts tin, and 1 part zinc, and coins were first issued for 
circulation in 1860. 
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EUCLID'S ELEMENTS OF GEOMETRY. 

1. Euclid's Elements of Geometry, the XJniTersity Edition, with 
Notes, Questions, and Geometrical Exercises, select^ from the 
Cambridge Senate House and College Examination Papers, with 
Hints for Solution of the Exercises. Demy 8yo., pp 520, 10«. 

2. The School Edition, with Notes, Geometrical Exercises, &o. 
12mo., pp. 418, 4s. 6i. 

The School Edition has also been published in the following 
portions, with the Notes, &c., to each book : — 

3. Euclid, Books I— IV. 12mo., St. 

4 Euclid, Books I.— III. 12mo., 2«. 6J. 

5. Euclid, Books I., II. 12oio., 1«. 6i. 

6. Euclid, Book I. 12ma, U. 

The University Edition of Euclid's Elements was first published 
in 1845, and the first School Edition in 1846. Both Editions have 
been enlarged and improved from time to time, and the total sales of 
copies of the work up to the present year amount to a number very 
considerably above half-a-miliion. 

In th« year 1853, the Council of Education at Calcutta were pleased 
to order the introduction of these Editions oi Euclid's Elements into 
the Schools and Colleges under their oontiol in Bengal. 

In the year 1860, a Translation of the Geometrical Exercises was 
made into the German Language, by Hans H. Yon Aller, with a 
Preface by D/. Wittstein, and puolished at Hanover. 

At the International Exhibition of 1862, in London, a Medal was 
awarded to B. Potts, " For the Excettesce of his Works on (Geometry." 
Jurjf Awards, Class xzix., p. 313. 

Critical Remarks on the Editions of Euclid. 

" In mj opimon Mr. Potte has made a valnaMld addiUon te CkomaLacal litentnre hy 
bis Bditions of Endid's EleineiitB."^Fr. Wheujdl, DJ)., Matter qf 7Wi»«fy ColUffS^ 
Cambridge. (1848.) • 

^ Mr. FottB has done great service by hia published works in promoting the study of 
Cteometiical Scienoe."— if. PhUpoU, DD,, Matter of SS. Catharin/t College. (1848.) 

** Mr. Potts' Editions of Euclid t Geometry aie characteriaed by a dve appreciation of the 
spirit and exactness of the Ghreek G^metry, and an acouaintance with its history, as well 
as by a knowledge of the modem extensions of the Science. The Elements are given in 
such a form as to preserve entirely the spirit of the ancient reasoning, and having been 
extensively osed in Colleges and ^Mc Sefaoola, cannot fail to have the effect of keeping 
np the study of Geometrjr in its original pnril^.''— JL CAa//i«, M.A.^ Plvmian Prqfettor 
of Attronomy and ExperimenUd Philotopny in the UnHfertity of Cambridge, (1848.) 

^ Mr Potts' Edition of Euclid is very generally used in both our Universities ana in 
our Public Schools ; the notes which are appended to it shew great research, and are 
admirably calculated to introduce a student to a thorough knowledge of G^metrical 
principles and methods."— (?eor^« Peacock, D.D., Lowndean Prqfettor of Mathematics 
%» the Univertity of CamJbridae, and Dean of Ely. (1848 ) 

<'By the publication of these works, Mr. Potts has done very great service to the 
cause of Geometrical Science. I have adopted Mr. Potts' work as the text-book for my 
own Lectures in Geometry, and I believe that it is recommended by all the Mathematical 
Tutors and Profe8K)i8 in this University."— i2. Walker, MA., F.lt.S., Header in Experi- 
mental Philosophy in the University, andTtUor of Wadham College, Oxford. (1848.) 

** When the greater Portion of this Part of the Course was printed, and had for soma 
time been in use in the Academy, a new Edition of Euclid's Elements, by Mr. Robert 
Potts, MJL, of Trini^ College, Cambridge, which is likely to supersede most others, to 



the extent, at least, of the Six Books, was published. From the manner of arranging the 
Demonstrations, this edition has the advantages of the symbolical form, and it is at the 
same time free from the manifold objections to which that form is open. The duodecimo 
edition of this Work, comprising ovkl^ the first Six Books of Euclid, with Deductions from 
them, having been introduced at this Institution as a text book, now renders any other 
Treatise on Plane G^metiy unneoessaxy in our course of Mathematics.** — Preface to 




" Mr. Potts, by the publication of his ^ition of Euclid^ with its most valuable notes 
and problems, and the solutions and commentaries, has recalled the attention of 
Bngliishmen to the subject : — first in his own and the Sister Universities, then in the public 
schools, and, finally, in most Scholastic Establishments in the Countr^.-»His Euclid is one 
of our own text-books in the Boyal Military Academy, and we find its arrangements and 
additions exceedingly conducive to the acquisition m a thorough understanding of the 
Bubiect by the G^tlemen Cadets.**— 7*. S, Davietf Professor qf Mathemaiies in &e Royal 
Military Academy^ Wooltoich, (1848.) 

" The Edition of the Elements of Euclid which Mr. Potts has publisl^, is confessedly 
the best which has yet appeared.** — John Phillips Biamcm, M,A^ FJR.S^ late Fellow ana 
Tutor of Trinity College, Cambridae, (1848.) 

" Mr. Potts has lately published an Edition of EuclitTs Elements of Geometry, which he 
has illustrated with a collection of Examples. I consider that he has performed his task 
with great care and judgment, and that the work seems to bid fair to possess a larger share 
of popular favour than any edition of Euclid yet published.*'~jB. Buston, BJ)^ Fellow and 
Tutor of Emmanuel College. (1848.) 

" I consider Mr. Potts* Edition of Euclid to be a most valuable addition to our Cambridge 
Mathematical literature, and especially to the department of G^eometiy ; and look to it as 
a great help towards keeping up. emd indeed reviving, Hoe true spirit and feeling for 
Greometry, which of late years had been too much neglected among us.*' — W. Williamson^ 
B,D,, Fellow and Tutor of Clare Collepe, (1848.) 

" I believe there is a general opinion in tiiis u niversity that the Principles of Euclid 
and Elementary Oeometry cannot possiblj] be presented to the mind of a commencing 
student in a better form, nor be accompanied by a more judicious sdectioii of problems, 
with hints for their solution, than occurs in the pages of Mr. Potts* publications. By 
combining symmetry of arrangement with simplicity of language, and by restoring the 
svllogism to its plain and simple form, so as to make an introduction to Greometry serve at 
tne same time as an exercise m logic (an advantage which has been quite lost sight of in 
many of the abbreviated editions with which this University had previously been deluged), 
I consider that Mr. Potts has done good service to the cause of education.** — J, Power , 
M.A., Fellow of Clare College, and University Librarian. (1848.) 

**Mr. Potts has maintained the t€xt of Simson, and secured the very spirit of Euclid's 
Geometry, by means which are simply mechanical. It consists in printing the syllogism 
in a separate paragraph, and the members of it in separate subdivisions, each, for the most 
part, occupying a single line. The divisions of a proposition are therefore seen at once 
without requiring an instant*s thought Were this the only advantage of Mr. Potts* 
Edition, the great convenienee which it affords in tuition wouM give it a claim to become 
i the Geometrical text-book of EngkuSd. This, however, is not its only merit" — Philosophical 
Magazine, January, 1848. 

^ ** If we may judge from the solutions we have sketched of a few of them [the Geo- 
metrical Exercises], we should be led to consider them admirably adapted to improve 
'the taste as well as the skill of the Student. As a series of judicious exercises, indeed, 
we do not think there exists one at all comparabte to it in^ our language — view^ either 
in reference to the student or teadiier. — Mechanics^ Magazine, No. 1175. 

*' The ' Hints * are not to be understood as propositions worked out at length, in the 
manner of Bland's Problems, or like those worthless things called * Keys,* as generally 
' forged and filed,* — mere books for the dull and the lazy. In some cases references onlj 
are made to the Propositions on which a solution depends; in others, we have a step d 
two of the process indicated ; in one case the analysis is brieftv givcB to find the construe 
tion or demonstration ; in another case the reverse of this. Occasionally, though seldon\ 
the entire process is given as a model ; but most commonlrv, just so much is suggested at 
will enable a student of average ability to complete the whole solution— in short, just so 
much (and no more) assistance is afforded as would, and mutt he, afforded by a tutor to 
his pupil. Mr. Potts appears to us to have hit the ' goldm mean * of G^metrical tutor- 
ship.**— i/ecAanu»* Magazine, No. 1270. 

" We can most conscientiously recommend it [The Sdiool Edition] to our own younser 
readers, as the best edition of the best book on G^metry with which we are acquainted.' — 
Mechaics* Magazine, No. 1227. 
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the extent, at least, of the Six Books, was pnhlished. From the manner of arranging the 
Demonstrations, this edition has the advantages of the symbolical form, and it is at the 
same time free from the manifold objections to which that form is open. The duodecimo 
edition of this Work, comprising only the first Six Books of Euclid, with Deductions from 
them, having been introduced at tms Institution as a text book, now renders any other 
Treatise on Plane G^metry unneoessaxy in our course of Mathematics.** — Prrface to 
Descriptive Geometry, ^.for the Use of the Roycd Military Acadeniy, by S. Hunter Christie^ 
M.A.,oJ Trinity College, Cambridge, kite Secretary of the Roj/al &}cietyf ^c, Prq/essar of 
Mathematics in the Royal Military Academy, Woolwich, (1847.) 

" Mr. Potts, by the publication of his ^ition of Euclid, with its most valuable notes 
and problems, and the solutions and commentaries, has recalled the attention of 
Bngliishmen to the subject : — first in his own and the Sister Universities, then in the public 
schools, and, finally, in most Scholastic Establishments in the Country .-»His Euclid is one 
of our own text-books in the Boyal Military Academy, and we find its arrangements and 
additions exceedingly conducive to the acquisition m a thorough understanding of the 
Bubiect by the Gentlemen Cadets.**— 7. S. Vavies, Prqfessor qf Mathemmies in tne Royal 
Military Academy^ Woolvnch. (1848.) 

'^ The Edition of the Elements of JSuclid which Mr. Potts has publisl«ed, is confessedly 
the best which has yet appeared.'*^JoAn Phillips Bigman, M.A^ FJR.S^f late Fellow and 
Tutor of Trinity College, Cambridae, (1848.) 

** Mr. Potts has latdy published an Edition of EuclitTs Elements qf Geometry, which he 
has illustrated with a collection of Examples. I consider that he has performed his task 
with great care and judgment, and that the work seems to bid fair to possess a larger share 
of popular favour than any edition of Euclid yet publi8hedi"~jB. BusUm, BJ).f FeUow and 
Tutor of Emmanuel College. (1848.) 

" I consider Mr. Potts' Edition of Euclid to be a most valuable addition to our Cambridge 
Mathematical literature, and especially to the department of G^eometrv ; and look to it as 
a great help towards keeping up, and indeed reviving, the true spirit and feeling for 
Greometry, which of late years had been too much neglected among us.'* — W. WHliamsonf 
£,D,, Fellow and Tutor of Clare CoUepe. (1848.) 

*' I believe there is a general opinion in tiiis Univernty that the Principles of Euclid 
and Elementary Geometry cannot possibly be presented to the mind of a commencing 
student in a better form, nor be accompanied by a mora judicious sdectioii of problems, 
with hints for their solution, than occurs in the pages of Mr. Potts* publications. By 
combining symmetry of arrangement with simplicity of language, and by restoring the 
svllogism to its plain and simple form, so as to make an introduction to Geometry serve at 
tne same time as an exercise in logic (an advantage which has been quite lost sight of in 
many of the abbreviated editions with which this university had previously been deluged), 
I consider that Mr. Potts has done good service to the cause of education.** — J, Power, 
M.A., Fellow oj Claire College, and Universitt^ Librarian. (1848.) 

"Mr. Potts has maintained the t€xt of Simson, and secured the very spirit of Euclid's 
Gheometry, by means which are simply mechanical. It consists in printing the syllogism 
in a separate paragraph, and the members of it in separate subdivisions, each, for the most 
part, occupying a sin^^le line. The divisions of a proposition aro therefore seen at once 
without requirmg an instant's thought Wero this the only advantage of Mr. Potts* 
Edition, the great oonvenienee which it affords in tuition wouM give it a claim to become 
i the Geometrical text-book of Engkuld. This, however, is not its only merit.** — Philosophical 
Magazine, January, 1848. 

" If we may judge from the solutions we have sketched of a few of them [the Gteo- 
knetrical Exercises], we should be led to consider them admirably adapted to improve 
the taste as well as the skill of the Student. As a series of judicious exercises, indeed, 
we do not think there exists one at all comparabte to it in^ our language — view^ either 
in reference to the student or teadier. — Mechanic^ Mc^azine, No. 1175. 

** The ' Hints ' are not to be understood as propositions worked out at length, in the 
manner of Bland's Problems, or like those worthless things called * Keys,' as generally 
' forged and filed,' — mere books for the dull and the lazy. In some cases references onlj 
are made to the Propositions on which a solution depends; in others, we have a step d 
two of the process indicated ; in one case the analysis is brieftv giveB to find the construe 
tion or demonstration ; in another case the reverse of l^is. Occasionally, though seldon\ 
the entire process is given as a mode! ; but most commonly, just so much is suggested at 
will enable a student of average ability to complete the whole solution— in short, just so 
much (and no more) assistance is afforded as would, and must be, afforded by a tutor to 
his pupU. Mr. Potts appears to us to have hit the * golden mean ' of G^metrical tutor- 
ship."— ^i/ecAanu»' Magazine, No. 1270. 

'* We can most conscientiously recommend it [The School Edition] to our own younser 
readers, as the best edition of the best book on Geometry with which we are acquainted.' — 
Mechaics* Magazine, No. 1227. 
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WEIGHTS AND MEASUEES. 



As the method of enumerating by tens was originallj derlyed from 
the fingers of the human hand, so also in the same manner were the 
primary units of measures of length derived and named &om the 
fn&mhera of the human body, and &om the spaces included in their 
ordinary motions. The primitive names of these measures in the lan« 
guages of all nations prove the identity of their origin. Thus of 
the former are the lengths of the human foot, the naol, the finger- 
breadthy the hand-breadth or palm, and the cubit ; and of the latter, 
the span, the step, the pace, and ^e fathom, employed as ordinary 
measures of length. The palm was reckoned the breadth of four 
fingers; the nail was the length from the end of the nail of the 
longest finger to the first joint ; the inch, the length £rom the end of 
the thumb to its first joint, was adopted as an unit measure of length. 
This unit repeated four times was considered equal to the palm or the 
hand-breadth, and the hand-breadth taken three times gave the 
measure of the foot. The greatest expansion of the hand between the 
ends of the thumb and the middle finger gave the span ; the distance 
from the end of the longest finger to the elbow, the cubit ; the entire 
length of the arm, the yard ; and the distance to which a man's two 
hands can be extended across the shoulders, the fathom. As the foot 
was too small an unit for estimating long distances with conveni- 
ence, the step was reckoned equal to three feet ; and the pace {passus), 
the interval between two steps, and equivalent to six feet, was also 
assumed as a measure ; and a mile, as the word imports, consisted of 
one thousand paces (millo passtts). Other meastires of length have been 
derived and named from other considerations ; as, for instance, the 
furlong (furrow long), taken to express the eighth part of a mile ; the 
league (Itigen, to see), a measure of three miles, supposed to express the 
distance the eye of a man, when standing upright, can see on a level 
plain I and the bow-shot, an ordinary measure of length formerly used 
in England and among other people who used the bow as a weapon. 
It will be evident that these measures, however suflScient they might 
be for the ordinary wants and conveniences of life in the early 
condition of human society, would be found to require more strict 
and exact definition as knowledge advanced, with the requirements of 
science and commerce. 

The earliest lineal measures of which any certain knowledge has 
descended to modem times, are those of the Hebrews and Egyptians, 
the -Greeks and the Bomans. The most ancient writings of the 
Hebrews supply facts in evidence that Egypt in very early times was 
a country under a regular form of kingly government, its people 
civilised and trading with the people of other countries in the fruits 
and productions of those lands. 

The oldest lineal measure named in these writings is the cubit, a 
measure used in describing the dimensions of the Ark (Gen. vi.) 
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In the description of the suburbs to the cities to be assigned to the 
Levites in Numb. xxxv. 4, 5, two cubits are referred to, one of wbich 
is double the length of the other. The cubit is stated to be the 
distance from the elbow bending inwards to the end of the middle 
finger, and called in Deut. iii. 11, '* the cubit of a man.'* The larger 
cubit was called " the cubit of the armpit," as being measured from 
that part of the arm. 

It may be presumed from the mention t^f the cubit in the later 
writings of the Hebrews, and in the writings of other nations, that 
the cubit was a measure known and generally recognised by other 
people besides those who came out of Egypt under Moses. 

In the British Museum there is preserved a measure which was 
discovered at Kamak, on the removal of some stones, a few years ago, 
from one of the towers of a propylon, between which it appears to 
have been accidentally left by the masons at the time of its erection at 
the remote period of the eighteenth dynasty (about 1400 b.o.) It is 
divided into fourteen parts, but each part is double in length those of 
the elephantine, and therefore consists of four digits, and the whole 
measure is equal to 41 -46 English inches. The double cubit has the 
first division in its scale of fourteen parts subdivided into halves, and 
the next into quarters, one of these last- being equal to one digit. It 
is made of larch, and having been closed up in tiie building between 
two stones, excluded from the air, the wood is as sound as when it 
was used by the workmen. It is called the cubit of Karnak. 

Herodotus (ii. 13) relates "that the priests told him that, in the 
reign of Moeris, whenever the waters of the Nile rose to the height of 
eight cuints, all the lands were overflowed, since which time 900 years 
have elapsed, and now (450 b.c), unless the river rise to sixteen, or at 
least to fifteen cubits, its waters do not reach those lands." It is 
clear from this account that there was in Egypt a cubit in use, within 
less than a century after the Exodus of the Hebrews, double of tho 
cubit used in Egypt in the age of Herodotus. 

Among the artificers employed in the works of the Temple of 
Solomon, Hiram is described as the son of a widow of the tribe of 
Naphtali, whose territories were adjacent to those of the kingdom of 
Tyre, and his father was a man of Tyre, a worker in brass. Of this 
man it is recorded (1 Kings vii. 15), ** He cast two pillars of brass IS 
cubits high apiece ;" but in 2 Chron. iii. 15, " He made before the 
house two pillars of 35 cubits high." If the words easting in the 
former, and making in the latter verse, have a difference of meaning, 
there is here no contradiction to the fact of one cubit being double the 
other. 

By a comparison of the measures recorded in 2 Ohron. iii. 3, and 
1 Kings vi. 2, of the dimensions of the parts of Solomon's temple, 
with the account in Ezra vi. 3, of the rebuilding of the temple, it will 
appear that 60 cubits was the height of the latter, but 30 cubits the 
height of Solomon's, or that the cubit which describes the dimensions 
of the first temple was double of that which describes the second. 

Affcer the return of the Jews from Babylon at the end of the 
seventy years of captivity, Ezekiel states (ch. xliii. 13) : ** The cubit 
is a cubit and a hand-breadth,'' from which it would appear that the 
cubit there spoken of was a hand-breadth or a palm longer than 
another cubit. 

Yarioos opinions have been maintained of the length of those cubits* 
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Some maintaiA that the double Jewish ccAit is the cubit of Eamak. 
Others that the cubit of five palms was the cubit used in the measures' 
of the Temple of Solomon and the second Temple of Ezra, and called 
the royal cubit, and that the sacred cubit was that of six pahns. This 
cubit is supposed to be of the greatest antiquity. 

8ir Isaac Newton remarks in his dissertation on cubits, "that it 
is agreeable to suppose that the Jews, when they passed out of 
Ohaldea, carried with them into Syria the cubit which ^ey had 
received from their ancestors. This is confirmed both by the dimen- 
sions of Noah's Ark, preserred by tradition in this cubit, and by the 
agreement of this cubit with the two cubits which the Talmudists say 
were engraven on the sides of the city Susan during the empire of 
the Persians, and that one of them exceeded the sacred cubit half a 
digit, the other a whole digit. Susan was a city of Babylon, and, 
consequently, their cubits were Ohaldean. We may conceive one of 
them to be the cubit of the royal city Susan, the other that of the 
city of Babylon. The sacred cubit, therefore, agreed with the cubits 
of divers provinces of Babylon, as far as they agreed with each 
other ; and the difference was so smaU, that all of them might be 
derived, in different countries, from the same primitive cubits." 

The conclusion of Sir Isaac Newton is, that the sacred cubit 
consists of 25*6 uneia of the Boman foot. Bjs reasons will be found 
in his ** Dissertation on Cubits.*' 

Dr. Hussey remarks: — ** There is no certain method of obtaining 
an absolute value of any one element of the ancient Hebrew measures, 
from which a system of values might be calculated for the period 
before the captivity of the Jews. No weights, coins, nor measures of 
that age exist ; and we must have recourse to probable inference or 
conjecture for determining thb values of all." 

The exact length of the Greek foot and of the Boman foot has 
engaged the attention of men of science in Europe for a very long 
period of time, and the result of their researches and investigations 
exhibit differences so small of these units in comparison with the 
foot measures of England and other countries, as to strengthen the 
presumption that aU of them, having the same name, have had also 
the same origin. 

Mr. Stuart measured the upper step of the basement of the front 
of the Parthenon at Athens, and foimd the length to be 101 feet 1*7 
inches English measure. And if the name heoatompedon was applied to 
it on account of its length, he determined the length of the Greek foot 
from this measure to be 12*137 English inches. 

In 1639 Mr. Greaves measured the Roman foot in the gardens of 
the Yatican,^ and found it to be '972 parts of the English foot, or 

> The following account is giren by Professor Greayes himself in his works, 
vol. i., pp. 207-210 :— 

*' In the year 1639 I went into Italy to view, as the other antiquities of the 
Romans, so especially those of weights and measures, and to take them with as much 
exactness as it- was possible. I carried instruments with me made by the best 
artisans ; where my first inquiry was after that monument of T. Statilius Vol. Aper, 
in the Vatican Gardens, from whence Philander took the dimensions of the Roman 
foot, as others have since borrowed it from him. In the copying out of this upon an 
English foot in brass, divided into 2000 parts, I spent at least two hours (which I 
mention to show with what diligence I proceeded iu this and the rest), so often com- 
paring ti» several divisions and digits of it respectively one with another, that I 
think mors circumspection could not have been used, by which I plainly di^overed 
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11*664 inches. He also found the foot of Cossutius to be *967 parts 
of the English foot, or 11*604 inches. Several other measures of the 
Boman foot have been obtained, varying from one another, of which 
that of *97l of the English foot has been generally received. 

The Attic mina before Solon consisted of 72 drachmae, or 6 in the 

, ounce. They were possibly at that time only lamina argmti, small and 

long pieces of silver, which, agreeably to the original meaning of the 

i word drachma, might be grasped in the hand. But whatever might 

I have been the form of the Athenian money before Solon, the mina or 

! pound of 72 drachma), by his celebrated 'XuHx^^ia, was altered to 

100. In other words, Solon introduced a nominal pound instead of a 

real one ; for the Athenian poimd had no more than 84 drachmae 

coined out of it for many ages afterwards. 

The Bomans from the beginning of their coining silver accom- 
modated themselves to the Grecian practice ; their pound of silver was 
made into 84 denarii, but in tale it was always 100. 

It is probable that the different States of Greece had in use 
different weights and measures; for on the rise of the AchsBan 
League, b.o. 280, it was agreed that the twelve associate cities should 
not only be governed by the same laws, but should be bound to uso 
the same money, weights, and measures (Folyb. 129). It is not to 
be expected that the weights and measures of ancient times would 
be made with the same exactness as in modem times, as the physical 
facts, by means of which extreme accuracy can be attained, were 
either unknown or not taken into account. 

The Boman pound of Byzantium, preserved in the British Museum, 
weighs 4995 grains Troy ; and the pound of gold was made into 72 
coins, nominally each of 69*4 grains, but really of 68 grains. 

The Greek and Boman physicians above aU others are likely to be 
the best judges of the relative proportions of the weights and measures 
used in their prescriptions. The Greek physicians, being in the 
highest repute at Bome, adopted as a weight the drachma instead of 
the denaritM, as the latter was not long after applied to coins of a 
lower class, and lost its former estimate in weight. Scribonius Largus, 
a physician, who attended the Emperor Claudius into Britain, and 
recorded some circumstances in that voyage, "Cum Britanniam 
peteremus cum Deo nostro Caesare," represents it indifferent whether 
j>re6criptions are made by the denarius or the drachma. And Galen 
has observed that in his time the denarius and drachma were but 
different names for the same weights. 

tiie mdeness and insufficiency of that foot. For besides that the length of it is 
somewhat too much (whatsoever Latinius, out of an observation made by Ant. 
Augustinns, Sighicellus, Pacatus, Maflfeus, Statins, ^gius, and Fulvius Ursinus, pre- 
tends to the contrary) there is never a digit that is precisely answerable to ono 
another. Howsoever, it contains 1944 such parts as the £nglish foot contains 2000. 

, ** My next search was for the foot on the monument of Cossutius, in hortis Colo* 

iianiSf n*om whence it has received its denomination (though it be now removed), 
being termed by writers Pes Colotianus. This foot I took with great care, as it did 

' well deserve, being very fair and perfect ; afterwards collating it with that Roman 
foot which Lucas Psetus caused to be engraven in the Capitol on a white marblo 
stone. I found them exactly to agree ; and therefore I did wonder why he should 
condemn this with his pen (for he makes some objections against it), which, notwith* 
standing, he hath erected with his hands, as appears by the inscription in the 
Capitol, CUB.1NTE LtJ. Pato. It may be, upon second thoughts, he afterwards 
privately retracted his error, which he was not willing to x>ublish to the world* 
£(ow this foot of Cossutius ia 1934 such parts as the English foot containing 2000." 
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Galen discovered, by oompariog the measures and tbe scale weiglits, 
that the horn used for measuring oil at Home held one-sixth part less 
than the weight of the libra. The metrical horn was divided into twelve 
parts or ounces, like the libra ; and each of these divisions was com- 
monly supposed to be equal to an ounce scale weight, and passed for 
such in estimation. Galen, as a physician, thought it requisite to 
interpose some caution; that, in prescribing oil, they ought to 
distinguish by what ounces they prescribed, whether the scale ounce 
or the metrical ounce : as the scale pound determined the weight of 
bodies, but the metrical only the contents, or the quantity of space 
they filled. 

The pound of 100 denarii or 100 drachma) was merely nominal, 
and employed for the purpose of trade. Both the denarius and the 
drachma, during the Consular and part of the Imperial Government, 
were only seven to the ounce. They began to lessen under Nero. 
What Pliny writes of the aurei is equally true of the silver coins, 
" Paullatim principes imminuere pondus." They probably did not coin 
8 in the ounce till the time of Galen, about a century after Nero. A 
drachma has ever since been reckoned the eighth part of the ounce, 
and probably was so some time before. Thus the drachma reckoned 
at 6 to the ounce, gives 72 in the pound ; at 7, gives 84 ; and at 8, 
96 in the pound. 

The congius of Vespasian supplies a method of discovering the 
true weight of the Boman pound. This congius was made a.d. 7«>, 
according to the standard of measure preserved in the Capitol, and 
contains ten pounds, as the inscription upon it testifies: <'Imf. 
C^sABE VI. T. C-ass. Aug. P. IIII. Cos. MensurjE exact-ze in Oapitolio. 
P.X." It is commonly called the Famese Congius, and is now pre- 
served at Dresden. In 1824 Dr. Hase had it filled with distilled 
water and carefully weighed, and the weight of the water was found 
to be equal to 62037-69 grains Troy weight, giving 5203-769, or 
nearly 5204 grains to the Boman pound. 

It has been remarked by Dr. Hussey (Essay on Ancient Weights) 
that " the ancient metsdlic weights in themselves are too unequal and 
inconsistent with each other to give any certain result." He regards 
more favourably the two obtained from the excavations at Her- 
culaneum — ^the only two large specimens which are perfect— one of 
50 and the other of 100 Eoman pounds. Of these, the former 
weighing 256564 grains Troy, gives a pound of 5131*28 grains; tho 
latter, weighing 51 8364 f grains, gives a pound of 5183*64 grains, 
which is between 20 and 21 grains less than that given by the 
congius of Vespasian. If the experiment with the congius had been 
made with water not distilled, the result would have shown a less 
difference. And so small a difference in the two calculations is no 
matter of surprise, when much greater differences are found between 
the old Boman weights themselves. The modern Boman pound 
contains 5236 grains Troy, and exceeds the old Boman pound, as 
given by the congius, by only 82 grains. This fact affords a strong 
presumption that the ancient and modem weights were identical, and 
that the difference is not greater than was likely to be found in the 
lapse of so many centuries. 

The Boman pound libra, called also 08, was divided into twelve 
equal peirts, called unciee (ounces) ; and for every number of ounces 
under 12, the Latin language has a distinct name. 
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The Anglo-Saxon weights a&d measures were established through- 
out the whole of England. The weight of the Saxon pound was not 
likely to be changed, as the same pound and the same division of the 
pound prevailed at that time over the greater part of Europe. This 
is certain of the common pound of Italy as early as a.d. 958, if not 
much earlier ; for one of their records makes mention of an estate 
aold in that country for 60 pounds of 240 pennies to the pound. In 
the time of King Alfred the Saxon pound weight was 240 pennies, and 
was estimated by the mancus, making 8 to the pound, each of 30 
pennies ; and also by 48 shillings, each of 5 pennies. The mancus 
{manu cusum) was probably derived from Italy, in the intercourse 
between that coimtry and England after the friendly reception by 
Ethelbert of the mission of Augustine in 597. It appears the mancus 
was a name applied to a weight. Archbishop ^ifric, at the end of 
the tenth century, states that the mancus was equal to 30 pennies or 
6 shillings. 

It is recorded that King Edgar, 975 a.I)^, with the consent of his 
council, decreed ''that one and the same money should be current 
throughout his dominions, which no man must refuse ; and that the 
measure of Winchester should be the standard, and that a weigh of 
wool should be sold for half a pound of money, and no more.'' 

The Saxon coins were regulated by the pound weight brought from 
Germany, and afterwards known by the name of the Cologne pound 
weight.^ The precise weight of the Saxon money pound cannot be 
exactly ascertained fr'om positive evidence, but there is strong pre- 
sumptive evidence, firtt shown by Mr. Foulkes ("Tables of Silver 
Coins," p. 3, note), that it was of the same weight as that known for 
some centuries a^er the Conquest by the name of the Tower pound, 
and was so named from the fact of the principal mint of England 
being in the Tower of London. The Saxon pound was, like the Tower 
pound, divided into 12 ounces. If the supposition of the identity of 
the Saxon and Tower pound be correct, the Saxon pound contained 

^ Mr. Clarke lias given in his "Connection of Roman, Saxon, and Enp^lish Coins," 
p. 24, the following weights of the ounce : — 

Grains, Troy. 

The Strasbnrgh ounce from standards made 1238 A.D 451*38 

The present Strasburgh ounce 45475 

The old Saxon ounce, from the Chamber of Accounts in Paris, about 

the time of Edward III., after 1327, A.D 45176 

The present Cologne ounce 451*38 

The old Tower ounce, as taken from the accounts in the English 

Exchequer, 1527, A.D 45000 

The small differences of these several ounces seem to suggest that all of them had 
the same origin. The immemorial usage of the Cologne or Strasbargh pound m 
Germany, and in Britain from the first arrival of the Saxons till the time of Henry Y XL, 
is evidence of its great antiquity. 

Dr. Arbuthnot makes the Greek ounce to consist of 455*33 grains Troy, wliich is 
nearly identical to the present Strasburgh ounce. The Saxon writers refer the 
origin of their nation to the Getse, to whom the Goths and Germans were related 
as kindred clans. The near agreement of the Greek ounce and the German ounce 
may form a CTOund for the presumption that the Greeks and the Germans may have 
descended through different branches from the same people. This presumption 
derives some probability from the similarity of usage in the Greek and Saxon lan- 
guages of the article, the double negative, and the formation of proper names. 

Ovid, in some pieces written during his exile in Pont us, noted an aflSnity 
between the Greek and and Getic tongues, and remarked that though the Getic 
tongue was disguised by a barbarous pronunciation, there were evident mai'ka of 
its Greek original. — Ovid, Trist,, v. 7, 10. 
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$400 grains Troj, and this weight of silTer coins was a pound 
49terling. The pound of silver was always reckoned by account at 
isomething more than the number of pennies which were struck out 
of it at the mint. It was a Homan as well as a Saxon custom.^ When 
the Bomans coined 8 denarii to the ounce, and 96 to their pound of 
silver, they paid 100 in tale ; and when the Saxons coined 4 shillings 
to the ounce, and 48 to their pound, they paid 50 in account. And 
it may be noted that the Saxon laws always reckoned their pound in 
the round number of 50 shillings, when it is evident they really 
coined out of it only 48. Mr. Foulkes's discovery of the old Tower 
pound being the same as the Anglo-Saxon pound of the moneyers, 
Jias made out the pound of 48 shillings. 

When William the Conqueror had ratified the laws of Edward 
the Confessor, he decreed that the weights and measures which had 
been established by his predecessors should be continued in use, 
tind ordered that the measures and weights should be true, and 
stamped in all parts of the kingdom. ^ The same regulations were 
continued by his successors. Richard I., who ascended the throne 
in 1189, not only enforced an uniformity of measures, but also ordered 
that the vessels employed for measuring should be edged with hoops 
of iron, and that standards should be kept by the magistrates in the 
different counties and towns of the kingdom. And this uniformity of 
weights and measures was confirmed by the Magna Charta in 1225. 
The Act 5 Henry III., c. 9, ordained that ** One measure of wine shall 
bo throughout o.ur Bealm, and one measure of ale, and one measure 
of com, that is to say, the quarter of London ; and one breadth of 
dyed cloth, that is to say, two yards within the lists. And it shall be 
of weights as it is of measures." And by the statute of 51 Henry III., 
1266, they were defined in the following form: — **Bythe consent of 
the whole Realm of England, the measure of our Lord the King was 
made ; that is to say, that an English peny, called a sterling, round 
and without any clipping, shall weigh 32 wheat corns in the midst of 
the ear,^ and 20 pennies do make an ounce, and 12 ounces one pound, 
and 8 pounds do make a gallon of wine, and 8 gallons of wine do 

* In the times of the later Koman emperors, there appears to have been a custom 
of making allowances in the payment of money by tale. This is evident from a law 
of the elder Yalentinian, by which he enforced a law of Constantine for paying by 
weight ; and he observes that it was usual to take two or three solidi in the pound 
as the common allowance in tale. ** Facile enim eos provincije rector a dispendio 
viudicabit, qui binis ceu temis solidis necessitudinem solutionis adimplcverit." 
It may be added, that both during the Republic and under some of the emperors, 
tho Romans coined 64 denarii out of a pound weight of silver, though the pound 
by tale was always reckoned at 100. 

* On the accession of William I. to the throne of England, the pound in tale of 
the silver coins current was equal to the pound weight of standard silver, that is, the 
moneyer's pound, afterwards called the Tower pound. The pound in tale was divided 
into twenty shillings, and each shilling into twelve pennies, or sterlings. The pouTid 
in loeiglU was divided into twelve ounces, and each ounce into twenty pennyweights, 
so that each penny weighed one pennyweight. The only coins made at this period 
were pennies. This simple system of coinage, by which the pound in tale was made 
equal to the pound in weight, and was divided in the manner before mentioned, is 
supposed to nave been first introduced into France towards the end of the eighth 
century. As the Norman princes for a long time before had considerable intercourse 
with Englqud, it may have been introduced from France in the times of our Anglo- 
Saxon ancestors. Tms system of silver coinage continued without any alteration in 
the weight of the silver coins until the year 28 Edward I. 

3 The grain of barley and the seed of the Abriis prccatorius were assumed by the 
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make a London bushel, \vhicli is the eighth part of a quarter."^ The 
bushel here named was called the Winchester measure. 

There is a twofold relation stated between tpei^ht and volume, for 

Hindus as the primary elements of their weights. The weight of the seed of th© 
abras was taken equal to two barleycorns. 

Mr. Thomas has shown that, from comparative numismatic data of various ages, 
he has found the true weight of the rati or gunja seed to be IJ grains Troy. In the 
sixth volume of the Royal Asiatic Society he makes the following remarks, pp. 342, 
343 :— **The determination of the true weight of the rati has done much both to 
facilitate and give authority to the comparison of the ultimately divergent standards 
of the Ethnic kingdoms of India. Having discovered the guiding unit, all other 
calculations become simple, and present singularly convincing results, notwithstand- 
ing the basis of all these estimates rests upon so erratic a test as the growth of the 
seed of the gunja creeper {Jbnis precatoriics), under the varied incidents of soil and 
climate. Nevertheless this small compact grain, checked in early times by other 
products of nature, is seen to have had the remarkable faculty of securing a uniform 
average throughout the entire continent of India, which only came to be disturbed 
when monarchs, like Shir Shah and Akbar, in their vanity, raised the weight of the 
coinage without any reference to the number of rcUis inherited from Hindu sources 
as the given standard, officially recognised in the old, but altogether disregarded and 
left undefined in the reformed Muhammedan mintages." — Journal o/the Eoyal Asiatic 
Society, Vol, vL, p. 842, Article by Edward Thomas, F.R.S, 

'*The carat is a bean, the fruit of an Abyssinian tree called kuara. This bean 
from the time of its being gathered varies very little in its weight, and seems to 
have been, in the earliest ages, a weight for gold in Africa. " — Bruce' s Travels, 
v., p. 66. 

The carat has been adopted by most European nations in estimating the weight 
and purity of the precious metals. As used by goldsmiths the carat is a weight for 
gold. They divide the ounce Troy into twenty-four parts named carats, and each 
carat into ^ur grains, so that gold twenty-two carats line means that an ounce of 
standard gold contains twenty-two parts pure gold and two parts alloy. 

^ In the largest chamber of the Great Pyramid of Gizeh (Herod. iL 124) is a 
rectang|ular vessel eut out of a single block of Theban marble or porphyry. This 
vessel is known by the name of the Pyramid Coffer, or the Porphyry Coffer. A 
singular coincidence has been found to exist between the capacity of this coffer and 
four quarters English measure. This sameness of volume affords a strong presump- 
tion that some relation exists between the measure of capacity of this ancient vessel 
and tiie measure of four quarters, or a chaldron. This vessel has, at different times^ 
been carefully measured by scientific men, three of whom have reported the follow* 
ing dimensions : — 

Professor Greaves in 1638-9 visited the pyramid and very carefully took the 
interior dimensions of the coffer, and found them to be — Length, 77*856 inches ; 
hreadth, 26*610 inches; depth, 34*320 inches; giving the content 71118*4 cubie 
inches. 

M. Jomard in 1799 reported the dimensions— Length, 77*806 inches ; breadth^ 
26*599 inches ; depth, 34*298 inches ; giving the content 70982*4 cubic inches. 

Colonel Howard Yyse took the measures in 1837 and found them to b&— Lengthy 
78*0 inches; breadth, 26*5 inches; depth, 34*5 inches; giving the content 71311 
cubic inches. 

The English gallon contains 277*274 cubic inches, and the measure of com 
called "the quarter** will contain 17745*536 cubic inches, and consequently the unit 
measure of which this is the quarter will contain 70982*144 cubic inches. Hence 
it appears that four English quarters have very nearly the same volume as the 
pyramid coffer according to the measurement of M. Jomard. This identity of volume 
IS surprising, and can scarcely be regarded as accidental. It may be observed that 
it is highly probable that the coffer of the pyramid has been in the chamber for a 
period above 4,000 years. 

The student may read some interesting information in the following works : — 
Pyramidographia, or a Description of the Pyramids in Egypt. By John Greaves, 
Professor of Astronomy in the University of Oxford. London, 1646. The Great 
Pyramid. Why was it built, and who built it ? By John Taylor, 1859. Our 
Inheritance in the Great Pyramid. By Prof. C. Piazzi Smyth, F.B.S.S. L. and £., 
Astronomer Boyal for Scotland. London, 1864. 
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testing wheat and wine. A measure which would contain as much 
wheat as would be equal in weight to eight gallons of wine, must 
contain ten gallons, or be one-fourth larger than the wine measure. 
The London bushel containing 64 pounds of wheat would hold BO 
pounds of water. The law of only one measure for wheat and for ale* 
will require that eight gallons of ale must weigh one-fourth more thaa 
eight gallons of wheat. 

In the year 1306 a statute of 33 Edward I. ordains that afoot 
shall contain 12 inches, and an inch 3 barley-corns ^ placed end to end, 
taken out of the midst of the ear of barley. By another ordinance for- 
the measure of land, the acre is also declared to contain 160 square 
perches, or 16 in length and 10 in breadth, and another statute names- 
other lengths and breadths of an acre. 

In the year 1324, the 17 Edward II., the statute of Edward I. waa 
more fully described, in the ordinance for the determination of 
measures of length and surface. It was ordained that three barley* 
corns round and dry, make an inch, twelve inches a foot, three feet- 
a yard, five yards and a-half a perch, and forty perches in length and. 
four in breadth an acre. 

14 Edw. III., 1340, in pursuance of the intent of Magna Charta,, 
the King's treasurer was directed to cause standards to be mad» 
and sent into all the counties which were not already provided with, 
them. And in 1350 an order was issued recognising the laws of the 
Great Ghaiter, and declaring that every measure of corn shall be 
stricken without heap. 

If the measure of wheat was struck off level with the rim of the 
measure, the weight became ruled by the measure of capacity ; whereas 
before that time the measure of capacity was gfovemed by the weight. 
Hence, as the strike bushel contained only 62 pounds, while the old!, 
heaped bushel contained 64 pounds, this reduction of the bushel would 
reduce the gallon from 280 to 272 cubic inches. And the wine gallon 
was increased from 224 to 231 cubic inches. 

By the statute 25 Edw. III., on account of great damage and deceit 
done to the people by a weight called ** auncel,*^ an order was issued 
that aimcel weight should not be used, but the weights used should 
be according to the standard of the Exchequer, and that the beam of 
the balance bow not more to one part than to the other. And two 
years after, another statute (after noting that some merchants do buy,. 
" avoir depois,^^^ wools and other merchandises by one weight and sell 

' It is a curious coincidence to find in the Lllavati, the barley-corn employed as a. 

1)rimary unit of length. " Eight breadths of a barleycorn, or three grains of rice lit 
ength, make a finger ; four times six fingers a forearm or cubit ; and other measures- 
of length are formed from these." The Italians, who receixBd their knowledge oF 
the Indian arithmetic from the Arabians, take the origin of their measures from th(» 
barley-corn {grano di orgio), and take four to make a dedo (digitus) or finger ; four 
dedi a palmo, &c. 

^ The first notice of Avoirdupois with merchandise in the English laws, occurs in 
1335, the 9 Edwd. III., 1 stat., c. 1 : — " .... ordine est et establi qe touz mar- 
chantz alienz et denzeins et touz autres et chescuns de euz de quel estat ou condition 
qils soient qi achatre ou vendre voillent blez, vins avoir de pois chares pesson et tons: 
autres vivres et vitailles laines drapz mercez marchandises et tote manere dautre.% 

choses vendables ** In other statutes, the expression is written a27er £^2^ jToi? 

9Xk!\ avoir du pois. The expression avoir du pois may have reference to 1 he weight 
by which the mercantile pound exceeded the moneyers' pound, and was never em* 
ployed in weighing the precious metals, but only in estimating the weight of coarso 
and heavy wares and articles of merchandise. In the Latin Commentary on thd 
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1>y another) ordains that one weighty aoid one measure, and one yard, 
be through all the land, and that wools and all manner moir depots be 
>veighed by the balance, eo that the tongue of the balance be even. 

In the year 1389, the Idth Hich. II., uniformity of weights and 
measures was ordained throughout the kingdom, ** except in the 
County of Lancaster, because in that county it hath always been used 
to have greater measure than in any other part of the realm." 

An ordinance of 15th Kioh. II. directed that 8 bushels stricken be 
the quarter of com, and penalties be enforced on all who made use 
of 9 bushels to the quarter. 

By statute of 2 Hen. YI., 1424, a tun of wine was defined to con- 
tain 252 gallons; a pipe, 126 gallons; a tertian, 84 gallons; and a 
liogshead, 63 gsdlons. At a latw period the measure called a ter- 
tian or tierce, being the third part of a pipe or b^tt, was called a 
puncheon. Another statute of 1429 required all cities, boroughs, and 
towns to procure a common balance and weights at their own ex- 
pense, according to the standard of Hie Exchequer, to be kept by the 
mayor or constable. 

In the year 1495, on petition of the Commons, an Act, 11 Hen. 
YII., was passed, that weights and measures according to the standard 
of the Exchequer should be delivered for safe custody to the mayors 
of boroughs and corporate towns; that all common weights and 
measures be made according to these standards, and marked as the 
king's standard ; and that all weights and measures in use should be 
examined twice every year. It was also ordained " that eight bushels 
raised and stricken shall be a quarter of corn ; and fourteen pounds 
a stone of wool ; and twenty-six stone a sa.ck." On more diligent 
examination some of the measures approved were found deficient, not 
having been made according to the old laws of the realm. 

By an amended statute, 12 Hen. YII., c. ^, it was enacted *' that 
the naeasure of a bushel contain eight gallons, and that every 
gallon contain eight pounds of wheat Troy weight, and every pound 
contain twelve ounces of Troy weight, and every ounce contain twenty 
sterlings, and every sterling be of the weight of thirty-two corns of 
whoat that grew in the midst of the ear of wheat, according to the 
old laws of the land.*' The Tower pound then in use, and considered 
the same as the old Saxon pound, was, by this Act, exchanged for the 
pound Troy. This alt^ation was owing to the Intereursus Mafnus, 
or Great Treaty of Commei^e oonduded between England and 

Knglisli liaws, entitled Fleia, composed in l^e time of Edwatd I. (Lib. iii., c. 12), 
it is stated expressly that fifteen ounces make the merchant's pound. The Saxon 
practice was me same as the Roman. They both had two pounds, one for the 
Exchequer and one for trade, having the ounces the same in both, but the com- 
mercial pound differing from the other only ia th« number of ounces. This differ^ce 
between the Saxon mercantile pound of 15 ounces and the Roman pound of 16 ounces 
v.as not considerable, not more than half an ounce, and they might pass mutually 
lor each other in trade without much inconvenience. The account of Fleta confirms 
ihe fact that the C<mquerorVB laws confirmed the Saxon practice, and that the sub- 
sequent kings followed the same rule, and he also states that the usage continued to 
])is time, and most probably till the reign of Edward III. For in the ninth year of 
]u8 reign, the prohibition on foreign merchants was removed, and they were at 
liberty to buy all Avoirdupois wares and merchandise at any place without the realm, 
mid to sell them to any persons whatsoever except the king s enemies. It appears 
irom this Act, and from several others, that the commerce, of England was &r motm 
considerable in those early times than is commonly imagined. 
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Planders the year before. The Flemish pound was adopted as a com- 
pliment to the Duchess of Burgundy, and for the mutual conyenienco 
of all payments in future, which would be adjusted according to this 
pound. 

The following proclamation of 18 Hen. VIII., November 5, was 
issued confirming the stat. 12 Hen. YII. c. 5: — '^And whereas heretofore 
every person who brought bullion to the king's mint to be coined 
paid two shillings and sixpence for the coinage of every pound Tower 
weight, which diHered fr^ the pound Troy three-fourths of an ounce 
in the pound weic^ht, it was determined that the pound Tower should 
no more be used, but that all gold and silver should be weighed by 
the pound Troy, beiog of twelve ounces, and heavier than the Tower 
pound by three-fourths of an ounce." 

In 1570, the 13th year of Elizabeth, an Act declared 28 gallons of 
old standard to be about 32 gallons wine measure ; whence the old 
gallon must have contained 264 cubic inches, or a little less than the 
Winchester gallon, if t|ie wine gallon contained 231 ; or rather, since 
the standard gallon of Elizabeth in the Exchequer actually con- 
tained 271 cubic inches, the wine gallon of that day must have 
contained 237. 

By a statute of William III., the Winchester bushel is declared 
to be round, with a plane bottom 1 8 J^ inches wide throughout, and 
8 inches in depth; hence its content must be 2150*42 cubic inches, 
and a gallon dry measure 268*8 cubic inches ; while by an Act of 
the next reign a wine gallon is declared to be a cylinder, 7 inches 
in diameter and 6 inches deep, or 231 cubic inches. 

In the year 1758 was appointed a Committee on wpights and 
measures, and they reported that serious discrepancies existed in the 
measure called the gallon, and that they found three standard gallon 
measures differing from one another. Mr. Bird was authorised to 
ascertain the exact contents, in cubic inches of water, of each of the 
standard measures in the Exchequer. He was also ordered to make 
two brass rods according to the standard yard of the Exchequer, and 
these, on careful comparison with the yard of the Eoyal Society, were 
found to agree as nearly as possible. The Committee recommended 
the one which the l^islature might approve to be marked *^ Standard 
Yard, 1758." Though these standards formed by Mr. Bird were not 
made legal, as the Bill of 1760 for that purpose did not pass into a 
law, they became the foundation of all the measures which have 
since been used in England. 

Another report was made in the following year, in which it was 
recited that ever since Magna Charta one weight and one measure 
was ordained to be used throughout the realm, but that the means 
adopted in succeeding reigns from Edward III. to Henry YII. had 
not proved effectual for that purpose. 

It will be seen that measures were sometimes to be estimated by 
weights, or weights by measures; and the standards having been 
determined, they were in practice still liable to considerable modi- 
fication, according to the manner in which they were employed, and 
the nature of the substances concerned, so that various directions for 
weighing and measuring have been given in the statutes of different 
reigns, and different allowances have been made for different articles. 

In measures of length, the custom of interposing the thumb when 
cloth was measured by the yard had been so universal that the 
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thumb came to be considered as a part of the measure, and in process 
of time an inch was substituted for it, so that a yard was made to 
consist of 37 inches. This was recognised in 1404, in the reign of 
Henry IV., when it was ordered that the yard was to have an inch 
added to it, containing the breadth of a man's thumb. 

An Act of 10 Anne, in 1711, directed that each yard of doth 
should in measurement have one inch added to it '' instead of that 
which is commonly called a thumb's breadth." There were besides 
different regulations ordered in different counties for different kinds of 
cloth, both of linen and of wool. Nothing is prescribed by the laws 
respecting any particular temperature at which measures are to be 
employed, the effect of any difference being too inconsiderable to bo 
jjerceived in any common case ; but the state of dryness and moisture 
is by no means indifferent to the result, and particular directions have 
'beon given in many statutes respecting the effect of wetting cloth on 
the measure of its length and breadth. 

In 1790, the Constituent Assembly of France, on the proposition 
of M. Talleyrand, agreed to invite the British Government to concur 
with the French nation on fixing a natural unit of measures founded 
on the length of the seconds pendulum in the latitude of 45°. A 
Commission of Members of the Academy of Sciences was appointed, 
4ind their report appeared in the following year. 

Delambre and his colleagues, after much interruption, completed 
their operations in 1796. A Commission of Members of the Institute 
was appointed to inspect and revise the recorded observations and 
calculations, as well as the instruments employed in the course of tho 
operations. The Commission determined the length^ of the metro 
from the quadrant of the meridian to be equal to 443-295936 lignes, 
being less than the m^tre provisoire (which was founded on La 
Caille'smeasure of a degree of the jgamjjian in the latitude of forty- 
five degfeesyT)y '146 of a lig^e. 

The subsequent determination of the unit of weight, the kilo- 
gramme or decimetre cubed of distilled water, was made at its 
greatest density, and not, as it was at first proposed, at the temperature 
of melting snow. 

On 19 Aug. 1798, the original m^ti*e and kilogramme were pre- 
sented, with a pompous address, to the two Coxmcils of the Legislative 
Body of France : *' This xmit " (the m^tre), say they, ** offers also one 
aspect which is not without interest. It must be pleasing to the 
f aflier of a family to say, * The field which supports my cluldren is 
such a portion of the globe. I am in this proportion co-proprietor of 
the world.' " And further noticing that these prototypes shall be 
deposited among the national archives, to be preserved with religious 
care ; and that ** the ignorance and ferocity of barbarians shall never 

1 They proposed that tho ten-millionth part of the quadrant of the meridian 
should be called the mUre, and be considered as the U7iit of the new metrical system 
of France. 

That in order to determine the mHre, an arc of the meridian extending from 
Dunkirk to Barcelona, six degrees and a half to the north, and three degrees to the 
£Outh of the mean parallel of forty-five degrees, should be measured. 

That the (quadrant should be divided into one hundred degrees, the degree into 
one hundred minutes, and the minute into one hundred seconds. 

That the weight of a decimetre cubed of distilled water at the temperature of 
melting ice should be determined as the unit of measures of weight. 

That the subdivisions of all measures should be adapted to the decimal scale. 
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bear them away as tropliies from the valour, the patriotism, and the \ 
virtues of a nation enlightened in its interests, its honour, and its ! 
rights. But if an earthquake should swallow them up, or if it were j 
possible that a terrific blast of lightning should fuse the metal which 
is the conservator of this measure, it will not therefore follow, citizen 
legislators, that the fruit of so many labours, that the general type 
of our measures, shall be lost to the national glory and the pubuc / 
benefit." <' 

On the grand question of an international system of weights and 
measures, the British Government at that time appears not to have 
appreciated the lofty aims of the Constituent Assembly of France ; 
notwithstanding its professions of being '' so renowned for its feelings 
as to the government of nations and the general welfare of mankind." 
A motion, however, was made on the question in the House of Com- 
mons, but no further steps appear to have followed the motion. 

It was not before the year 1837 that the metric system was made 
legal in France, but then so as not to be brought into use before 1840. 
It has been affirmed that the adoption of the system had been postr 
poned chiefly from political motives, and by the hatred which attached- 
to everything connected with the Bevolution. In some districts in 
France at the present day, and even in Paris, the ancient measures 
have not yet been wholly superseded. 

In 1798 an account of some endeavours to asceiiain a standard of 
weight and measure by Sir George Shuckburgh Evelyn was printed in 
the Transactions of the Boyal Society. He states that in 1780 he had 
taken up the idea of an imiversal measure from whence all the rest 
might be derived by means of a penduliun with a moveable centre of 
suspension. It appears that Mr. Whitehurst, F.B.S., published a 
pamphlet in 1787, in which he described a method of finding an in- 
variable length. The mechanism he employed consisted of a pendu- 
lum of variable length, which was kept vibrating by means of clock- 
work. The standard measure of length he defined to be nothing 
more than the difference of the lengths of two pendulums, which 
vibrate in different but ascertained times. Sir G. 8. Evelyn obtained 
the use of this machine, and having ascertained that the difference be- 
tween the pendulum which vibrates 42 times, and that which vibrates 
84 times in a minute, is equal to 59*89358 English inches, he made use 
of that length for the determination of a standard of length. 

To ascertain a standard of weight he provided microscopes and 
micrometers for the most exact observations ; a hydrostatic balance, 
which when loaded with six pounds had its eqtdlibrium disturbed by 
the hundredth part of a grain ; a solid cube of brass, whose edge was 
fi;sQ inches ; and a solid brass cylinder, whose length was six inches 
and diameter of the base four inches. He employed pure distilled 
water, and weighing the cube in air and in water he found the weight 
of a volume of water equal to the volume of the brass cube. The 
eame operation was performed with the brass cylinder, and on com- 
paring the results of these two, and by other experiments, he deter- 
mined the weight of a certain volume of distilled water to a very 
great degree of accuracy. 

The two results arrived at by these experiments may be thus 
briefly expressed : — ^The difference of the lengths of the two pendu- 
Imns vibrating 42 and 84 times in a minute of mean time, in the 
latitude of London, at 113 feet above the level of the sea, at 60° of 
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Fahrenheit's thennometer, the bar(»neter being at 30 inches, is 
59*89358 inches of the Parliamentaiy standard. And that acocH-din^ 
to the Game scale of inches, a cubic inch of pure distilled water, at 66F 
of Fahrenheit, when the barometer is at 29-74 inches, weig^ 262-422 
Parliamentary grains. 

In lbl4 a Select Committee was appointed under the Privy Seftl, 
to inquire into the original standards of weights and measures in the 
kingdom, and into the laws relating thereto. They state in their 
report that the Statute Book from the time of Henry III. abounds with 
laws for maintaining an uniformity of weights and measures through^ 
out the realm. They remark that the measures prescribed in the 
Exchequer are at Tarianoe with one another, and, as the law stands, 
all of them are considered to contain like quantities ; that the laws 
are at variance with one another, and that exceptions are allowed in 
different counties, as well as in some articles of merchandise. They 
attribute the chief causes of the existing inaccuracies to the want of 
a fixed standard in nature, and a simple mode of oesmectiiig measures 
of length with those of capacity and weight. In order to compare 
the standard of length with some invariable natural standard, they 
reported that it appears from the experiments made for determining 
the length of a pendulum vibrating seconds in the latitude of London 
in a vacuum, and reduced to the level of the sea, that the distance 
from the axis of suspension to the centre of oscillatioii of such pen- 
dulum is 39*1393 inches, of which the standard yard contains 36^ 
Next, that the weight of water ccoitained in any vessel affords the 
best measure of its capacity. If the standard gallon of water weigli 
10 pounds avoirdupois and contain 276-48 cubic inches, the quart will 
weigh 40 ounces and contain 6912 cubic inches, and the pint will 
weigh 20 ounces and eontain 34*56 cubic inches. And such a simple 
connection between the standards of weight and measure of capacity 
will most likely tend to preserve from error the uniformity of theee 
measures. And in this manner the standard of length is kept 
invariable by means of the pendulum, the standard of weight by the 
standard of length, and the standard of the measure of capacity by 
that of weight. The Committee concluded their report with twenty 
resolutions for the consideration of the legislature. 

It doefir not appear that these recommendations were so £ar 
approved by the House as to enter upon legislation ; but in 1818 a 
Commission was appointed further to consider the subject of weights 
and measures, and the Commissioners made their first report in 1819. 
In the appendix to their report they make the following remarks :-^ 

"A general uniformity of weights and measures is so obviously 
desirable in every commercial country, in order to the saving of tim^, 
the preventing of mistakes, and the avoiding of litigation, that it^^^ 
establishment has been a fundamental principle in the English Con- 
stitution from time immemorial ; and it has occasionally been enforced 
by penal statutes, and by various other legislative enactments. At 
the same time, it has commonly been considered as one of those 
objects which cannot, consistently with logical accuracy, with natural 
justice, and with the liberty of the subject, be very precisely de£Uied» 
or very peremptorily and arbitrarily enjoined on every occasion ; and 
there are many instances in which a departure from oomplete.uni- 
foBmity is not only tolerated, but established by law. It must, indeed, 
sometimes be almost as impossible to control the despotic influence 
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of custom with respect to the co&tents of a moasuro of a certain 
denconination as with respect to the signification of a word of any 
other nature; and even the terms of numbers, precise as thej 
necessarily are in their strict meaning, have become liable to perpetual 
variations, according to the objects to whidi they are applied ; and 
these variations, however inconvenient they may appear upon a 
general view of the snl^ect, have been repeatedly sanctioned by their 
adoption in the Acts of tho legislature. The Oommissioners also 
observe, ** With respect to tho actual magnitude of the standards of 
length, th^e did not appear to be any sufficient reason for altering 
those which w^re in genial use." They further remark that *' there 
is no practical advantage in having a quantity commensurable to any 
original quantity existing, or which may be imagined to exist in 
nature, except as affording some little enoouraganent to its common 
adoption by neighbouring nations. But it is scarcely possible thai the 
departure fr<nn a ^andard anee nmverssUff established in a ^reat cewvtry^ 
shauld not produce much more labour and incowoendenee in its internal 
relatione, than evor it ^euld even be ea^ected to save in the operations of 
foreign commerce and correspondence. The subdivision oi weights and 
measures, at present em^oyed in this oountzy, i^pears to be far more 
convenient for practical purposes than the decimal scale, which might 
perhaps be performed by some persons for making calculations 
with quantities already determined. But the power oi expressing 
a third, a fourUi, and a sixth of a foot in inches, without a fraction, 
is a peculiar advantage in the duodecimal scale ; and for the operations 
of weighing and measuring capacities, the oontinual division by two 
renders it practicable to make up any given quantity with the smallest 
number of standard weights and measures, aod is far profitable in 
this respect to any decimal scale." 

In the appendix to the second report, made in 1620, is an acoount 
of the variations of weights and measures then in use in different 
parts of the kingd<»n. A few of them are noted. The pound Avoir- 
dupois of 16 ounces was found in some places to be re<^oned at 24 
ounces. It is noted that in the time of 31 Edward I., the stone was 
reckoned to be one-eighth of 100 potinds, or 1 2} pounds. In later times 
the Btone was reckoned at 8 pounds ia some places, in others 14 or 
16. A hundredweight was ociginally 100 pounds, but the meaning of 
the word hundred had varied in its use. At one time it meant 108 
2)onnds, and at length became fixed to 112. 

In reckoning articles of mercbandise, a score numerically meant 
twenty articles, so that 5 score made 100. In some ariides of com- 
merce 6 score is re<^oned to the hundred, which has been named ** a 
long hundred." And '' a great hundred " contained 24 long hundreds 
of 120 eadi. The word dozen was the same as 12, but in some articles 
of commerce 13 were taken to the dozen. Twelve dozen was called 
the small gross, and the great gross consisted of 12 small gross. 

The oldesj; measure for wine is a gallon preserved in the Guildhall, 
London^ and said to contain 224 cubic inches; in 1818 its exact 
capacity was 224*4 cubic inches. The Exdiequer wine gallon, dated 
1707, was found to c<mtain 183*4 ounces, answering to 230*9 cubic 
inches; while the measurement of 1758 made it 231*2 cubic inches. 
A duplicate of this measure, and of the same date, was preserved at 
the Guildhall, London. 

The ale gallon contained 4i per cent, more than the com gallon* 
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The Wincliester gallon, according to the definition in the statute 
1 William and Mary, should contain 269 cubic inches, while in other 
Acts it was fixed at 272 J cubic inches. The ale gallon of the Exchequer 
contained 282 cubic inches, while the wine gallon was fixed by statute, 
5 Anne, at 231 cubic inches. One of the standard pints of the 
I Exchequer was found to contain 20 ounces of distilled water, which 
; most probably suggested the assumption that the imperial gallon should 
contain ten pounds weight of distilled water, being exactly eight times 
the weight of the pint of the Exchequer. 

The third report concisely refers to the results obtained, and 
recommends the adoption of the regulations and modifications sug- 
gested in the two former reports. 

In the year 1820, the first year of the reign of George IV., a 
select committee was appointed to consider the reports laid before the 
House relating to weights and measures. In their report of the date 
of 28th May, 1821, they state that ** They concur entirely in opinion 
with the Commissioners on Weights and Measures, as to the inex- 
pediency of changing any standard, either of length, superficies, capacity, 
or of weight, which already exists in a state of acknowledged accuracy ; 
and where discrepancies are found between models equally authentic, 
they deem it right that such a selection should be made as will prove 
most accordant with generally received usage, and with such analogies 
as may connect the different quantities in the most simple ratios. 
They also concur in recommending that the subdivisions of weights 
and measures employed in this country be retained, as being far 
better adapted to common practical purposes than the decimal scale. 
They recommend Mr. Bird's yard of 1758 to be the legal standard 
of length, and approve of the means of its recoveiy by means of the 
seconds pendulum in the event of the standard being lost or injured, 
and that superficial measures remain as now defined by law. Also 
the brass weight of two pounds made by Mr. Bird in 1758 be considered 
authentic, and one half of this weight be the imperial standard pound 
Troy, consisting of 5760 grains, and that 7000 grains Troy be declared 
to be the pound Avoirdupois. The committee are, on the whole, in- 
duced to believe that the gallon of England was originally identical 
for all uses, and that the variations have arisen, in some cases, from 
accident, and in others from fraud. They also agree with the com- 
missioners that the measures may be brought back to an equality, 
and at the same time made to bear a simple relation to the standard 
weight. And as it has been ascertained that the pint contains twenty 
ounces Avoirdupois of distilled water, the cubic inch thereof weighing 
252*456 grains in air, at the mean height of the barometer, they 
recommend the pint to be taken as a basis, which will make the 
imperial gallon to contain 277*276 cubic inches of distilled water, 
weighing exactly ten poimds Avoirdupois. They conclude by recom- 
mending that leave be given to bring in a bill for declaring these 
standards of length, of capacity, and of weight, to be the imperial 
standards for Great Britain and Ireland, and for its colonies and 
dependencies ; and they recommend that several copies of the stan- 
dards be made with the utmost possible accuracy for the use of the 
Exchequer, for the three capitals, for the principal foreign possessions, 
for the government of France, in return for the communication of 
their standards, and especially for the United States of America^ 
where the committee have reason to believe that they wiU be adopted. 
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and thus tend, in no small clejree, to facilitate the commorcial inter- 
course, and by so doing to consolidate a lasting friendship between 
the two great nations of the world, most assimilated by their lang^age^ 
tbeir laws, religion, customs, and manners." 

In the course of this year, 1821, Mr. John Quincy Adams, Secre- 
tary to the United States, by order of the Senate, made and published 
an important report on weights and measures, from which, the follow- 
ing brief abstracts are taken. He observes that ** When M^chain and 
Delambre were employed by the National Assembly of France to 
make an admeasurement of the arc of the meridian to an extent which 
had never before been attempted, and to weigh distilled water with an 
accuracy which had never before been effected. Nature, as if grateful 
to those exalted spirits, who were devoting the labour of their lives to 
the knowledge of her laws, not only yielded to them the object which 
they sought, but disclosed to each of them another of her secrets. 

**She had already conmiunicated, by her own inspiration, to the 
mind of Newton that the earth was not a perfect sphere, but an oblate 
spheroid, flattened at the poles ; and she had au&enticated this dis- 
covery by the residts of previous admeasurements of degrees of the 
meridian in different parts of the two hemispheres. But the propor- 
tions of this flattening, or, in other words, the difference between the 
circles of the meridian and equator, and between their respective 
diameters, had been variously conjectured from facts previously 
known. To ascertain it with greater accuracy was one of the taska 
assigned to Delambre and Mechain, for, as it affected the definite 
extension of the meridian circle, the length of the m6tre, or aliquot 
part of that circle, which was to be the standard unit of weights and 
measures, was also proportionably affected by it. The result of the 
new admeasurement was to show that the fl.attening was of 5^4 ; or 
that the axis of the earth was to the diameter of the equator as 333 to 
334. Is this proportion to the decimal number of 1000 accidental? 
It is confirmed as matter of fact by the existing theories of nutation 
and precession, as well as by experimental residts of the leng^ of the 
pendulum in various latituaes. Is it also an index to another com- 
bination of extension, speciflc gravity, and numbers hitherto iindis- 
covesred ? However this may be, the fact of the proportion was, on 
this occasion, the only object sought. The fact was attested by the 
diminution of each degree of latitude in the movement from the north 
to the equator ; but the same testimony revealed the new and unex- 
pected fact that the diminution was not regtdar and gradual, but very 
considerably different at different stages of the progress in the same direc- 
tion, from which the inference seems conclusive that the eaxth is no more 
in its breadth than in its leng^, perfectly spherical, and that the north- 
em and southern hemispheres are not 01 dimensions precisely equal." 

After this slight digression, Mr. Adams proceeds to observe that^ 
** Considered as a whole, the established weights and measures oi 
England are but the ruins of a system, the decays of which have been 
often repaired with materials adapted neither to the proportion nor to 
the principles of the original construction. The metrology of France 
is a new and complicated machine, formed upon principles of mathe- 
matical precision, the adaptation of which to the uses for which it was 
devised is yet problematical, and abiding, with questionable success, 
the test of experiment. 

'^ To the English system belong two different units of weighty 
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and two corresponding measures of capacity, tlie natural standard of 
which is the difference between the specific gravities of wheat and tinne. 
To the French system there is only one unit of weight and one 
measure of capacity, the natural standard of which is the specific 
^avity of water. The French system has the advantage of unity in 
the weight and in the measure, but has no common test of both ; its 
measure gives the weight of water only. The English system has the 
inconvenience of two weights and two measures ; but each measure is, 
&t the same time, a weight. Thus the gallon of wheat and the gallon 
of wine, though of different dimensions, balance each other. A gallon 
of wheat and of wine, each weighs eight pounds Avoirdupois." 

'* The litre, in the French system, is a measure for all grains and 
for all liquids ; but its capacity gives a weight only of distilled water. 
As a measure of com, of wine, or of oil, it gives the space which they 
occupy, but not their weight. Now as the weight of these articles is 
quite as important in the estimate of their quantities as the space 
which they fill, a system which has two standard units for measures 
of capacity, but of which each measure gives the same weight of the 
respective articles, is quite as uniform as that which, of any given 
article, requires two instrxmients to show its quantity — one to measure 
the space it fills, and another for its weight. In the difference between 
the specific gravities of com and wine, nature has also dictated two 
standard measures of capacity, each of them equiponderant to the 
same weight. This diversity existing in nature, the Troy and 
Avoirdupois weights, and the com and wine measures of the English 
system, are founded upon it. In England it has existed as long as 
4iny recorded existence of man upon the island ; but the system did 
not originate there, neither was Charlemagne the author of it. The 
weights and measures of Greece and Home were founded upon it. The 
Homans had the mina and the lihray the nummulary pound of 12 
ounces, and the commercial pound of 16. The Avoirdupois pound 
oame through the Eomans from the Greeks, and through them, in all 
probability, from Egypt (or Tyre). Of this there is internal evidence 
in the weights themselves, and in the remarkable coincidence between 
the cubic loot and the 1000 ounces, Avoirdupois, of water, and between 
the ounce. Avoirdupois, and the Jewish ehekel ; and if the shekel of 
Abraham was the same as that of his descendants, the Avoirdupois 
ounce, &c., may, like the cubit, have originated before the flood." 

*' The result of these reflections is, that the uniformity of nature for 
ascertaining the quantities of all substances, both by gravity and by 
occupied space, is a uniformity of proportions and not of identity / that 
instead of one weight and one measure it reqidres two units of each, 
j7roportion€d to each other ; and that the English system of metrology, 
possessing two such weights and two such measures, is better adapted 
to the only uniformity applicable to the subject, recognised by nature, 
til an the new French system, which, possessing only one weight and 
one measure of capacity, identifies weight and measure only by the 
single article of distilled water ; the English uniformity being rela- 
tive to the things weighed and measured, and the French only to tho 
instruments used for weight and mensuration. The habits of eveiy 
individual inure him to the comparison of the definite portion of his 
person with the existing standard measures to which he is accustomed. 
There aro few English men but could give a yard, a foot, or inch 
moasui'O from their own arms, hands, or fingers with great accuracy. 
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But they could not give tbe m^tre or dedm^tre, although they ahould 
know their dimensions as well as those of the yard or foot. 

'^ The decimal principle can be applied only with many quali£ca- 
iioBfi to any general efystem of metrology ; that its natural application 
is only to numbers, and that ti'mef spttce, gravity , and extension, inflexibly 
reject its sway. It is doubtful whether the advantage to be obtained 
by any attempt to apply decimal arithmetic to weights and measures 
would ever compensate for the increase of dirersiiy, which is the un- 
avoidable consequence of change. Decimal arithmetic is a contrivance 
of man for computing numbers, and not a property of time, space, or 
matter. Nature has no partialities for the number ten, and the 
attempt to shackle her freedom with it will for ever proye abortive." ^ 

In the year 1824 the Act of Imperial Weights and Measures 
(5 Geo. lY. c. 74) was passed, founded on the preceding reports for 
ascertaining and establishing uniformity in weights and measures. 

The preamble of the Act declares the necessity that weights and 
measures should be just and uniform for the security of commerce, 
and for the good of the community ; and recognises the provision of 
the Great Charter, wherein it is provided that there shall be but one 
measure and one weight throughout the realm. Of nearly sixty Acts 
of Parliament of former reigns, some have been wholly or partly 
repealed, and others have been confirmed by this new Act for Imperial 
Weights and Measures. This Act brought back into use very nearly 
the ancient com measure which had been superseded for between 
three and four centuries ; the new measure being somewhat greater 
than the old measure by nearly one part in one hundred of the new 
measure. 

This Act directs that after Ist May, 1825, the standard brass weight 
of one pound Troy weight, made in the year 1758, then in custody of 
tbe Clerk of the House of Commons, shall be the standard measure 
and unit of weight, and denominated the imperial standard Troy pound, 
from which all other weights shall be derived ; and that one-twelfth 
part of this pound shall be an oimce, and one-twentieth part of the 
ounce shall be a pennyweight, and that one twenty-fourth part of a 
pennyweight shall be a grain, so that 5760 grains make a pound Troy : 
and that 7000 grains make a pound Avoirdupois, and that one-six- 
. teenth part of this pound shall be an ounce, and that one-sixteenth 
part of this ounce shall be a dram. 

And in case of loss or injury to the standard, since it has been 
ascertained by the late commissioners that a cubic inch of distilled 
water, weighed in air by brass weights at the temperature of 62° of 
Fahrenheit's thermometer, the barometer being at 30 inches, is equal 
to 252-458 grains, of which the imperial Troy pound contains 5760, 

' In the Minutes of Evidence taken before the Select Committee of the Honse of 
CJommons, on Weights and Measures in 1862, the following question by the Chair- 
man, aind answer by James Yates, Esq., F.KS., are printed, p. 54 : — 

''499. Did not the Amerieans, in the year 1821, establish an inquiry by Comis- 
sion into the desirability of adopting a decimal system ? — ^Yes ; it was brought before 
them, and they appointed Mr. John Quincy Adams to inquire into the subject and 
make a report ; and this ia the report which he delivered to Congress (handinsf ^^ 
to the Comviittee), and the main substance of his report is, that he most decidedly and 
in the strongest terms recommends the metric system." 

If Mr. Yates had read Mr. Adams's report, he could only have made out his answer 
on the principle of the non-natural employment of language, as practised by a certain 
school of Oxford theologians. 
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it was ordered that a new standard Troy pound shall be mado bearing 
the same proportion to the weight of a cubic inch of distilled water a» 
the said standard pound Troy. 

It is also ordered that the imperial gaUon shall be the only standard 
unit or measure of capacity, as well for liquids as for dry goods, which 
are measured like liquids and not heaped, and that from this measure 
all other measures shall be derived. That the imperial gallon shall 
contain ten pounds Avoirdupois weight of distilled water, weighed in 
air, at the temperature of 62® of Fahrenheit's thermometer, the 
barometer being at 30 inches. That a measure shall be made of bras% 
of such contents, and shall be the imperial standard gallon measure, 
and that all other measures shall be taken as parts or multiples, or 
certain proportions of the imperial gallon ; that the quart shall be the 
fourth part of such gallon, and a pint shall be one-eighth of such 
gallon, and that two gallons shall be a peck, and eight gallons a 
bushel, and eight bushels a quarter of com or other dry goods not 
measured by heaped measure. And in using these measures, the 
goods measured shall be stricken with a round stick or roller, straight^ 
and of the same diameter from end to end. 

And further for heaped measure the standard measure shall be the 
bushel containing eighty pounds Avoirdupois of water distilled, being 
made round with a plane and even bottom, and being 19} inches from 
outside to outside. And in using such bushel, the goods shaU be 
duly heaped up in the form of a cone, of the height of six inches, and 
the outside rim of the bushel shall be the extremity of the base of the 
cone ; and that three bushels shall be a sack, and that twelve such 
sacks shall be a chaldron. 

When heaped measure is used, it is declared that the bushel being* 
in form cylindrical, and having a diameter not less than double the 
depth, shall contain 80 pounds Avoirdupois. It further orders that 
the goods measured shall be heaped in the form of a cone, the height 
of which shall be at least three-fourths of the depth of the measure, 
and the outside rim of the bushel shall be the circumference of the 
base of the cone. 

The Act also provides that the straight line between the centres 
of the two points in the gold studs in the straight brass rod made 
by Mr. Bird, whereon the words and figures '^ standard yard, 1760," 
are engraved, shall be the imperial standard yard, or unit of length 
from which all other measures of extension whatsoever, whether lineal^ 
superficial, or solid, shall be derived; and that all other measures 
of length shall be taken in parts or multiples, or certain proportions 
of the said standard yard ; and that one-third part of this yard shall 
be a foot, and the twelfth part of such foot shall be an inch ; also that 
the pole or perch shall contain 5} such yards ; the furlong, 220 ; and 
the mile, 1 760. And further that all superficial measure shall be regu- 
lated by this yard, or by certain parts, multiples or proportions thereof, 
and that the acre of land shall contain 4840 square yards, being 16(> 
square perches, poles, or rods. The Act provides, in case of the standard 
yard being lost or injured, that it shall be restored by means of the 
length of the seconds pendulum, as recommended by the Commis* 
sioners and the Select Committee. 

In the same year 1824, a standard yard and a standard pound 
weight were, according to the Act, made and deposited in the House 
of Commons. At the burning of the Houses of Parliament in 
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October, 1834, both the imperial standard yard and the standard 
pound were so injured by the fire as to be quite useless as standards. 

The Act of 1835, 5 and 6 William IV. was passed to render more 
effectual the preceding Acts. It repeals some oi the provisions of the 
Act 5 Geo. lY., c. 74, which afford facilities for fraud, and abolishes 
heaped measure as liable to considerable yariation. The new Act 
omits all regulation respecting the form of the measures of capacity. 
An uniformity of the ratio of the diameter and depth of cylindrical 
measures of capacity would appear to have been a desirable provision. 
It is obvious that of two measures in the form of a cylinder, the more 
shallow of the two will allow of a larger heap in the form of a cone 
above the rim of the measure, than the deeper measure of the same 
capacity. This uncertainty was remedied by providing that such 
articles of merchandise as before were sold hy heaped measure^ should 
in future be sold hy weight. And the Act directs that the uncertain 
weight called a stone, shall henceforth consist of 14 standard pounds 
Avoirdupois, and a hundredweight of 8 such stones ; and a ton of 20 
such hundred weights. The Act also provides that all articles are to 
be sold by Avoirdupois weight, except gold, silver, platina, diamonds 
and other precious stones, and drugs sold by retail ; and that such 
articles and none others may be sold by Troy weight. 

In the year 1838 a Commission was appointed to consider the best 
method of restoring the standards of weight and measure which had 
been damaged in the burning of the Houses of Parliament. Their 
report, with an appendix, was printed in 1841, and presented to both 
Houses of Parliament by command of Her Majesty, 

They considered that the provisions for the restoration of the yard 
by means of the length of the seconds pendulum cannot be carried 
out, as several of the elements of reduction were doubtful or erro- 
neous ; the reduction to the level of the sea was doubtful, the re- 
duction of the weight of air was erroneous, the specific gravity of 
the pendulum was erroneously estimated, and the faults of the agate 
planes introduced some degree of doubt. 

And as the exact weight of a cubic inch of distilled water is yet 
doubtful, the pound weight cannot with certainty be restored, as 
directed by the Act. They were, however, ftdly persuaded that, as 
several weights and measures exist which were most accurately 
eompared with the former standards ; by the use of these, the values 
of the original standards can be restored without sensible error. And 
further that it is always possible to restore standards by material 
copies more securely than by any experiments referring to natural 
constants, such as the length of a degree at any assigned latitude 
on the earth's surface, or the length of the seconds pendulum. 

They advised that the standards of weight and of capacity should 
be defined, the former by a piece of metal, the latter by a certain 
weight of distilled water, without reference to the standard of 
length ; but that the content of the standard of capacity as ex- 
pressed by the units of cubical measure dependent on the standard 
of length, should be stated as the best determination known. 

They advised the adoption of the Avoirdupois pound, and the 
abolition of the Troy pound. They considered the definition of the 
standard yard and pound in the Act 5 Geo. IV., c. 74, the best 
possible, and advised that the definition of the gallon be retained. 
After weighing most carefully the advantages and disadvantages of 
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the metric Bjatem, they decided to recomxn^id (though not with abso- 
lute unanimity) that no change be made in the value of the primary 
units of the weights and measures of this kingdom, or in the meaning 
of the names by which they are conmionly denoted.^ They ako 
thought it undesirable to enforce the decimal system in all parts of 
the various scales of weights and measures, even were the attempt 
likely to be attended with fewer difficulties than would be experienced 
in this country. In their opinion the scale of binary subdivision is 
well adapted to the small retail transactions that seldom become the 
subject of written accounts, and which constitute a large part of th& 
daily transactions in every country. 

Another Commission of scientific men was appointed in 1843 for 
the restoration of the standards, and they made their final report to 
the Lords of the Treasury on 28th March, 1854. 

On the general adoption of the report, an Act 18 & 19 Vict., 
c. 72, was passed for legalising and preserving the restored standards 
of weights and measures, which received the royal assent on 30 July, 
1855. This Act repeals certain parts of the Act 5 Geo. IV., c. 74, 
and provides that the straight hne, or distance between the centres 
of the two gold plugs or pins in the new bronze bar, deposited in the 
office of the Exchequer, shall be the genuine standard yard of that 
measure of length called a yard,- and the said line or distance 
between the said plugs or pins in the bronze bar at 62® of Fahrenheit's 
thermometer, shall be the imperial- standard yard.^ 

* One of the Commissioners, J. E. D. Bethiine, Esq. (though he signed the 
report), differed in opinion from his colleagues, and expressed his views in a letter to 
the Chancellor of the Exchequer. One of his proposed changes was, that the stone, 
the hundredweight, and the ton, should he abandoned for weights of 10, 100, and 
1,000 pounds, and adds immediately after, these words : **My own opinion of the 
character of these changes is that, if it were possible to substitute privately the 
weights and measures which I have proposed, the great mass of the popiSation would 
never discover by the mere use of tnem that any change whatever had been made." 
The Commissioners report that they think it probable that not less than 30,000 
tons of these weights are now in use, and that the expense of changing them for 
weights in the decimal scale would be between £100,000 and £200,000. Is the 
practical advantage worth the money, and the confusion that would follow ? 

' The following description of the new standard imperial yard as restored, i» 
given in the preamble of the Act : — ** The form adopted for the standard of length, 
and for all the copies thereof, in that of a solid square bar 38 inches long, and 1 inch 
square in transverse section, the bar being of bronze or gun-metal ; near to each end 
a cylindrical hole is sunk (the distance between the centres of the two holes being 
36 inches) to the depth of half an inch ; at the bottom of this hole is inserted in 
a smaller hole a ^old plug or pin, about one-tenth of an inch in diameter, and upon 
the surface of this pin there are cut three fine lines, at intervals of about the one« 
hundredth part of an inch transverse to the axis of the bar, and two lines at nearly 
the same interval parallel to the axis of the bar ; the measure of length is given by 
the interval between the middle transversal line at one end and the middle transversal 
line at the other end, the part of each line which is employed being the point midway 
between the longitudinal lines ; and the said points are herein referred to as the 
centres of the said gold plugs or pins." The standard yard and pound have been 
deposited in the office of the Exchequer at Westminster. Copies have also been 
dei)osited at the Royal Mint, at the Koyal Observatory, Greenwich, and with the 
Royal Society of London. 

In the 147th volume of the Transactions of the Royal Society, pp. 621 — 702, is 
contained a very interesting account of the construction of the new national 
atan^trd of length, and of its principal copies, by G. B. (now Sir G. B.) Airy^ 
Astronomer Royal. 

* Mr. Whitworth, before the Lords' Committee, in 1855, exhibited an inch mea- 
sure, with an apparatus for testing its length to the millionth part of an inch, and 
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TLe Act also provides that the new weight of platinum containing 
7000 grains, and equivalent to the ponnd weight Avoirdupois, is the 
legal standard of weight, and named the imperial standard pound 
Avoirdupois, from which all other weights and measures having 
reference to weight are to be derived : and 5760 grains shall be a 
a pound Troy. 

And if at any time hereafber the imperial standard yard or imperial 
standard pound Avoirdupois respectively be destroyed or injnred, 
the Commissioners of Her Majesty's Treasury may cause the same 
to be restored, by reference to, or adoption of any of the authorised 
copies that have been deposited in the places named in the Act. 

On the motion of Mr. W. Ewart, in the House of Commons, a 
Select Committee was appointed on 8th April, 1862, to consider the 
practicability of adopting a simple and tmiform system of weights and 
measures, and they made their Beport on the 15th July, 1862. 

They recommend ** that the best course to adopt is eauttousfy hut 
steadily, ^ to introduce the French metric system into this country ; '' 
adopting its nomenclature, at first merely legalising its usSf and then 
after a time rendering it compulsory ; but that no compulsory measures 
should be resorted to until the metric weights and measures are 
sanctioned by the general conviction of the public. As the date of 
this period is so distant and indefinite, it may fairly be regarded as 
lil^ely to be coincident with the date of the Greek Kalends. 

A large amount of evidence was taken by the Committee, and 
different views and opinions were stated. The evidence^ of Mr. (now 
Sir) G. B. Airy is distinguished by sound, practical common sense. 
While admitting the anomalies of the existing system of the English 
weights and measures, he maintains they do not occasion any very great 

insisted on the greater importance to all \vho are engaged in the mechanical arts 
of having a standard foot and a standard inch, than a standard yard. Engineers 
adopt the inch as the unit of length, and all fractional parts are expressed in decimals 
of the inch. They prefer the inch to the English yard and the French m^tre. Like 
their Saxon forefathers, they have found its practical value, and approve of it in their 
daily work. 

1 The following remarks of the late Professor De Morgan on this point are not 
unworthy of attention : — **Thc progress of this question is one of those remarkahle 
signs which show the tendency of our present politics. If the classes from w4iich 
legislators and ministers are usually chosen intended, and were justified in intending, 
to train up the country into a pure democracy, in which the Comitia of the people 
should he the real executive government, and Parliament should exist only for the 
registration of their conclusions, they would deserve admiration for the steady and 
cautious m-anner in which they are and have been proceeding. Instead of having and 
acting upon a fixed opinion as to what is wise and right, or even professing to have it, 
both the Cabinet and the House of Commons give the country to understand that 
their business is only to apply their best endeavour to carry into effect such measures 
as are dictated by a suflScient pressure from without. It is held to be a good answer 
to a demand for the consideration of an Important question, that there is no outcry 
for it in the country. Even the House of Commons cannot put the Government in 
motion without this outcry at its back. A few days after the House had voted a 
strong resolution in favour of the pound and mil scheme, urging its immediate 
adoption, the Chancellor of the Exchequer informed a deputation that the Govern* 
ment intended to— do nothing." 

^ Mr. Airy quoted the following case in his evidence : — In 1824 M. Damoiseau, 
under the authority of the French Board of Longitude, published some lunar tables 
on the centesimal division of the quadrant, which were found of great advantage ; 
but the French Board of Longitude subsequently destroyed them. It was found that 
the people of France would not use the centesimal division of the quadrant. The 
work appeared again in 1828, but the stereotype was broken up^ and the tables on 
the old system were sabstitated* 
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inconyenience in the use of them. He belieres that the Prench system 
would not suit the habits of the people of this country ; but being 
guided by no broad or symmetrical principle, but simply by the con- 
venience of things and the use of them, he prefers the existing system, 
and declares he does not see how the decimal subdivision is to be 
carried through, as it is limited, and unsuited to the wants of retail - 
trade. And that any interference of Government for compelling the V 
use of foreign measures in the ordinary retail business of the country i 
would be intolerable ; that they could not enforce their penal laws in 
one instance in a thousand, and in that one it would l^e tnsupportahly I 
oppressive. He admits that there should be a legal power to use decimal 
parts of anything, because that in different trades and manufactures 
there are different measures used on the one hand and different 
weights on the other, which have been adopted by custom on account 
of their convenience. Such divisions, he adds, are likely to be adopted 
in other trades and manufactures, whenever advantages of a practical 
nature can be shown. And further, the reference to the different 
parts of any scale of weights and measures is made by different 
persons and for different purposes ; and the various parts of any one 
scale are not usually combined in the practice of trades or of manu- 
factures. He also remarks, it must be remembered, that there is no 
country which interferes so little as this country does with the educa- 
tion of the people, or with their internal affairs. The rule in this 
country is, that the people should act for themselves, but the rule of 
foreign countries is that their paternal government should act for the 
people. This makes all the difference between a people which is self- 
helping and one which is not. The object of legislation on weights 
and measures is to prevent fraud and misunderstanding, and in no 
case is the legislature of this country justified in interfering in a 
contract between man and man^ except for the protection of the 
ignorant and the weak. 

The leading journal of England of the date 9 July, 1863, thus 
supports the views of the Astronomer Royal : — 'Trom a division in 
the House of Commons yesterday, it appears we are seriously 
threatened with a complete assimilation of aU. our weights and 
measures to the French system. Three years are given to unlearn aU 
the tables upon which all our buying and selling, hiring and letting, 
axe now done. Three .years are supposed to be amply sufficient for 
undoing and obliterating the traditions of every trade, the accounts 
of every concern, the engagements of every contract, and the habits 
of every individual. But we very much doubt whether the general 
shopkeepers, who take possession of the comers- of our small streets, 
or the greengrocers, will be able in three years to translate their 
accounts into decas, hectos, kilos, myrias, steres, and litres, metres, 
millimetres, centimetres, and the hundred other terms extracted by our 
ingenious neighbours from Latin or Greek, as may happen to suit 
their purposes. Is the House of Commons, then, really prepared to 
see the votes, the reports, the returns of the revenue, the figures of 
the national debt, all run up in paper francs, and actually paid in gold 
Napoleons?" 

In 1864 was passed an Act to render permissive the use of the 
French metric system of weights and measures.^ The preamble 

' When Mr. Ewart's Bill went into Committee in the House of Commons, on 
May 4th, 1864, it fell dead, when one speaker expressed his desire to see an example 
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declares tliat *' for the promotion and extension of the internal as well 
as of foreign trade, and for the adTancement of science, it is expedient 
to legalise the metric system of weights and measures." llie con* 
venience and utility of any system of weights and measures constitute 
the chief reason for retaining them, and any proposal to substitute 
a new for an old system which has been for ages deeply imbedded in 
the laws^ the customs, and the habits of a people, appears to be at 
least a matter of doubtful expediency. It may be observed that the 
retail trading transactions of the mass of the population, and the 
exactness of scientific inquiry, do not require the same weights and 
measures. The weights and measures that would be proper for retail 
trade would be unfit for the exactness of scientific investigation. The 
past history of the progress of science owes little, if anything, to the 
French metric system for its advancement ; and it is not obvious how 
in future it could be employed for this purpose, so as to secure, 
by its employment, any aiivantages which have not been already 
secured by the system long employed in England. The decimal system 
has been, and still is, largely employed both in measures and calcula* 
tions where its use has been found to be convenient, and will continue 
to be so employed. 

The decimal division of the British coinage, though very strongly 
advocated, 1 has not been authorised by the Act which legaUy permth 
the use of the decimal system of weights and measures. It is possible 
that in some trades and manufactures the use of it may suggest 
some improvements, without superseding the established system, 
which is understood and suited to the wants of the people. 

The opinion of the late Sir J. W. F. Herschel, in 1864, on the 
standards of measure, is worthy of consideration: — "Whatever be 
the historical origin of our standards of weight, capacity, and length, 
as a matter of fact our British system refers itseK with quite as much 
arithmetical simplicity, through the medium of the inch, to the earth's 
polar axis aj9 the French does through that of the metre to the elliptic 

of the measnre proposed for adoption. Mr. Ewart had forgotten that the constmo* 
tion of a perfect and just standard is the first step in legislation on such subjects. 

1 The merchants and bankers of the City of London in one of the most in- 
fluentially -signed petitions which ever emanated from the city, presented in 1855, 
use language on this subject which is hardly that of petitioners. They say, that 
'*the pound constitutes an English national fixed idea of value and position, and is 
associated with every existing contract^ and every comparison of past revenue, 
expenditure, and price, and miist be retained.** They say, also, that every other 
method, except that firom the pound downward, is altogether impracticable. . . . 
"We feel perfectly easy in our reliance on the common sense of the country, that it 
will not hear of the expulsion of the pound sterling from accounts, while the 
sovereign is to be retained as means of payment, after division by 24 ; that it will 
not hear of the mixed circulation of shillings and tenpences ; that it will stick to 
its old and successful plan of reforming mat which is, instead of substituting that 
which has never been, especially in matters connected with our oldest habits of 
estimation, usages of action, and associations of thought. . . . If, however, 
the shillings and sixpences could be replaced by an equivalent amount in tenpenny 
and fivepenny bits, in the course of a single night, and by the wand of a magician, 
the country would find itself in a poor state in the morning. Every idea of value 
would be upset ; all notions of cheapness and dearness would require translation. ' 
A man who nad made up his mind over night that he would go as far as £1 17 8. for 
a purchase, must take pen and paper, if not more ready than usual, to find out how 
many francs he may venture upon. And this would last for years with many, for 
months with all. And for what ? To avoid an alteration in the copper coin, which 
would amount to a litUe short of one farthing in sixpence. — Professor De Morgan* 
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quadrant of a meridiaiL passing through Paris. It does so as regards 
our actual legal standards of weight and capacity with much more 
precision than the French system; and as regards that of length, 
with still greater, and indeed with all but mathematical exactness. 

** K the earth's polar axis be conceived divided into 500,000,000 
inches, and a foot be taken to consist of 12 such iiiches, then 100 of 
our actual legal imperial half -pints by measure, or 1000 of our 
actual imperial ounces by weight of distilled water at our actual 
standard temperature of 62^ Fahrenheit, will fill a hollow cube having 
one such foot as its side. The amount of error in either case is only 
one part in 8000. 

**The theoretical French m^tre is the ten-millionth part of the 
oUiptic quadrant above-mentioned ; the theoretical litre is the thou- 
sandth of a cubic metre ; and the theoretical gramme the millionth 
of a cubic metre of distilled water at 32^ Fahrenheit. The actual 
error of the French legal or standard litre and gramme, or the 
deviation of these standards as they actually exist from their true 
theoretical value, is one part in 2730, and is consequently relatively 
nearly three times as great as the error in our own standards of 
capacity and weight, when referred to the earth's polar axis as their 
theoretical origin in the manner above stated. Our actual imperial 
measures of length deviate, it is true, by more than this amount from 
their theoretical values so defined — ^that is to say, by one part in a 
1000; so that a correction of one exact thousandth part subtracted 
from the stated amount of any length in imperial measures suffices to 
reduce it to its equivalent in such units as correspond to similar 
aliquot parts of the polar axis. So corrected, the outstanding error 
in only one part in 64000. The actual legal m^tre in use in France 
is, however, not immaculate in this respect, its amount of error being 
one part in 6400, which is ten times that which our British measures 
DO corrected woidd exhibit. British commerce extends, however to 
Ilassia, British India, and Australia (besides North America), all of 
them superior in area ; and the two Ig^st at least of equal importance, 
commercially speaking, with the totality of the metrtcised nations. 
The Bussian salens is an exact multiple of the English foot. The 
Itathy the legal measure of length in British India, is 18 imperial 
inches. The Australian system is identical with our own, as is also 
tliat of North America. Taking into consideration this immense pre- 
ponderance both in area, in population, and in coBomerce, we are not 
only justified in taking our stand against this innovation, but entitled 
to inquire if uniformity be insisted on ; why, with an equally good 
theoretical basis, to say the least, the majority is called upon to g^ve 
way to the minority." 

The Act of 6 Geo. IV., c. 74, for the British imperial system of 
weights and measures, being no rash act of legislation, is founded 
on the experience of the past history of the English nation, and adapted 
for the practical convenience and benefit of the community. The 
French system was devised by their philosophers, who, having re- 
jected all past experiencCy led by ideas, scarcely ever by facts, have 
sacrificed every practical consideration to the idea of reducing the 
divisions of all weights and measures to the denary scale of arithmetic 
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ON THE DIVISIONS AND MEASURES OF TIMB. 



•• Time 6f itself is nothing, hut from thought 
Keceives its rise ; by labo7iring fancy wrought 
From things eonsidered, whilst we tiiink on some 
As present, some as past^ •r yet to come. 
No thought can think on time, that's stiU confest, 
But thinks on things in motion or at rest '^^ — Lucretita^ 



The following brief notices are intended ta mark the natural 
measures and divisions of time, as regulated by the apparent and 
real motions of the sun and the moon, and the artificial adjustments 
that have been made so as to secure their agreement with the orderly 
returns of the seasons, and to regulate the division of time for the 
purposes of ordinary life. 

A measure has always a reference to some quantity which can be 
measured; and any quantity can be measured by any assumed 
measure of the same kind. Any length can be measured by any line 
assumed as the unit of measurement, as a yard, a mile, &c. But witli 
respect to time, it is clear from its fleeting nature, being continuous, 
no standard measures can exist, like the measures of space or other 
quantities. There is, however, an analogy between the nature of a 
geometrical line and time, and an identity of language is employed of 
both by all nations. For instance, a point in a line and a point of 
time ; the beginning and end of a line and the beginning and end of 
a period of time ; the length or shortness of a line, and the length or 
shortness of time ; also the extension of a line backwards or forwards 
exactly corresponds with the extension of a period of time into the 
past or the future. This language implies that the ideas of time are 
closely associated with the ideas oi a line and motion ; and that exact 
measures of the motion of bodies in lines may be assumed and 
employed as measures of time. It was by having recourse to the 
apparent motions of the sun and the moon in Qie heavens, thut 
measures of time were at length ascertained. 

The teuct of the apparent daily motion of &e snn round the 
heavens being observed to be constant and regular, led men to believe 
that the sun did really move round the earth, and this belief lasted 
for many ages. It had its origin in mistaking apparent motion for real 
motion, "When a body at rest is seen by an observer from another 
body in motion, the former appears to move in a direction contrary to 
that in which the latter body is aetrtally moving". As the daily revolu- 
tion of the earth on its axis causes ilie sun to appear to move from 
east to west ; also while the earth is actually moving in its orbit round 
the sun, in the direction from east to west, the sun appears to an 
observer on the earth to move among the stars from west to east 
This distinction between real and apparent motions, not having been 

observed, was the cause of the erroneous belief.^ 

« 
^ This erroneous belief has led to singular consequences. In the course of titne, 
the bishops of Bome have decreed, that Sie belief of the motion of the earth on its 
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In the very brief notices of the records of creation contained in 
the first chapter of the Book of Genesis, it is stated that the Creator* 
made two great lights, the greater light to rule the day and the less 
light to rule the night, and set them in the expanse to give light upon 
the earth ; and that he also ordained them to be for signs and for 
seasons, and for days and for years. 

' From the earliest times the whole expanse of the starry heavens 
has appeared (as may be observed on a clear night) to move round 
the earth as stationary, during the alternate periods of darkness and 
light, in orderly succession. The sun, the moon, and ** the wandering 
stars " also appeared, as they do now, to move round the earth within 
this vast expanse, in the boundary of which the fixed stars appear as 
shining points of different degrees of briglitness. 

The sun, the source of light, was observed to rise successively and 
regularly in the east, and to move round the heavens, giviug light to 
the earth, and to go down in the west ; and the period of darkness 
came on and lasted until the sun rose again on the next morning in 
the east. The sun also, besides its daily rising and setting, appeared 
to move round the whole circle of the heavens during the period of 
the four seasons of spring, summer, autumn, and winter. 

The moon also, like the sun, appeared to move round the earth, 
and to pass through a regular succession of changes, alternately waxing 
and waning in brightness. These risings and settings of the sun, the 
changes of the moon, and the orderly succession of the seasons, marked 
the primitive divisions and periods of time. 

It is highly probable that before the deluge the period of the 
month was reckoned from observing the number of days in whidi the 
moon passes through all its changes from new moon to new moon, or 
from mil moon to full moon. The month was reckoned to consist of 
thirty days at the time of the deluge. For it appears from tho 

axis and round the sun was contrary to the Scriptures, and the following sentence of 
the Inquisition on Galileo in 1633, is founded on this infallible decree. ** The pro* 
position that the sun is in the centre of the world and immovable from its place, is 
absurd, philosophically false, and formally heretical, because it is expressly conti'ary to 
the Holy Scriptures." ** The proposition tliat the earth is not the centre of the world, 
nor immovable, but that it moves, and also with a diurnal motion, is also absurd, 
philosophically false ; and, .theologically considered, at least erroneous In faith." 
The Papal decree is acknowledged in the following declaration printed on the 
seventh pa^e of the third volume of an edition of Kewton's Principia. It was 
edited by the Jesuit fathers Le Seur and Jacquier, and published at Geneva in 

3 vols. 4to in 1742. *' Kewtou, in this thii*d book, assumes the hypothesis of tho 
motion of the earth. The propositions of the author could not be explained other- 
wise than by making the same hypothesis. From this circumstance we have been 
compelled to personate the character of another ; but we profess to obey the decrees 
made by the supreme pontiffs against the motion of the earth.'* 

That the motion of the earth is "** expressly contrary to the Holy Scriptures," 
cannot be maintained without perverting the plain sense of Scripture. Natural 
phenomena are described in the Scriptures cca they -appear^ and no claims or pre- 
tences are therein found to explain the true system oi &e universe. 

From the following extract of a letter of Cardinal Mai to the late Canon Townsend, 
it appears that the dogmas and decrees of Infallible Authority once issued, stand 
irrevocable for all time. ** Sancta quidem Bomana Ecclesia in do^matibus semel 
ddfinitis perstat, semperque perstabit : neque a Conciliorum quorunuibet oecumeni- 
corum placitis unquam recedet;" that is, "The Holy Roman Church stands, and 
always will persist in standing, firmly on its dogmas once defined ; and will never 
recede from the decisions of any (Ecumenical Councils whatsoever." — Canon Tqwtv 
9ery£8 Journal of a Tour in Italy in 1850. 
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acoount in the seventh and eighth chapters of the Book of (}enesisy 
that the rising of the waters began on the seventeenth day of the 
second month, and continued until the seventeenth day of the seventh 
month, a period of five months, or one hundred and iiflty days. The 
account also supplies evidence that the year was reckoned to consist 
of twelve months of thirty days each, or of three hundred and sixty 
days. For it states that the deluge began on the seventeenth day of 
the second month of the six hundredth year of Noah's life, and that he 
and his family left the ark on the twenty-seventh day of the second 
month of the following year, that is, after three hundred and seventy 
days, or a year of twelve months of thirty days each, and ten days. 

This mode of reckoning the month and the year having descended 
from Noah and his sons, was naturally followed by their descendants. 
And in the early period of the world's history the year was reckoned 
according to the phases or appearances of the moon, and not according 
to any comparison of the apparent motions of the sun and the moon. 

In the course of time it was ascertained that the lunar month of 
30 days was greater than the true length of the time in which the 
moon passed through the changes, and. that the true length was less 
than 30 but more &an 29 days. 

It was also observed that the year of 360 days was less than the 
period in which the sun appeared to move round the circle of the 
heavens, and that this period was more than 365 but less than 366 
days. It will be seen that the month of 30 days and the year of 12 
months of 30 days, could not be made to correspond exactly with the 
motions either of the sun or of the moon, but that these reckonings 
would always fall short of the true year. Neither could the months 
be made always to correspond with the seasons to which they were 
first adjusted, but in the space of about 34 years they would be found 
reckoned in opposite parts of the year. 

If each lunar month did consist of an esact number of days, and 
each year of an exact number of lunar months, there would have 
been no difficulty in adjusting them with each other. But as neither 
the lunar month consists of an exact number of days, nor the solar 
year an exact number of limar months, difficulties arose in the attempts 
made to adjust these different measures of time to one another. 

In order to remedy the discrepancies and to make the reckonings of 
the seasons agree with the motions of the sun and the moon, difi^e- 
rent methods were adopted by different nations. Some regulated their^ 
years by the moon, and others by the sun, making irom time to time- 
such an addition of days as to bring the periods of reckoning tOk 
correspond with the lunar and solar motions whenever the lunar year 
ranged too widely from the solar year. Herodotus writes (ii. 3, 4)^ 
that he was informed by the priests at HeliopoHs, the chief seat of 
Egyptian learning, that ** the Egyptians were the first to discover 
the year, dividing the year into twelve parts, and this knowledge, they 
said, they obtained from the stars." Aid he adds his opinion, **that 
they reckon their years more judiciously than the Greeks ; for these 
intercalate a whole month every other year, but the Egyptians, dividing 
the -year into 12 months of 30 days each, add every year a space of 5 
days besides, by which means the order of the seasons is made to 
return with uniformity . ' ' From the fact of Egypt havin g b een one of the 
earliest of civilised nations, it is not improbable that this adjustment of 
the periods of the moon and of the sun is due to the ancient Egyptians* 
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It 18 imlaiown at what period the nitoroa]a,l3on of fire dajB wea 
ftcLopted* It was in use 1322 b.o., when Amnnoph L was iang of 
Egypt, as an inscription of that age^ preserved in the Mnsemn of 
Turin, records the year of 366 days. 

After the discoTery that the apparmi motion of the heavens and 
of the snn round the earth was caused by a real motion of the earth, 
it became necessary that the definitions of the day and the yesor should 
contain some reference to ^e true causes, as well as the apparent 
causes of these phenomena. 

Instead of the sun daily moving round Ihe earth at rest, it was 
found that the earth, being nearly globular, was actually revcdving 
round its own axis, and that the natural day, Ihe interval between two 
successive risings or settings of the sun, is, in fact, the time in which 
the earth makes one complete revolution on its axis; and that the 
periods of light and darkness are caused as one half of the surface of 
the earth in its rotation is turned towards the sun and reeeires its 
light, or is turned from the sun and does not receive it; and instead 
of the sun moving round Ihe heavens^ it was discovered that the earth 
was actually moving in an orbit roimd the sun, the central luminary 
of the system of worlds of which the earth is one ; and it 
was ascertained that the natural year, during which the sun appears 
from the earth to move once round the circle of the heaTens, is, in 
fact, the period in which the earth completes one revolutiim in its 
orbit round the sun. It is this revolution of the earfh round the son 
that occasions the different lengths of the light and darkness, and the 
change of the seasons by the different positions of the earth in its 
orbit. The axis of the earth maintains very neariy the same indina- 
tion to the plane of the orbit in which iti9 revolution takes place ; 
but more exact observations have shown that the obliquity of the 
ecliptic is slowly diminishing. 

Though the period of li^t and the period of darkness is diff^ent 
at different seasons of the year, yet the natural day, or the whole 
period of light and darkness, has always been of constant length. The 
days are longer and the nights are shorter in summer, and Ihe nights 
are longer and the days are shorter in winter. And there is one day 
in summer when the daylight is longest and the darkness shortest ; 
and one day in winter when the darkness is longest and the fight 
shortest. Also, twice in the course of the year, both the periods <^ 
light and darkness of the day axe equal. The two days on which 
these events take place are called the vernal and the autumnal equinox, 
one happening in the spring and the other in the autumn. 

If ttie orbit of the earth were circular, there would be no difference 
between the successive days of the year. But as the eaith's orbit 
is not a circle but an ellipse, having the sun in one of the foci, the 
earth's daily motion in her orbit is not uniform, and the sun in its 
apparent motion does not daily return to the same median of the 
earth after equal intervals, and consequently its apparent daily motion 
cannot be an exact measure of time. 

From the time of Hipparchus, the intervals of the successive returns 
every day of any place on the surface of the earth to the same star in 
the heavens has been observed to be constant at all times of the year, 
and this period of time has been named the sidereal day. On this 
account &e sidereal day has been adopted by astronomers as the 
principal unit of time. It may appear paradoxical that at whatever 
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plaod im BXkj day tbe eartSi maj l>e zaOTiag in its orbits the naie piMe 
on its tnirfaee always returns to the same fixed star at thd Mme 
momeixt of time. Glliis fadt arises from iiie rast distance of €he earilL 
from the fixed stars, wliieli is so immense Hukt even die diameter of 
the orbit of the ear^, a distanee of aboye 180,000,000 miles, is so 
€maU in comparison as to be inappreciable. 

To an observer on the earth ihe snn appears to move loond a great 
circle of. the heavens in 365^ days neariy, or through 69f 6" q£ a 
degree of this circle in one day, which motion eonesponds to teee 
minutes fifty^six and a half seconds of time. The average interval 
between the snn appearing to leave, and to retnm to the same mendian 
of i^e place, will be longer than the Mersal d»y by three minutes, 
fifty-six and a half seconds, and has been defined to ^ ike teiar d&g. 
And it is obvious that the mean solar day} or the mean of aU the 
eolar days in one year, will be constant, but sometimes longer and 
sometimes shorter than an actual solar day, according to the velocity 
of the earth in its orbit during that daj. A clock, therefore, whi(^ 
keeps mean solar time does not aJways indicate 12 o'clock at the moment 
when the sun passes the meridian. The mean of solar days, being 
constant, has been assum^ as the unit of measure for the civil day. 

The difference between true time and apparent solar time is greater 
or less according to the sun's apparent motion, or rather according to 
the actual angular velocity of the earth xq any part of its orbit. The 
eolar day being the interval between the sun's apparent departure firom 
<^y given point in the heavens and its next return to that point, with 
so much more as is added to its diurnal motion eastwards, it is obvious 
the solar day is longer than the sidereal day. 

The civil day is the same as the natural day, but in different i^s 
and among different people it was considered to begin at different times 
of the day. Some nations teckoned the day to begin at sunrise, 
others at sunset; some from noon, others from midnight* Hipparchus, 
the Greek astronomer, who lived in the second century before the 
Christian era, reckoned the day to begin firom midnight, and his 
example has been since followed by astronomers. 

The origin of the custom of dividing the period of daylight into 
twelve equal parts is xmknown. There is no mention or allusion 
made by Moses to any such division among the Egyptians at the time 
of the Exodus. After this event the time &om sunset to sunrise was 
divided by the Hebrews into three equal parts, called watdiies. The 
morning watch is noted in Exod. xiv. 14, and the middle watdi 
in Judges vii. 19. In later times, when l^e Bomans held possee- 
eion of Judea, the Hebrews adopted the Boman method of dividing 
the night into four watches, all of which are stated in the thirteenth 
chapter of St. Mark's gospel. The division of the day, the period 
from sunrise to sunset, into twelve equal parts, is noted in Jokn 
xi. 9. The first hour began at suniise, midday or noon was 

1 The mean solar day has been described as the mean of the solar days of a year. 
An imaginaiy son ia supposed or conceived to move uniformly in the equator with 
the real sun's mean motion, and the interval between the de^raxture of any meridian 
from 1^ mean sun and its returning to it, is the duration of the mean solar day. 
Clocks and ehronometeis are adjusted to mean solar time ; so that a complete revo- 
lution through 24 hours of the hour hand of the Astronomical clock should be per- 
formed in ezafitly the same interval as the revolution of the earth on its azittF^ 
respect to the mean sun. 
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the aizih liour (John six. 14), and the twelfth hour ended at 
snnBet. The third hour divided the interval between sunrise and 
noon (Mark zv. 25), and the ninth hour between noon and sunset 
(Matt, zxvii. 45). The two intermediate points of time which 
equally divided the periods of light and darkness were noon and 
midnight. v 

The month having been defined to be the time in which the moon 
was observed to pass through its changes, is in fact the period during 
which the moon completes one revolution in its own orbit round the 
earth, and is at the same time carried with the earth in its orbit 
roimd the sun. As the moon receives its light from the sun in 
the same manner as the earth, the appearance of the new moon 
will take place when the dark side of the moon is turned towards tho 
earth, or, more correctly, when the moon and the sun are in conjunc- 
tian, or on the same side of the earth. And the full moon will happen 
when the moon and the sun are in opposition^ or on different sides of 
the earths On the second day after the conjunction the new moon is 
first seen as a thin curved line of light, as part of a circular arc ; but 
the actual fact of conjunction can only be seen when the conjunction 
is so close as to occasion an eclipse of the sun. In early times the 
interval between two successive new moons was observed to be about 
thirty days, and this period was reckoned the length of the months 
until more accurate observations showed that the exact time between 
two new moons was less than thirty but more than twenty-nine days. 
At length in modem times it was found that the average interval between 
two successive new moons is 29 days, 12 hours, 44 minutes, and 3 
seconds ; and the average interval irom new moon to full moon is 14 
days, 18 hours, 22 minutes, and 1^ second; and the full moon will, 
therefore, generally happen on the 14th or 15th day of the moon's age. 

The natural day; the lunar month, and the solar year are fixed,, 
but incommensurable with each other ; thus, if the year be measured 
by days, it contains more, than 365, but less than 366 days ; if 
by lunar months, it contains more than 12 but less than 13 ; and if 
the lunar month be measured by days it contains more than 29 but 
less than 30 days. 

In addition to the three natural divisions of time, the year, the 
month) and the day, the most ancient of the artificial divisions of time 
is the weehf a period of seven days.^ The origin of this division of time 

^ The period of seven days, the seventh day, and the number seven, are found 
in the traditions and languages of almost all nations, fragments of the original 
institution of the seventh day. It is not improbable that the name of the practice 
of an observance might remain among a people long after the original tradition had 
been lost, and any superstition might become connected with the name. The 
ancient Egyptians celebrated the festival of their god Apis for seven days. The 
time of six times seven days was the period of mortification imposed on the Egyptian 

Sriests. And their custom of mourning for the dead was extended to ten times seven 
ays. It is recorded (Numb. xxiiL 1, 2) that Balak, the king of Moab, offered, by 
the direction of Balaam, seven oxen and seven rams upon seven altars. And in a 
later age, the Syrian general Naaman was directed by the Hebrewprophet Elisha to 
wash seven times in the river Jordan for the cure of ms leprosy (2 Kings v. 10). 

In a still later age, the most ancient writers of the Greeks recognisMl the sanctity 
of the seventh day of the month. Thus Hesiod calls " the seventh day the illustrious 
light of the sun." And Homer writes : — "Then came the seventh day, which is a 
sacred day." And Yarro, in his book inscribed Hebdomades, observes that he had then 
entered upon the twelfth week of his years. It would be easy to multiply instances 
of the use of tho number seven among peoples separated from the Heorew nation. 
The ti-adition can only be referred to the primeval institution of the seventh day* 
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is to be referred to that period of the existence of the planet, the 
earth, when the first man and woman were created, as receded in the 
very brief notices contained in the first two chapters of l^e Book of 
Genesis. At the beginning it was ordained by the Creator that every 
€ix successive days of human life should be assigned to ordinary work, 
And the seventh day be a day of rest from labour for the whole 
human family. 

In the first ages of the world the seventh day of rest was observed. 
It is also evident from the eighth chapter of the Book of Genesis that 
time was reckoned by periods of seven days in the age of Noah ; and 
there are indications in the same book that this division of time was 
observed during the lives of the Hebrew patriarchs. 

This tradition was probably neglected or forgotten during the 
period of the slavery of the Hebrews in Egypt. The primitive law 
of a seventh day of rest was, however, recognised in the opening of the 
fourth precept of the Decalogue, in the words, " Bemember that thou 
keep holy the sabbath day." 

On the seventh day of rest being re-prodaimed to the Hebrews, 
some additions as to its observance were made for their use, com- 
mencing with the year of their settlement in Palestine. The number 
eoven is connected and, as it were, interwoven with almost aU their 
ceremonial laws and religious rites. Besides every seventh day as a 
day of rest, every seventh year was to be a year of rest to the land, 
and seven times seven years brought the great year of rest and release. 
It would also appear that the custom in the more ancient times of 
celebrating a marriage feast for seven days (Gen. xxix. 28) was con- 
tinued to be observea by the Hebrews in later times (Judges xiv. 12, 
1 7)« The seventh day is observed by their descendants in all countries 
at the present time. *The Hebrews, who were the first disciples of 
the Messiah, observed the first day of the week on which He rose 
from the dead, instead of the seventh day, as a day of rest, and, in 
accordance with this early practice, all Christian communities in suc- 
ceeding times have followed their custom. 

In the prophetical writings of the Hebrews; a day is used some- 
times for a year, and a week of days for seven years, also (Dan. ix. 
24) seventy weeks is the expression employed to mean seventy times 
seven years. The seventh day of rest and the time of the beginning 
of the natural day are both noted in the early part of the Book of 
Genesis. The words used to describe the two parts of the natural 
day, **the evening and the momingi" are exactly preserved in the 
Oreek word vvyfifip.epov (Gen. i. 6 ; Dan. viii. 14 ; 2 Cor. xi. 25). 

The ancient Hebrews reckoned the day to begin in the evening at 
€unset, and the length of the day was reckoned as the period between 
two successive settings of the sun (Exod. xii. 18 ; Luke iv. 40). The 
Hebrews appear not to have assigned any names to the seven days of 
the week, but simply numbered them in order. 

In the Boman Fasti, Ovid makes no mention of weeks or a seventh 
day. Dio Cassius, who lived in the time of the Emperor Alexander 
Severus (a.I). 222-235), writes that the custom of dividing time into 
weeks was derived from the practice of the Egyptians a little before his 
time, and that the seven days of the week were named from the planets : 
Dies Solis, Lunse, Martis, Mercurii, Jovis, Yeneris, Batumi. It may be 
added that the first day of the week is named iixiov fifiipa by Justin 
Maiiyr in his *' First Apology," about the middle of the second century. 
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The sames givea to the seren dajB of tbe week by our Anglo- 
Saxoa aaeeetoni before their conversion to ChiistiaBitj continue in 
me at the preaent time. It is a eingular fact that these names havo 
descended unaltered and unchanged by the revolution which took 
place in England when it was subjugated by WilHam Duke of 
Normandy. The names of the seven days of the week are formed 
by annexing the word daeg, a day, to the names of the 8axou 
deities : Bun, Moon, Tuisco, Wodin, Thsa^ ^B'riga, Seater. The word 
tei'tmdghi (seven night) is used to deaDK>te a period of seven days, 
and bears <m its face a faint larace both of the day beginning at even, 
and the original appointment ci the seventh day ; so also its kindred 
fortnight (fourteen nights fourteen, or twice seven nights. 

In addition to the divisions and measures of time already noticed, 
other divin(ma of the day have been made both for the purposes of 
sdeaoe and the convenience of human life. It is recorded by Hero- 
dotus (ii. 109) *^ that the sundial,^ the gnomon, and the division of tho 

1 The sondial is a contrivance to mark the hours of ths day while the snn 
shines abore the horizon. It is not known when the Hebrews adopted the drrisioii 
of Um day kito hoars : there is no tiaoe of it in the PentatBadi. The msotion of 
the disl U Ahaz in the time of Hezekiah, &a ahont 780 (SKings xz. ^^11 ; Isa. 
zxzviiL tif implies soms sort of diTision« bat the records give no aceonnt of the 
magnitade of tne degrees, or what portion of time was marked by them. The word 
translated ''honr," in Ban. iii. 19, cannot mean an hour in the sense of a twelfth 
part of a day, bat wonld be more correctly rendered "moment," as the context 



Awudnaifeier, a companion and disciple of Thales, is reported \fj kter Greek 
writers to have invented the snndial. He died about &a 547, in the sixty-fonrth 
year of his age (Diogenes Laertius). If he derived his knowledge of the sundial 
from the Babyloniaiis, he mi^ have been the first to intvodace the knowledge of it 
to the QreeksL The claim of the Greeks in later times to the invention of the sun- 
dial can seaxe^ be correct ; it is, however, highly probaUe that tiie Greeks made 
imprevementa of the dials they received, just as the3r advanced the knowledge of 
geometry and other sciences which their predecessors originally brought from £gy^t. 

There is in the British Museimi a stone block on which are marked lines which 
clearlv indicate that they are the lines of an ancient sundiaL It is supposed to be 
the oldest speciinen of sundiaJs known to be extant. The reader will find some 
intaieirtixig information in "An Inquiry into the Geometrical Character of the Hour 
lines upon the Antique Sundials,^* by T. S. Bavies, Esq., F.E.S.« j^ted in the 
Transactions of the Koyal Society of EtjUnburgh, February, 1831. 

The Clepsydra^ or Water-clock, was a cylindrical vessel with a small hole at the 
bottom. On the side of the vessel from the top downwards the hours were marked. 
The vessel was filled with water, which, in the space of a day, flowed out through 
the s^nrtsre ; an index, while floating; pointed to the hours as the surface of tho 
water gradually subsided. They were of various kinds» but all of them were inaccu- 
rate measurers of time, as the water would flow throng the orifice in the bottom of 
the vessel more rapidly when full than when nearly emptf, on account of the pressure 
bduig greater according to the depth of the water. 

Ctesibius of Alexandria, in the time of Euergetes II., invented a more perfect 
hydraulic clock, and more simple l^an those which were then known. It is described 
by Aristotle (Prob. See. 16, p. 933) and mentioned by Aristophanes as well known 
in his time. Vitruyiua affirms that Pliny relates that it was introduced into Bomo 
by Scipio Nasica (Pliny vii 37 ; ii. 76, in Horologium). 

The clock as an instrument for the measurement of time was unknown to the 
Greeks and Bomans. The invention of this complicated machine belongs to a more 
imnroved state of scientific knowledge. The invention of the clock (probably the 
baJaace clock) is ascribed to the Arabians, about the year 801 A.n. 

Dante, who was bom in 12C5 and died 1321, mentions a clock in Italv that 
struck the hours, which is the earliest instance on record. A clock about 1288 was 
fixed in the famous clock-house in Westminster HalL In 1292 a similar clock was 
constructed for the cathedral of Canterbury ; Peter Lightfoot constructed a clock at 
Glastonbuxy in 1325 (Brady'a «* aavis Calend.," vpL i, p. 8). In Bymer's Foedoa 
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daj iiiio iweke parts^ tke Qreeks learned ftom tbe Babylonuuis.*' 
TbB divifiioa of the natural day into twenty^fonr eipial parts is of 
ancient date, and each of these equal parts is named an hour. The 
word ipa was not known m Greeoe so eaxiy as the age of Anaxi- 
mander, yet it is probable that the divisicNa of the period of daylight 
into twelve equal parts was in use. Nor was the word kora Imown 
at S<Hne fox 300 years after the fouadation of the city. 

3!he hour was ako divided into sixty equal narts, eaOed minutes, 
the minute into sixty equal parts, called seoond minutes, aiterwards 
abbreviated into secands, and so on. This division of the hour, &&, 
most probacy was taken ieom the sexagesimal division of ^e degree, 
ox the 360th part of the dreumfereBoe dfa cirde. 

In the htttory of mankind, certain points of time, called epochs, 
hare been noted, from whidi periods of time have been reckoned, as 
the date of the Exodus from Egypt by the Hebrews, of the first 
Qlympmd by tibe GredkSy of the Building of tiie (Hty of Borne by the 
Homans, or of the Birth of CShrist. A series of years not defined but 
reckoned from some fixed epoch is called an era, as the Oiristian era, 
and this difiGera from a period of tnai^ whidi is supposed to hare its 
beginning and ending fixed. 

It appears tiie more derirable plan to adopt the dironology of the 
Hebrew Sc ri pt u res in connecting the history of ancient nations, as far 
as the correctness of it can be determined. The eariy periods oi 
Grecian and Eoman history are invofred in febulous uncertainty. It 
was the object of heathen priests to invest in mystery and in ob- 
scurity the events of early times, the origm of their rites and super- 
stitions, and the es^oits of those heroes they worshipped as gods. 
They were earefhl also to refer events to an antiquily beyond all 
record, and by artifice and ingenuify to keep the minds of their 
deluded votaries from any scrutiny into the truth and origin of the 
superstitions they found advantageous both fox their own power and 

mention is mftde of a prateetioa ^^rmted liy Edw. III. ia 1368 to two Datchsien wh» 
were dockmakeis to exercise their trade in Englaiid. jknd vt is not improbable that 
the dock set up at Westminster in 1368 a.d. was constmcted by these artistsu 
It was, however, found to be imperfect. Richard Walingford of St Albans, in the 
reign <^ Kicfaard II., 1877 — 1399, made a clock for the Abbey at that place. The 
clock set up at Hampton Court Palace, 1510, was the first which kept time with 
regularity. Clocks were made portable about 1680^ hut were not in gMieial use till 
1631, and the balance dock, then in use^ receiyed its greatest impioTement in tha 
substitution of the pendulum for the bsJance by Huyghens, in 1649. The idea of 
employing the pendulum was first suggested by Galileo, who had not^d the regularity 
and eq^nality of its Yibratioma. Wa^es were mvented at Kuremburg in 1477 by 
a German, and u>pear to have undergone considerable improvements before 1530. 
They were brougnt to England in 167 7» and about ei^ty years after that time 
Hooke invented the spring pocket watches, which were foUoweid in 1676 by Barlow'a 
repeaters, ^-^ee Treatise on Watch-worky by tiie Bev. H. I^ Ndthroxp, 1873. 

^ From the fact of the early prevalence of the wondiip of the host of heaven, the 
aspects and motions of the sun, moon, and the planets engaged the attention of 
mankind. In the progress of idolatry, powers and influences were ascribed to the 
planets and constellations, supposed b^ their aspects to forebode good and evil to 
men. Those who studied the stars imposed on the ignorance of the people and 
framed the science of Astrology. This superstition prevailed in the neighbottrin^ 
countries of Judea (Jer. z. 2). It was common in Cbaldea (Dan. ii 2). It pre* 
vailed long before in Ilgypt, and was professed both in Greece and Rome ; and the 
superstition is still found in almost every country. That people und^ the influence 
of such mistaken notions should be alarmed at eclipses, as Kicias was (Thucyd. 



10 ON THE DIVISIONS AND VEAStTBES OF TIKE. 

The dates recorded of some important eyents in the most ancient 
histories are uncertain. In different writings the same events are 
referred to different dates, and even in different copies or versions 
of the same history, errors in numbers have crept into the records, 
whether from design or the inaccuracy of copyists, it is impossible to 
affirm. According to the genealogies in the manuscript copies of the 
Hebrew Pentateuch, the deluge happened 1656 a.m. The Samaritan 
text places this event 1307 a.m. ; but the Greek Septuagint makes it 
2262 A.H., and Josephus 2256 a.m. The date adopted in England is 
that of the Hebrew Pentateuch. . Dr. Lloyd, Bishop of St. Asaph, 
fixed the epoch of the creation at 4004 b.o., differing by four years 
from that of Archbishop Usher, who fixed it at 4000 b.o. 

The earliest mode of reckoning periods of time was by generations, 
or the times which intervened between the birth of a father and his 
fibrst son. The periods from the creation to the deluge, and from the 
deluge to the birth of the patriarch Abraham, the head of the Hebrew 
race, are defined in this manner in the fifth and eleventh chapters of 
the Book of G^enesis, 

; The periods of the reigns of kings were in course of time employed, 
where communities had adopted the kingly form of government The 
periods of the reigns of the Hebrew kings, and after the disruption of 
the kingdom, of the kings of Israel and Judah, were adjusted in this 
way, until the captivity of the former kingdom by Shahnaneser, 721 
B.C., and of the latter by the king of Babylon, 588 b.c. 

The time of* the appearance of the new moon which happens near 
the vernal equinox became at a very early period a remarkable epoch, 
and by divine command was reckoned the first day of the year of the 
Hebrews, It was the day of their deliverance from bondage in Egypt, 
.and was ordained to be observed in successive generations as a 
memorial of that event. Their departure from Egypt began on the 
^ight of the fuU moon, on the 14th day of that month. The four* 
teenth day of the moon " at even" was tiie evening of the full moon, 
or the evening preceding it. This first month of their year always 
began with that new moon which came nearest to the vernal equinox, 
and this new moon would fall sometimes before, and sometimes after, 
the equinox. 

' This epoch reg^ated all their festivals and religious observances, 
while they retained the epoch of the beginning of the year at tho 
autumnal equinox for the regulation of civil affairs. The Hindus 
reckon by lunar years the times for religious purposes, and by solar 
years for civil purposes. 

vii. 50), need occasion no surprise. These phenomena being regarded as portending 
the overthrow of armies and the revolution of states, were carefully observed. But 
notions of planetary influence were not confined to ancient times. The rebellion in 
1745 in Scotland was supposed by many to have been foretold by a comet that 
appeared the preceding year. The hieroglyphics of some almanacs, regarded by 
many as infallible adumbrations of the future, are striking proofs that the science 
of astrology, whence the materials for prognostications are professedly obtained, is by 
no means consigned to oblivion. In England, Queen Elizabeth seems to have been 
so fully satisfied of the truth of astrology, that she caused the Parliament to enact 
a law (23 Eliz., c. 2), ordaining the penalty of death to any person found guilty of 
casting her Majesty's nativity. The science, so-called, cff judicial astrology (or 
rather superstition) has had many admirers since her days, and still survives, 
though chiefly in the persons of crafty and ignorant pretendera, who, dealing in 
imposturo and casting nativities, impose upon the ignorance and credulity oi the 
simple. 
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In tiio early ages of the Qrecian States, the traditions which the 
settlers brought with them appear to have been of the most primitiye 
character. Their years were divided into seed time and harvest^ and 
their days into the times of laboxur and rest. The time from sunrise 
to sunset was divided into three parts, the morning, nudday, and 
evening. In the age of Homer, lunar months were in use among 
them (Odys. sdv. 162), and the Athenian year was reckoned by the 
periods of the moon, and it was long after this time before any 
attempts were made to adjust the motions of the moon and the sun. 
The traditional axscounts extant of the sages of Greece in their travels 
in search of wisdom, about 600 b.o., clearly show that scientific know- 
ledge had not then begun to be cultivated in Greece, Thales of 
Miletus, and Solon, his contemporary, both visited Egypt as the chief 
school of knowledge in their time, Herodotus has recorded (i. 74) 
that Thales foretold to the lonians an eclipse of the sun, which has 
been determined to have taken place in the year 585 B.o. Thales 
taught that a revolution of the moon did not exceed thirty days, and 
assigned the year to consist of twelve months of thirty days each. 
This he probably learned in Egypt. Herodotus (ii. 3, 4) writes that 
he himself acquired much information from the priests at Memphis, 
and that he went to Thebes, and to Heliopohs, the great seat of 
learning, expressly to try whether the priests of these places agreed 
in their accounts with the priests of Memphis. 

Solon found the adjustment of the year by Thales was erroneous, 
and settled the twelve months of the year to consist of twenty-nine 
and of thirty days alternately. This method made the year to consist 
of 354 days. Both Thales and Solon devised different modes of 
adjusting the motions of the sun and the moon, but neither of them 
appears to have been successful.^ 

Meton was an astronomer of Athens at the time of the Feloponne* 
elan war, and refused to sail with the expedition to Sicily, foreseeing 
the calamities that were likely to follow that rash enterprise. He 
had observed that the motion of the moon fell short of the motion of 
the sun by some hours every year, and this difference, scarcely per- 
ceivable in a small number of years, he foresaw would, in the course 
of a long period of years, entirely invert the reckoning of the seasons, 
and it would be found that the season of summer would really happen 
in winter, and the season of spring in the autumn. He succeeded in 
his attempts to adjust the motions of the sun and of the mo(m more 
accurately than before, and maintained that the lunar year and the 
solar year could begin at the same time, or that the sun and the moon 
could begin to move from the same point in the heavens. He calcu- 
lated that when the sun had finished nineteen periods of its yearly 
motion, and the moon 235 of its monthly periods, both the sun and 
the moon would return nearly to the same position in the heavens in 
which they had been nineteen years before ; or, in other words, after 

^ The year of the ancient Greeks was lani-solar, consisting of 12 months of 
30 days, each day half daylight and half darkness, as is clear from several testi- 
monies, and is represented by the riddle of Cleobulus : — 

TTs & trariip, voices B^ BvtiilitKa' r&vZl ixdiTru 
Dcudfs rpi^opraf Bidp9ix<i fVios ^x®^^°'' 
A{ fihv XiVKoi tatriv iSetv, atV aZr^ fi€\aiyai' 
*A6dvaT0i Se re oZffaif inrofpOivOBovtriy &vaoou. 
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the oompletion of this penod, the oo nji met i ons, oppoflitums^ and all 
other aspects of tibe moon, would fall on the same days of each sue* 
ceediag yeav as of the precedlfig nineteezi years. As the soiar year 
did BOt ocmtaiii an exact number of Innar months, he foond ettt, 432 
B.C., that by interoalatsng w&veBL limar months in nxteteen hmar yean 
there iroald be 235 Innar montiis in nineteen solar yeazs rery nearfy, 
BO that the times of cdefarating the Ghreoian games and. fbstiTals 
cooM be adjusted both to the new and Ml moons, and to the 
eqnmoxes and solstiees. It was aft^waids discovered ihat> the moon 
and the son beginning to more from the same paii of the heavens^ 
wonld not at the ^id of nineteen years be ezaotly together, bnt that 
the moon would be in adranoe of the sun, and in 810 years the new 
moon would appear at the end ot this period one day in adyanee ot 
the time leekoned at the beginning of the sacceediaig period. 

In order to remedy this discrepancy, Galippos, 330 b.o., proposed 
fonr times nineteen years instead of nineteen years ; but tUi amended 
scheme did not completely bring the motiona of the mm and the moon 
into eonfinrmity. A small difference having been obaerred at the end 
of this time, Kipparchns, 146 b.o., propos^ a period of eig^t times 
ninete«i, or 152 yeazs. And it may be remarked, that tlmse three 
a stpottom efs in tikeir successive attempts, approached nearer to sue- 
cess in adjusting the motkms of the sun and the moon than any of 
their preaecessors. 

!nie Olympio games were celebrated by the HeUenio people every 
iburth year at OWmpia, a city of Mis, on the banks of tiie Alpheus. 
The time of the mst institution of these gamealies somewhere in the 
mjthical period c^ history. These games, after some intenruption, 
were restored by Iphitus about 884 b.o., and celebrated every fourth 
year at the time of full moon at the summer solstice (Find. Ode iii.) 
Kie interval of four years between two celebrations was called an 
(Hympiad. It was not, however, until Icrog after this date, that 
Olympiads were employed for arranging the dates of historical events. 
When the Olympiads were adopted as a measure of time, the date of 
the £rst Olympiad was re(^<med from that year in which CoroBbus was 
victor, and its date' is placed 108 years after the revival of the games 
by Iphitus, which year corresponds to 776 B.a Strabo writes that 
the early historians of Ghreece were ill-informed and credulous ; and it 
is difficult to distinguish what is mythical from what is historioal. It 
was not until later times that any exact mode of fixing the order of 
events by dates came into nse. 

The mediod of reckoning by generations and the suooession of 
kings was variable, and likely to lead into «fror, if the early Greek 
historians wrote fi*om tradition without any original records and 
authentic memorials to guide them. In the poems of Homer and 
Hesiod no allusions are made to Ol3rmpiads. In the histories of 
Herodotus and Thucydides, the dates of important events are not 
fbced by reference to the Olympiads or to any other epoch ; and even 
after the use of these had been established, ancient writers appear 
not to have been much guided by them, and consequently there is 
room for doubt in their statements of the exact times when events 
happened. 

Dionydus of Halicamassus observes that Herodotus in his histories 
has followed the order of events, but Thucydides, in his history of the 
Peloponnesian war, the order of time ; that while Thucydides has 
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dWifibdjhis tiitgie subject into maoiy parts, Hsrodotos, having embneid 
many snbjeets, has f oimed tbem into a single whole. 

Xhncydides in recording events keejps to the order of the years of 
the war, and ftDSS^fae daSe of its beginning (book iL 2) by naaang 
sereral erents, one of which is the Archuisfaip of Fjrthoderiis at 
Athens. With respect to the events which happened Icwg before tha 
war Q>eak i. 13» 19), he reckons back from the end of the war. 

TmMMM^ who lived in the time of Ptolemy Fhiladelphnsi 883 1» 
245 n.0., i^pears to have be^i the fimt who applied Olynqpiads to fix 
the dates of events in history. Even so late as 283 b.o., the Aran* 
ddian marbles make no mention of Olympiads. Eratostheneo^ 191 b.o., 
and ApoDodoras, 115 nx., arranged events by Olynipiads and the 
(sdar of sqcceseioa of the kinsps of Sparta. 

The custom of reckoning mm i& fiist Olympiad appears to have 
been eontinned to 312 a.d.^ In memory of the vietoiy gained by 
Ocmstaiitine over Mazentius, on the eighth of the Calends ol Ootobar» 
312 A.]>., by which eintire freednn was given to Christianil^, tho 
Council of ]Niee ordained that the aooounts of years should no hmger 
be kept by Olympiads^ but thai instead thereof the Indicticm should 
be used by wluch to reckon and date their years. And after tikis date 
the pubUc mode oi reckoning throujg^hout the Boman Empire, both in 
the east and in the west, wasbypenodsof 15 years, called Indictions.^ 

The chronology of early Boman history has been shown to be 
still more uncertain than that of Greece. In fact, the early histozy 
of moi^ nations is obscure and doubtftd, and hence the confusion and 
the contradictioBs which are met wi& in the accounts which hav» 
come down to modem times. The epoch, A.u.a, of the fbundatioo 
of the City of Bome comes next in order to that of the Olympiads* 

Terentius Yarro makes this epoch to coincide with the 23rd year 
of the Olympiads, or 753 s.a, which has been generally accepted as the 
true date of that event The older records of Itome were burnt by the 
Oauls in their attack on the dty about 388 b.o. In early times of the 
Bepublic, the Bomans distinguished their years by the names of ihe 
consuls for each year in succession. The period of five years wa» 
named a lustrum, and marked the intervals of taking the census of 
thenpeople, first by the kings and afterwards by the consuls^ but after 
the date 310 A.xr.o., it was taken by the censors. 

The ancient Bcmian year consisted of 10 montiis, and was reckoned 
to begin with that month which is now the third month of the Eng- 
lish calendar. Numa Pompilius is reported to have reformed the 
calendar by adding two months to Ihe year, and thus making it ta 
consist of 12 months or 354 days, according to the course of the moon* 
These two months were named Januarius and Eebruarius. He after*' 
wards added a day to the month of January, and so made the year to^ 

> Any year of a giyen Olympiad may be converted into the corresponding year 
B.C. or A.D. by multiplying the complete Olympiad bjr 4, and adding 1, 2, or 8 to 
the product, according as me given year may be the first, second, or third of the 
Olympiad. If this namber m greeUer than 776, then the excess of this number 
above 776 gives the year a.d. If, however, this number be less than 776, the excess 
of 776 above this number increased by unity will give the d^te B.a 

' The Boman Indiction was instituted by Constantino, sumamed the Great, and 
was properly applied to certain tributes which were ordered by imperial edicts to bo 
paid every fifteen years, lliese tributes, or Indictlons, were sometimes found to be 
burdens too oppvessive to be enduzad. The name Indiction was afterwards used 
simply to denote a peiiod of fif(es&yeai% and was adopted by the church* 
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Consist of 355 days. But as 10 days were wanting to make the lunar 
year correspond with the solar year of 365 days, he ordered in every 
third year a month (called tnemis inUrealaruSto be inserted in the 
calendar according to the discretion of the Pontifices, and by this 
authority they made the years longer or shorter as was found from 
circumstances most convenient. If Numa had retained the lunar year 
of 354 days, and not added one day to the month of January, his 
method of intercalation would have made the year as reg^ular as 
that of Julius Gsesar. But by adding one day to the month of 
January, each year deviated from the solar year one whole day too 
much ; and this irregularity he might have easUy corrected by omitting 
eight days of the intercalary month every eighth year. This, how- 
ever, was not done^ and the progression of all the months of the year 
i*elative to the seasons continued to go onward. 

The Decemviri about the year 452 b.o. ordered the month of February 
to be reckoned next after the month of Januaiy, and it has held this 
position from that date down to the present time. 

The method of arbitrary intercalation in course of time was calcu- 
lated to produce confusion and disorder in the reckoning, so that the 
months became removed from their proper seasons ; the winter months 
being carried back into the autumn, and the autumnal months into 
the summer. This arrangement of the year, notwithstanding its 
imperfections, was continued until the times of Julius Caesar, who 
resolved to remedy the confusion by abolishing the cause of it, namely, 
the arbitrary use of intercalation by the Pontifiees. For this purpose, 
with the aid of Bosigenes, an Egyptian astronomer in the year 707 
A.YJ.O., or 47 B.C., he adjusted the year according to the course of the 
sun, and assigned to each month the days they still retain. He found 
that the reckoning of the months had receded from their proper 
seasons, December coming on in September, and September in June. 
In order to bring the seasons forward he found it necessary to devise 
a year of fifteen months or 445 days (called the last year of confusion), 
80 as to make the ensuing year, 708 a.u.o., begin on the first day of 
January, and so proceed regularly afterwards. 

As the solar year consists of 365^ days, Julius Caesar ordered that 
the months should be reckoned, and the civil year regulated from 
the course of the sun and not of the moon, and disposed of the 5 days 
among the months, making them to consist, some of 30 days and some 
of 31 days, except the month of February, which, in common years, 
should still retain its number of 28 days. And to account for the 
quarter of a day over 365 days, he calculated that the intercalation of 
one day every four years in the month of February would bring the 
new scheme into concert with the order of the seasons. This inter- 
calary day followed the 6th of the Kalends of March in the Julian 
Oalendar, and was called bis-sextilis, the sixth day of the Kalends of 
March twice reckoned. From this fact every fourth year has been 
called bissextile, or leap year with us, one day having been passed or 
leaped over without reckoning in the Julian Calendar. It would not, 
however, have been strictly correct to say, according to the Koman 
mode of counting, that leap years had one day more than common 
years. In leap year, when the month of February consists of 29 days, 
both the 24th and 25th days of that month were marked in the Julian 
Oalendar as the sixth day before the Kalends of March, and these two 
days were reckoned as one day, or one real day being leaped over. 
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and ike year was called bis-sextilis, as hayiDg Uie sixth day twioe in 
one month. 

Soon after the reformation of the calendar Julius CsBsar was killed, 
and his scheme was so imperfectly understood by the Fontifices, that 
instead of making the fourth, they made the third year bissextile. 
This error was discovered 37 years after the epoch of the Julian 
correction, when 13 intercalations had taken place instead of 10, and 
the year began 3 days too late. The error was corrected by the 
Emperor Augpistus ordaining that the following 12 years should be 
of 365 days each, dropping the 3 intercalary years, so that there 
should be no leap year tiU 760 a.T7.o., or 7 a.d. From that time the 
account has been kept free from error, and the Boman year has been 
adopted by almost all Christian nations, with no other variation than 
taking the epoch ^m the birth of Christ instead of tcom that 
of the foundation of the city of Home. 

The name of the month JSextilis was changed to Augustus (our 
August) in honour of the Emperor Augustus, and this name it has ever 
since retained. The name of the month Quintilh was also changed to 
Julius in honour of Julius Csasar, who had been bom in that month. 
The names of the Boman months are retained in the English Calen- 
dar. The subdivision of their months was different, as they counted 
the order of their days backwards instead of forwards, making a 
threefold division of the days of each month into Kalends, Nones, and 
Ides ; our subdivision is into weeks, and reckoned in order forwards. 

The Boman Calendar, thus reformed by Julius Caesar, by founding 
his corrections on the length of the solar year (called also the Julian 
year), was ordered by the edict of the Dictator himself to be adopted 
and used throughout the empire; and after its amendment by 
Augustus continued to be used in Europe without any variation down 
to tifie year a.d. 1582. 

From the time of the Exodus the fourteenth day of the moon has 
been reckoned by the Hebrews the full moon. The feast of the 
Passover was ordered by Moses to be celebrated at the time of full 
moon, and the Hebrews who became Christians would naturally cele- 
brate the festival of Easter, the day of the resurrection of the Messiah, 
on the same day as the Hebrew Passover (1 Cor. v. 7 ; xv. 20), and . 
there can be no doubt that the Christians of the East celebrated 
Easter on the fourteenth day of the moon. It appears that the 
Christians of the West, about the middle of the second century of the 
Christian era, celebrated Easter on the first Sunday after the four- 
teenth day of the moon. Both the Eastern and the Western Christians 
declared they were guided in their practice by apostolic tradition, and 
a schism arose between them in consequence of this difference of time 
in observing the festival. 

The question which gave rise to this controversy was deemed of 
sufficient importance to be brought under the consideration of the 
Council of Nice, 325 a.d. After their deliberations, the Council sent 
an epistle (still extant) to the Church of Alexandria, declaring their 
judgment in the following form : — " We send you the good news con- 
cerning the unanimous consent of aU in reference to the celebration 
of the most solemn feast of Easter, so that all the brethren in the 
East, who formerly celebrated the festival at the same time as the 
Jews, will in future conform to the Bomans and to us, and to 
all who have of old observed our manner of celebrating Easter.'f 
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faflier» «t the OouncU give ii5 aoeount <rf tlie rsaioiis trjr 
which they ordered the Western rather than the Eastern manncnr 
to bo preferred, nor e?en irholher they oonsolted the astronomers 
^ Alnaadiia. 

As the JoHan year ezoeeds the trae solar year by abont 11' 15*, 
the excess in four years amounts to 45'. This excess of 4^ in the 
period of 131 years amounts to one day and 35' ; and hence originated 
the difference of the day, when Sosigenes observed the equiiM>x, from 
that in which it was observed in 325 A.D., fbr which the Nsoene 
Ooancil could not account. 

The cause of that difference was not then aseeri^ed. In fact, at 
that time astronomical instruments had not been invented by 
means of which small differences of thnes and motions could bo 
measured and estimated. It was only after long periods, when the 
error had accumulated to several days, that it became so apparent as 
to require c<»rrection; as at the time of the Julian correction of the^ 
calendar, and at the settlement of the rule for finding Easter at the 
Ooundl of Nicsaa. The cause of this difference was not ascertaimed at 
die Council, though the fact was apparent, of the vernal equinox 
having gone back four days. 

It is reported that bishops from the British Isles attended this 
Council, but it appears that the British Christians afterwards ad- 
hered to the Eastern mode of observing Hie festival of Easter. For 
when Augustine came on his mission to the Anglo-Saxons in 596 ▲.!>., 
or more than 200 years after this Council, he demanded that the 
British Christians should conform to the Boman practice of <>bserving 
Easter. Th^ firmly declined to submit, clearly proving that the 
Christian Church in Britain existed before the mission of Augustine. 

The epoch of the Christian era was not used in the computation 
of time for several centuries after the time of the birth of ihe Messiah. 
Dionysius, a native of Scjthia, called Exiguus, on account d his 
stature, was the founder of this epoch. He was a monk, a man of 
great learning, and he became an abbot at Bome in the early part 
of the sixth centuiy. He calculated that the time of the birth of 
the Messiah coincided with the 25th December, 753 a.u.0., whidi 
is now eonsidered to be four years too late. In two letters of 
Dionysius, one written in 526 a.d., and die other the year after, is 
described his reformation of the calendar. The alteration proposed 
he thus states : — " But since Cyrillus began his first cycle from the 
158Td year of Diodetifin, and nnished the last in the 247th year ; we, 
beginning from the 248th year of that tyrant, rather than prince, 
refuse to connect the memory of a blaq>hemer and persecutor with 
our cycles, but rather choose to note the dates of our years itom. tho 
incarnation of our Lord Jesus Christ." ^ 

Instead of reckoning the beginning of the Christian era from the 

^oth December, a.u.o. 753, he made the 1st day of January, the first 

( month of the Julian year, to be the beginning of the Christian era, 

so that the year 1 a.]>. (Anno Domini) was made to coincide with 754 

^ " Qow veror S. Oyrillia prinram Cydam ab aano Dioclesumi centesimo qtan^ 
quagesimo tortio ccBpit et ultirauin in ducentesimo quadragesimo septimo terminayit, 
nos a ducentesimo quadn^esimo octavo anno ejusdem tyranni potios, quamprincipifl^ 
inchoantes, nolumtu circmis nostris memoriam impii et persecutoris innectere, sed 
nagis elegimas ab incarnatione Domini nostii Jesa Chrigti annoram ttmposm 
prscaotart/*-— Pietavu J)octn Tinip, mibfinem. 
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A..TT.O. li win be obrionit Ail ttoeieDt mode was diiBw e nt fieooi Hm 
mcKkflm mode of leckening. Tiie je&t beftve, acfler Ihe Bobmhh 
manner of xeck<mingy being considered ihB year of <ike birtihy the 
preceding jear was reol^oned the seoond jear before the €wnL It 
will be ob^us, as the date a-b. did not begin to be reckoned from 
O, but itcai 1, in calcnlating any number of days between any 
year before and any year after the epoch of the Ghristiaa era, one 
year must be subtracted from the sum of the dates. 

The pontificate of Gregory XIII. was distinguished by the re- 
formation of the calendar, but was indelibly disgraced by his 
approbation of the massacre of the Protestants in Franoe on 8t. 
Bartholomew's Day in ^e year 1572. His infamy is perpetvated 
by the medal he had struck to commemorate that deed of blood^ed.^ 

The eleven minutes' excess of each Julian year above the tropical 
year had so accumulated between the years 325 and 1582| a.i>,, tiiat 
the reckoning of the yemal equinox took place 10 days too early. At 
the time of the Council of Nicsea in 325, the vernal equinox fell on 
21st Man^y and the Council decreed that the festival of Baster 
should be celebrated on the fbrst Sunday after the fall moon that 
happened after this equinox. In 1532 the vonal equinox, according 
to the reckoning, feU on 11th March; and the festival of Easter, 
coming 10 days too early, occasioned also irreg^arity in the times of 
celebrating other festivals of the Church. 

In order to bring back the reckoning to the true time of the 
equinox, Pope Gregory Xm. caused ten whole days to be omitted 
or left oot of the month of October, in the year 1532, so as to make 
the years in future to agree with the seasons, and the vernal equinox 
to be reckoned at the right time. And in order to prevent the reeuT' 
rence of liixs errot at any future time, it was fixed liiat, besides the 
Julian cerrectioii of every fourth year being a bissextile, the last year 
A.D. of every complete century, if divisible by 400, should also be a 
bissextile year, but if not so divisible, a common year. 

According to this rule the year 1600 would be a bissextile year, 
and tiie years 1700, 1800, 1900 would be reckoned as oommoB years. 

^ When the French ambassador waited on Qneea Elizabeth to report misk «a 
accomit of the proceedings at Paris as Charles IX. deemed proper to be annoonoed^ 
on entering the palace he fonnd the apartments leading to the Queen's presence- 
chamber filled with crowds of courtiers in deepmouming, and as he passed thnmgh 
them, no one offered any friendly salutation. He said that Sis master had instructed 
him to inform the Queen that Admiral Coligny, smitten by his caasciesee, had 
eonfessed to the King that the Protestants had conspired to seize both hua and the 
Queen mother, and that the dread of a civil war had driy^i his sovereign to allow 
the opposite party to proceed to the execution of their enemies. On hearing his 
message, the Queen expressed her esteem for King Charles, and proceeded to say : — 
"Altbough, indeed, if the information had been found tnte^ yet the mainBerof 
cruelty used couM not be allowed in any government; and least in that place, where 
the King might, by order of justice, hove done due execution, both on the Admiral 
and on all others that should have been proved offenders. For it could not be denied 
but the same force that murdered so many multitudes might more easily have put 
down the leaders, e^[»ecially the wounded Admiral, under arrest. She was willmg 
to believe that those councillors, whose age and experience ought to have made 
them useful guides to their young sovereign, were more to be blamed than he." 
And the Queen concluded l^ saying that **8he did surely persuade heradf thaA if 
the King would not use his power to make some tonends for so much blood, so 
horribly shed, God, who saw the hearts of all, as well of princes as of others, would 
show His justice, in time and place ; when His honour should therem be glorified, 
a^ the author of all justice, and the avenger of all hlood-sheddiBg of the innocent ** 
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By this correction of the Julian Calendar^ the 14& day of the paac^al 
moon was brought back to the same season in which it was found at 
the Council of Nicsea. The decree of that Council declared that 
Easter ought to be kept on the first Sunday after the 14th day of this 
moon, if this 14th day should happen on or after the 2l8t March. It 
will hdnce appear that according to this rule, Easter Sunday cannot 
happen earlier than the 22nd March nor later than the 25th April, 
wmch have been called the paschal limits. 

The calendar, as corrected by Gregory XIII., is called the Gregorian 
Calendar, or '' the New Style, "and as corrected by Julius Caesar is called 
the Julian Calendar, or *' the Old Style." The Old Style was formally 
abrogated in 1582, and the New Style was adopted in all countries 
where the Papal supremacy was acknowledged. The Protestant States 
of Germany at first rejected it, as they did everything that bore any 
semblance of Papal authority, and did not adopt the New Style untU 
the month of February, 1700. 

In England imtil 1752 there were two beginnings of the year, one 
on the 25th March, and the other on the let day of January. Great 
inconyeniences were experienced from having two modes of reckoning. 
At length in 1752 an Act of Parliament was passed, entitled an Act 
(23 Geo. n.) for regulating the commencement of the year, and for 
correcting the calendar. It declared that '^Easter day, on which the 
rest depends, is always the first Sunday after the first fidl moon which 
happens upon or next after the 21st day of March ; and if the full 
moon happens upon a Sunday, Easter day is the Sunday after." But 
as 170 years had elapsed since the epoch of the Gregorian correction, 
the Old Style had gained one additional day more on the course of the 
sun than it had at that epoch. By the Act it was therefore ordered 
that eleven days should be dropped. And accordingly, on the 2nd 
day of September, 1752, the ** Old Style " ceased, and the next day^ 
instead of tiie 3rd, was called the 14th September of the '' New Style." 
By the same Act the beginning of the year was changed £rom the 
25th March to the first day of January, and its reception encountered 
much opposition through the prejudices of people of all ranks — ^rich 
and poor, high and low ;^ and these feelings in no small de^ee arose 
from the fact of the change having originated with the Bishop of 
Bome. The calendar, so corrected, has ever since 1757 been printed 
at the beginning of the Book of Common Prayer. 

The method of intercalation used in the Gregorian Calendar is not 
the most accurate, as 97 or 100 — 3 days are inserted in the space of 
four centuries. This supposes the tropical year to consist of 365 days, 
5 hours, 49 min., 12 sec. : but the reformers of the calendar made 
use of the Copemican year, 365 days, 5 hours, 49 minutes, 
20 seconds. Hecent observations have determined the length of 
the tropical year to be 365 days, 5 hours, 48 min., 45^ sec., and if 
41,851 days be intercalated in 172,800 years, there would be no error. 
As this mode of intercalation is different from that now in nse, it is 
obvious that the Gregorian Calendar must be corrected after a certain 

1 On the adoption of the New Style in 1752, by Act of Parliament, it was ordered 
that the third day of September should be accounted as the fourteenth. This gave 
intense offence to the ignorant multitude, some of whom believed that eleven day^ 
were thus taJcenfrom their Uvea agaifiM their will by Act of ParliameiU, Hogarth, 
the celebrated painter, to ridicule this absurdity, represented them in one of his 
pictures, vociferating " Give us back our eleven days. 
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immber of years. The correction, however, will be inconsiderable 
for many ages, as it will amount only to a day and a half to be 
suppressed in the space of 5000 years. 

The modern Hebrew Calendar was settled by Babbi Hillel, about 
the middle of the fourth century of the Ohiistian era, and is founded 
on the periods of the moon and the sun. It is so arranged that the 
festival of the Passover should be celebrated on the day of the new 
moon at the vernal equinox, or on the day nearest to the day of the 
moon's conjunction with the sun. The months are arranged, some of 
29 days, and others of 30 days. The intercalary year had an addi- 
tional month, called Ye-Adar. This intercalary month is placed 
between the months Adar and Nisan, and consists of 29 days in 
common years and of 30 days in intercalary years. According to the 
scheme of Rabbi Hillel, a common year may consist of 353, 354, or 
355 days, and an intercalary year of 383, 384, or 385 days ; but his 
rules and limitations secure the reckonings of the calendar from any 
inconvenient discrepancy with the seasons. 

The most recent scheme for the reform of the calendar was made 
at the French Eevolution, and lasted about fourteen years. The first 
fruits of this Revolution were the constitution of the National Conven- 
tion, the deposition of the king in 1792, and France declared to be a 
Republic. These proceedings were followed by. the murder of the 
king and the queen at Paris in the following year. The Convention of 
the Republic, by two decrees issued on 5th Oct. and on 24th Nov., 1793, 
abolished the old calendar, which reckoned £:om the epoch of the 
birth of Christ, and decreed a new calendar, on what they considered 
true philosophical principles. But from the inconveniences arising out 
of the regularity of the motion of the earth on its axis and in its orbit 
round the sun, and of the moon round the earth, they could only 
change names, and decree minor subdivisions of time, and begin the 
year at a different epoch. Accordingly it was decreed that the era of 
the Revolution, 22nd September, 1792, should be distinguished as the 
first day of the year of the French Republic, being the day of the 
autumnal equinox. 

The year was divided into 12 months, of 30 days each, with five 
complementary days. The leap years were styled Olympic years. The 
following descriptive epithets they gave to their new months are not 
new names, but merely an imitation of the old Dutch names. 



yin(l^iiiiare,yintage month, began 22 Sept. 
Bnimaire, foggy „ 22 Oct. 

Frimaire, sleety „ 21 Nov. 

NivAse, snowy „ 21 Dec. 

Pluridse, rainy ^ 20 Jan. 

Ventdse, windy „ 19 Fob. 



»» 



Germinal, budding month 
Floreal, flowery 
Prarial, meadow 
Messidor, harvest 
Thermidor, hot 
Fractidor, fruit 



began 21 Mar. 
20 April 
20 May 
19 June 
19 July 
18 Aug. 



The new calendar appointed the five complementary days of the 
ordinary yftars to be celebrated as festivals : the 17th September dedi- 
cated to Yfrtue, the 18th to Grenius, the 19th to Labour, the 20th to 
Opinion, and the 21st to Ee wards. 

In every Olympic year from 11 Vent6se (29th Feb.) to the end of 
the year, each day of the month was one day earlier than in ordinary 
years, and there were six instead of five festival days. It is curious 
to remark that the designation of sans-culottidea (taken from sans^ 
culottes) was given to these festival days. The name at first had been 
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applied in contempt to the Bepublican party, but the same party 
thus attempted to invest it with honour and respect. 

Each month of 30 days was divided into three decades, or periods 
of ten days each. The week of seven days was abolished, and the 
, seventh day as a day of rest was no longer to be observed. 

The names assigned to each of the ten days were respectively 
Primidi (from primus dies), Duodi, Tridi,. Quartidi, Quintidi, Sextidi, 
Septidi, Octidi, Novidi, Decadi. They made the day to begin at mid- 
night, and retained the division of the day into twenty-four hours ; 
but the hour they divided and subdivided decimally. It appears a 
singular inconsistency that the Convention did not divide the day 
into ten parts, and the year into ten months, as they had divided 
the month into three parts of ten days each. It is not improbable 
that the Convention foresaw, if they, ordained the denary division of 
the day and of the night, there would be found the insuperable 
difficulty of compelling &e clocks of Paris and of the rest of Prance to 
obey the new order, to strike the hours up to ten, when they had 
been accustomed to strike them up to twelve,, from iJie £rst day they 
were set up to tell the hours* 

During the period of the first Bepublie all events and important 
facts connected with the history of Prance were recorded according 
to the new calendar ; and to complete their work, the Archbishop of 
Paris and his clergy were compelled to abjure Christianity, and the 
Convention decreed the worship of Beason. Before the end of 1793, 
during the Eeign of Terror, nearly 2,000 of the clergy lost their lives 
at the hands of the Convention. The new Prench Calendar continued 
' in use until 1806, nearly two years after Napoleon Buonaparte had 
been proclaimed the first Emperor of the Prench in 1804. He 
then ordered the discontinuance of the new calendar, and the restoration 
of the Gregorian. The week of seven days was resumed, but the 
Christian sabbath, as a day of rest from ordjnaiy work, has not ereiL 
at the present day recovered its sanctity in Paris. 
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j^ View of fhe Evidences of Christianity. In Three 

Parts ; and the Horm Paulince; by William Paley, D.D., Arch- 
deacon of Carlisle ;^ formerly Fellow and Tutor of Christ's College, 
Cambridge. A m\w Edition, with Notes, an Analysis, and a selection 
of Questions from the Senate-House and College Examination Papers ; 
designed for the use of Students, by Robert Potts, M.A., Trinity 
CoUege. 8vo. pp. 568 ; price IO5. Qd, in cloth. 

" By a grace of the Senate of the University of Cambridore, it was decreed last year, 
that the Holy Scriptnres and the Evidences of Christianity should assume a more 
important place than formerly in the * Previous Examination.* The object of the 
present publication is to furnish the academical student with an edition of Paley's 
Evidences of Christianity, suited to the requirements of the examination as amended. 
The Editor has judiciously added the 'Horse Paulinee' as forming one of the most 
important branches of the auxiliary evidences. He has added many valuable notes 
in illustration and amplification of Paley's ar^ment, and prefixed an excellent 
analysis or abstract of the whole work, which will be of great service in fixing the 
points of this masterly argument on the mind of the reader. Mr. Potts' is the most 
complete and useful edition yet published." — Eclectic JRevietD. 

*' As an edition of Paley's text, the book has all the excellence which mifi^ht be 
expected from a production of the Cambridge University Press, under the care of so 
competent an editor ; but we do not hesitate to aver that Mr. Potts has doubled Uie 
value of the work by his highly important Preface, in which a clear and impressive 
picture is drawn of the present unsettled state of opinion as to Uie very foutidations 
of our faith, and the increased necessity for the old science of ' Evidences' is well 
expounded by his masterly analyses of Paley's two works— by his excellent notes, 
which consist chiefly of the full text of the passages cited by Paley, and of extracts 
from the best modern writers on the 'Evidences,' illustrative or corrective of 
PaJoy's statements, — and by the Examination Papers, in which the thoughtful 
student will fitid many a suggestion of the greatest importance. We feel that this 
ought to be henceforth the standard edition of the 'Evidences' and 'Horse.'" — 
Biblical Review. 

"The theological student will find this an invaluable volume. In addition to 
the text there are copious notes, indicative of laborious and useful research ; an 
analysis of great ability and correctness.; and a selection from the Senate-House 
and College Examination Papers, by which great help is given as to what to study and 
how to stady it. There is nothing wanting to make this book perfect." — Church and 
StatK Qtzette. 

" The scope and contents of this new edition of Paley are pretty well expresied 
in the title. The object of Mr. Potts is to furnish the collegian with a help towards 
the more strinoront examination in theology that is to take place in the year 1861. 
The analysis is intended as a guide to studentsnot accustomed to abstract their read- 
ing, as well as an assistance to the mastery of Paley ; the notes consist of original 
passages referred to in the text, with illustrative observations by the editi^r; the 
questions have been selected from the Examinations for the last thirl^ years. It is an 
nsefal edition.** — Spectator, 

" Attaching, as we do, so vast a value to evidences of th'S nature, Mr. Potts* 
edition of Paley's most excellent work is hailed with no ordinary welcome — not that 
it almost, but that it folly answers the praiseworthy purpose for which it has been 
issued. lu whatever light we view its importance— by whatever standard we measure 
its excellences— its intrinsic value is equally manifesu No man could be found more 
fitly qualified fur the arduous task of reproducing, in an attainable form and in an in- 
telligible dress, the work he undertook to edit, than Mr. Potts. By an industry 
and patience, by a i-kill and careftflness of no common kind, by an erudition of a 
high order, he has made ' Paley's Evidences * (a work remarkable no less for its sound 
reasoning than its admirable perspioui^) adapted to the Christian student's every re- 
quirement in the sphere it enters on. To these ' Evidences ' the ' Horse Paulinse ' has 
been added, inasmuch (we quote from the preface) ' as it forms one of the most im- 
portant branches of the auxiliary evidences of Christianity.' It is farther added— 
* To the intelligent student, no apology will be necessary for bringing here before 
hira in connexion with the " Evidences" the "Horse Paulinse" — a work which consists 
of an accumulation of circumstantial evidence elicited from St. Paul's Epistles and the 
Acts with no ordinary skill and judgment; and exhibited in a pellucid style as Sax 
removed from the unnatural as from the non-natural employment of language.' 

" Without this volume the library of any Christian Man is incomplete. No com* 
mendatiou can be more emphatic nor more just." — Church qf England Quarttrlg 
Jiemew, 

Longman & Co., London. 
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In the lives of scientific men there is commonly little of interest 
besides their discoveries and improvements in science, and their 
writings and correspondence with the learned of their own times. The 
inventor of logaritmns, however, was eminent in other respects than as 
a man of science. Hie patriotic conduct and decided Christian character, 
exhibited on difficult occasions, are not unworthy of some brief notices 
in connection with his important inventions in the mathematical 
sciences. John Napier, son of Sir Archibald Napier, of Merchiston, 
master of the mint in Scotland, was born in the year 1550. His 
mother's brother was the first reformed bishop of Orkney, and the 
wise advice respecting the early education of his nephew appears not 
to have been tendered in vain. 

In the fourteenth year of his age, young Napier was incorporated a 
member of St. Salvator's College in St. Andrew's University, which 
only a few years before had been almost deserted in consequence of 
the tumults raised against the Beformation. About that time, 1563, 
it appears that the students of St. Andrew's were exercised once a 
week in theological disputations, at which one of tiie masters presided. 
The students were exhorted to avoid the altercations usually practised 
in the schools, and to behave themselves as men desirous of mutual 
instruction, and as the servants of Christ, who ought not to strive, but 
to be gentle to all. Toung Napier had before studied the sacred 
Scriptures, and aspiring to become a decided Protestant, he applied 
his energies to the sacred cause of truth. 

This fact is derived from his own words in the address '' To the 
Oodly and Christian Eeader," prefixed to his ''Plain Discovery of the 
Revelation of St. John," published in English in 1593,^ He writes : 
^*In my tender yeares and barneage in Sanct--Ajidrois, at the schooles, 
having, on the one port, contracted a loving familiaritie with a certaine 
gentleman, &c., a Papist ; and, on the other part, being attentive to the 
sermons of that worthie man of God, Maister Christopher Goodman, 
teaching upon the Apocalyps, I was so mooved in admiration against 
the blindnes of Papists, that could not most evidently see their ^ven- 
hilled citie, Rome, painted out there so lively by Saint John as the 
mother of all spirituall whoredome, that not onely burstedl out in con- 
iinual reasoning against my said familiar, but also from thenceforth I 
determined with myselfe (by the assistance of Qt)d's Spirit) to employ 
my studie and diligence to search out the remanent mysteries of that 

^ His work on the Apocalypse contains much that is sound, and much that is 
plausible ; but, like all who have ventured to open the seals of unfulfilled prophecy, 
he has failed to convince any rational man that he has been admitted to the secrets 
of the kingdom of heaven. His study of the prophetic visions of St. John appears 
to have led him to assume the prophetic character (always a dangerous assumption), 
and to predict that the day of judgment was to happen between the years 1688 and 
1700 (Book I., Prop. 14). It is, perhaps, almost needless to remark that the pro- 
gress of time has proved that Napier, as well as a later Scotch prophet, t^e Ilev. 
Edward Irving, had both made a mistake in converting their conjectures into 
prophetic announcements. 
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Holy Book ; as to this lioure (praised be the LordeJ, I have bin doing 
at al such times as conveniently I might have occasion." 

It is not known how long he remained a student at St. Andrew's ; 
it is certain he had left before 1588, when his contemporaries were 
admitted to the degree of Master of Arts. It is probable that under the 
advice of his uncle he proceeded to the eminent schools of learning in 
the Low Countries, and to the University of Paris, where he had the 
advantage of hearing the most distinguished men of that age, and among 
them Peter Kamus, the eminent mathematician, who was one of the 
victimrAt the m&ftmcre of St. Bartholon^ew. It is not known whether 
tlie troubles in his own country, or the state of affairs on the continent, 
were the causes which led to the return of John Napier to his home, 
probably inJJiHX, as it appears that his first marriage took place in 
1572, and by his first wile he had one son and one daughter. Some 
time after the death of his first wife he married again, and had a 
second family of five sons and four daughters. Some of his sons 
became distinguished, and such were his daughters, that it is reported 
of them, ** that they were all blessed with honourable or respectable 
marriages." 

Jolm Napier, firmly devoted to the Protestant cause, was ever 
loyal to his sovereign. He lived apart from the intrigues and plots 
of the Papists, though connected with them by his second marriage ; 
and in the midst of his mathematical lucubrations and theological 
studies, was always ready to take his part in public duty. In 
1584 King James made his first determined attack on the privileges 
of the Church, and his duplicity and inconsistent conduct caused great 
troubles to the Church while beset by powerful enemies from abroad. 
In the memorable year 1588 Napier was chosen one of the Com- 
missioners to the General Assembly called together at Edinburgh 
under circumstances the most alarming for Church and State. On 
this occasion his mind seems to have been much agitated, as will 
appear from the following extract from the preface to his ** Plain 
Discovery": — 

''This new insolence of Papists, arising about the 1588 year of 
God, and dayly incresing within this iland, doth so pitie our hearts, 
Eoeing them put more trust in Jesuites and Seminarie priests, than in 
the true Scriptures of God; and in the Pope and King of Spaine, 
them in the King of king^ ; that to prevent the same, I was con- 
strained of compassion (leaving the Latin) to haste out in English this 
present worke, almost unripe, that thereby the simple of l£.is iland 
may be instructed, the godly confirmed, and the proud and foolish 
expectations of the wicked beaten downe." 

The destruction of the Invincible Armada had not entirely dis- 
couraged the King of Spain in his designs against Britain. For in 
the year after, the Duke of Parma supplied a large sum of money 
to the Papist party in Scotland, and a plot was contemplated that 
30,000 men from Spain should land on the west coast of Scotland, 
march to Carlisle, and invade England, leaving 5,000 Spaniards with 
the leaders in Scotland. The plot was frustrated when it was nearly 
ripe for execution. 

After this event Napier was sent as the chief of a mission to 
deliver to the King in person a petition from the Genial Assembly 
for the punishment of the rebels, the safety of the Church, and the 
t]^uieting of tho public mind. 
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It is remarked by his chief biographer, when Napier and the 
delegates were nshered into the royal presence : ''It must have been a 
scene worthy of historical painting — this interview between the gro- 
tesque King of Scotland and the ^gduse philo sopher.^ We may 
'Imagine tne monarch, as portrayed in that ancient description of him 
which seems to have been drawn by an actual observer. ' Of a middle 
stature, more corpulent through his clothes than in his body, yet fatt 
enoueh, his clothes ever being made large and easie, the doublets 
quilted for steletto proofe, his breeches in grate pleits, and full 
stuffed ; of a timorous disposition, which . was &e greatest reasone of 
his quilted doublets ; his eyes large, ever roulHng after aney stranger 
cam in his presence ; in so much as maney, for shame, have left the 
roome as being out of countenance : his beard werey thin ; his toung 
too large for his mouth, &c.,' — confronted with John Napier, with his 
serene presence, thoughtful eye, and ample beard, rarely seen within 
the royal circle." 

On the 29th January, 1593, John Napier wrote an epistle^ to King 
James against his collusively favouring the Papists, and urged reforms 
both in Church and State. This episde he also prefixed as the dedica- 
tion to that monarch of ** The Plain Discovery," which was published 
the same year. It is described by one of his biographers as containing 
*^ remonstrance without sedition, rebuke without disloyalty, and admo- 
nition without impertinence." ** The Plain Discovery " was translated 
into French, and three editions were published at Bochelle, the first 
in 1602. 

After the detection of the Spanish plot, Napier was engaged in the 
invention of some plans and machines for the defence of the island, 
which were communicated by King James's ambassadors to the 
English Government. A description of them is preserved in his 
handwriting, and beariog his signature. The paper is prefaced by the 
words: **Anno Domini 1596, the 7 June, Secrett Inventionis, 
profitabill and necessary in theis dayes for defence of this Dand, 
and withstanding of strangers, enemies of God's truth and religion." 

How John Napier was led to the invention of logarithms appears 
from his own accoxmt of the matter. He had made several improve- 
ments in trigonometry: two of the most important have since been con- 
nected with his name — ** Napier's Rules," and ** Napier's Analogies.'' 
He became desirous of finding out some method by which he could 
abridge the labour of numerical computations connected with this sub- 
ject. In the year 1614, when he was above sixty years of age, he 

* The following is a short extract from the epistle : — " Praying your Majesty to 
attend yourself unto these enormities, and (without casting over the credite 
thereof to wrong wresters of justice), yonr Majesty's self to wit, certainly that 
justice he done to these your true and godly Ueges, against the enemies of God's 
church, and their most cruel oppressors. Assuming your Majesty he concordance 
of al Scriptures, that if your Majesty ministrate justice to them, God the supreme 
judge shall ministrate justice to vou against al your enemies, and contrarily, if 
otherwise. Therefore, sir, let it be your Majesty's continuiJ study (as called and 
charged thereunto hy God) to reform the universall enormities of your country, 
and to hegin at your Majesty's owne house, family, and court, and purge the same 
of all suspicion of Papists and Atheists, or Newtrals, whereof Uiis Eevelatiou 
foretelleth that the number shall greatly increase in these latter daies. For shall 
any prince be able to be one of the destroyers of that sreat sccte, and a purger of 
the world from Antichristianisme, who purgeth not his owne country ? shall he 

Eurge his whole country who purgeth not his own house ? or shall he purge his 
ouse, who is not purged himself e ? " 
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puLlishod his discovery at Edinburgh in a work eniiiicd, ''Mirifici 
Logarithmorum Oanonis Descriptio," reserving his method of oon- 
structing the tables until he knew what the learned might think of his 
invention. The work is dedicated to Prince Charles, the son of Eling^ 
James. The dedication opens with the following expressive senti- 
ment : — 

'^ Seeing there is neither study nor any kind of learning that dotk 
more actuate and stir up generous and heroical wits to excellent and 
eminent affairs ; and contrariwise that doth more deject and keep down 
sottish and dull minds than the mathematics; it is no marvel tiiat 
learned and magnanimous princes in all former ages have taken great 
delight in them, and that unskilful and slothful men have always 
pursued them with most cruel hatred, as utter enemies to their igno- 
rance and sluggishness." And further adds, **And thOTefore tLis 
invention (I hope) will be much the more acceptable to your Highness,, 
as it yieldeth a more easy and speedy way of accompt. For what can 
be more delightful and more excellent in any kind of learning than to 
despatch honourable and profound matters exactly, readily, and without 
loss of either time or labour ? '^ 

The preface of the work is interesting, being addressed to students 
of the mathematics. The following copy is taken from the English 
translation of Napier's work, as it contains some additions made by 
the author himself: — 

^* Seeing there is nothing (right well beloved students in the 
mathematickes) that is so troublesome to mathematicall practise, nor 
that doth more molest and hinder calculators, than Idie multiplicati<ms, 
divisions, square and cubical extractions of great numbers, which^ 
besides the tedious expense of time, are for the most part subject to 
many slippery errors. I began, therefore, to consider in my minde, by 
what certaine and ready art I might remove those hindrances. And 
having thought upon many things to this purpose, I found at length 
some excellent briefe rules to be treated of (perhaps) hereafter. But 
amongst all, none more profitable than this, which, together with tke 
hard and tedious multiplications, divisions, and extractions of rootes, 
doth also cast away from the worke itself e, even the very numbers 
themselves that are to be multiplied, divided, and resolved into rootes, 
and putteth other numbers in their place, which perform as much aa 
they can do, only by addition and subtraction, division by two or divi- 
sion by three ; which secret invention, being (as all other good things 
are) so much the better as it shall be the more common ; I thought 
good heretofore to set forth in Latine for the publique use of mathe- 
maticians. But now some of our countrymen in this island well 
affected to these studies, and the more publique good, procured a most 
learned mathematician to translate the same into our vulgar English 
tongue, who after he had finished it sent the coppy of it to me, to be 
scene and considered on by myself. 

** I having most willingly and gladly done the same, findn it to bo 
most exact and precisely conformable to my minde and the originall. 
Therefore it may please you who are inclined to these studies, ixy 
receive it from the translator ^vith as much good will as we recom- 
mend it unto you. Fare ye well.*' 

This work contains the natural sines and the logarithms of the sines 
for every minute of the quadrant^ with a description and explanatioa 
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of the uses of the tables. A translation^ of this work^ was made into 
English by Edward Wright, M.A.^ FeEow of OonYille and Cains 
GoB^e, Cambridge, who died in 1615. The translation, however, was 
publiBhed in 1618 by hi^ son Samuel Wright (then a scholar (^ .the 
same college), and dedicated to the East India Company. 

A preface to the reader was added by Henry Bi^gs, and ^* a table 
to finde the part proportionalL" Henry Briggs was educated at 
St. John's College, Cambridge; admitted to i£e degree of M.A. in 
1585; elected Eellow in 1588, and appointed reader on Dr. linacre's 
foundation in 1592. In 1596 he was chosMi tlie first reader in 
Qeometiy in Gresham College, London, and afterwards, in 1619, he 
was appointed the first Savilian professor of geometry at Oxford. 
Soon axb» l^e publication of the '' Canon Mirifieoa," Briggs commu- 
nicated in his lectures at Gresham College the unprovement of makisg 
1 the logarithm of the ratio of 10 to 1, instead ^ 2*30258, as Napier 
had done. And from the evidence that exists, it appears liiat he was 
the first person who pidblicfy made known the advantages of ^is 
change in the scale, which he also communicated to Napier himself. 

In a letter to Mr. (afterwards Archbishop) Usher, of the date of 
10th March, 1615, he writes: '' Napiiav lord of Markinston, hath set 
my head and hands at work with his new and admirable logarithms. ^. /f'l ' . « 
I hope to see him this summer, if it please God, for I never saw a book ^ / 1^ A*v 
which pleased me better and made me more wonder. I purpose to ^ 

discourse with him concerning eclipses, for what is there we may not 
hope for at his hand&" Accordingly he visited Napier in the summer 
of 1615. Their first meeting was described to William lilly, who has 
thus recorded the account in his '' Life and Times^" 

'' I will acq^uaint you with one memcnrable story related unto me 
by John Mazx, an excellent mathematician and ge<Hnetrician, whom 
I ccmceive you remember. He was servant to King James I. and 
Chades I. At first, when the Lord Napier, or Marchiston, made 
public hifl loganthins, Mr. Briggs, then reader of the Astronomy 
Lectures at Gresham College^ in London, was so surprised with admi- 
ration of them, that he could have no qui^tztess in himself until he had 
seen that noble person the Lord Marchiston, whose only invention they 
were. He acquaints John Marr herewithi who w«nt into Scotland 

^ Ths fdlowkig " Adaumitioii" does not appear in the origiml Lstin, page 22, 
sect. 9, cap. 4. It was most probably added by Napier himi^ vrhesn he revised 
Wrmht's translation. It refers to that system of the logarithms of the natural 
nmnbezB in which 1 is made the logarithm of the ratio of 10 to 1. " An Admoni- 
tion. But because the addittovi and subtraetion of these fonB«r numbers may 
seem somewhat painful, I intend (if it shall please God) in a second edition, to 
set ont such logarithxks as shall make those numbers above written to fall upon 
decimal numbers, such as 100,000,000, 200^000,0001, 300,000,000, &c., which are 
easie to be added or abated to or from smy other number." 

^ The complete title-page is : — ''A description of the admirable Table of Loga- 
rithanes: — ^witii a declaration of the most Plentiful!, Easie, and Speedy use thereof 
in both kinds of Trigonometry, as also in all Mathematical Calculations. Invented 
and pnblirited in Latine by tZiat Honourable Lord J<^m Nepair, Baron of Marchiston, 
and trauidated into Fin^lish by the late learned aiad famous Mathematician, Edward 
Wright. With an addition of tiie Instrumentall Table to finde the part Prc^ortionali, 
intended by the Translator, and described in the end of the Booke, by Henrie Bries, 
Ckometry-reader at Gresham House iu London. AH perused and approved by &e 
Authour, and publindied since the death of the Translator. Whereunto is added 
new Rolea for the earn «£ the student London^ printed fat Simon Waterson, 
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before Mr. Briggs, purposely to be there when these two learned 
persons should meet. Mr. Briggs appoints a certain day when to 
meet at Edinburgh ; but failing thereof, the Lord Napier was doubtful 
he would not come. It happened one day,, as John Marr and the 
Lord Napier were speaking of Mr. Briggs, *Ah, John (said Mar- 
chiston), Mr. Briggs will not now come. At the very' instant one 
knocks at the gate; John Marr hasted down, and it proved Mr. 
Briggs, to his great contentment. He brings Mr. Briggs up into my 
lord's chamber, where almost one quarter of an hour was spent, each 
beholding the other almost with admiration before one word was 
spoken. At last Mr. Briggs began : ' My lord, I have undertaken this 
long journey purposely to see your person, and to know by what 
engine of wit or ingenuity you came first to think of this most excel- 
lent help unto astronomy, viz., the logarithms ; but, my lord, being by 
you found out, I wonder nobody else found it out before, when now 
known it is so easy.' " 

Lithe year 1617, shortly before his death, Napier published his 
^^Babdologia." In the dedication is the following passage : — ''The 
difficulty and prolixity of calculation, the weariness of which is so apt 
to deter from the study of mathematics, I have always, with what 
powers and little genius I possess, laboured to eradicate. And with 
that end in view I published of late years the Canon of Logarithms 
wrought out by mysetf a long* time apfo^ which, casting aside the 
natural numbers, and the more difficult operations performed by them, 
substituting in their place others affording the same results, by means 
of easy additions, subtractions, bisections, and trisections. Of which 
iogarithms, indeed, I have now found out another species much 
superior to the former, and intend, if God shall grant me longer life, 
and the possession of health, to make known the method of construct- 
ing as well as the manner of using them. But the actual computation 
of this new canon I have left, on account of the infirmity of my bodily 
health, to those versant in those studies ; and especially to that truly 
most learned man, Henry Briggs, public Professor of Geometry in 
London, my most beloved friejid." 

In the following year Briggs paid a second "Yif^^ ^^ TTfliPJ*^^ ^^^ 
after his return to London printed, in 16l7,Tiis ^*Cliiiias Prima Loga- 
Tithmorum," but did not publish it till the next year after the death 
of Napier, which happened on the, 3rd April, 1618 ; for in his preface 
Briggs writes, ''Why these logarithms di£fer from those set forth by 
their most illustrious inventor, of ever respectful memory, in his 
* Oanon Mirificus,' it is to be hoped his posthumous work will shortly 
make appear." 

The posthumous work was published by his son, Bobert Napier, in 
1619, with the title of " Mirifici Logarithmorimi Canonis Constructio." 
In the preface, speaking of his father, he writes : — "You have then 
(benevolent reader) the doctrine of the construction of logarithms — 
which here he calls artificial numbers, for he had this treatise besido 
him composed for several years before he invented the word logarithm 
[Xoywr Apidfiogj — most copiously unfolded, and their nature, acci- 
aences, and various adaptations to their natural numbers perspicuously 
demonstrated. I have also thought good to subjoin to the construc- 
tion itself a certain appendix, concerning the method of forming 
another and more excellent species of logarithms, to which the 
Inventor alludes in his epistle prefixed to the 'Eabdologia,' and in 
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wlich the logaritlim of 1 is 0.^ I have also published some lucubra- 
tions upon the new species of logarithms, by that most excellent 
mathematician, Henry Briggs, pub&c professor in London, who under- 
took most willingly the very severe labour of calculating this canon, 
in consequence of the tsingular affection that existed between him and 
my father of illustrious memory." Itobert Napier in this volume 
makes no allusion to the claim of Briggs, as his father, in the ** Bab- 
dologia," laid claim to that improvement, and stated that he had com- 
mitted the execution of it to Briggs. From an expression in Briggs's 
preface to his " Chilias Prima Logeurithmorum," it would appear he 
expected a recognition of his claim in the posthumous work of Napier. 
But as it had been passed over in silence, Briggs, in the preface to his 
^^ Arithmetica Logarithmica," clearly declared &e part he had taken, 
and that he had first suggested the improvement in his lectures. 

In the year 1624 Briggs published his great work " Arithmetica 
Logarithmica," of which a translation in English appeared in 1631. 
In the address to his readers he gives the following account of the 
part he took in the improvement of logarithms, and his great 
labour in the calculation of the improved tables. ''Be not sur- 
prised that these logarithms are different from those which that 
iUiistrious man, the Baron of Marchiston, published in his- * Canon 
Mirificus.* For when explaining publicly the doctrine of them to my 
auditors at Qresham College, in liondon, I remarked that it would be 
much more convenient that should stand for the logarithm of the 
whole sine [or radius] as in the 'Canon Mirificus,' but that the 
logarithm of the tenth part of the same whole sine, namely, of 5** 44' 21", 
should be 10,000,000,000. And concerning this matter I immediately 
wrote to the author himseK ; and as soon as the season of the year, 
and my public teaching would permit, I went to Edinburgh, where 
being most kindly received by him, I staid a whole month. But 
when we began to converse about this change in the system, he 
said that for some time [dudum] he had been sensible of the same 
thing, and had desired to accomplish it, but however he had pub- 
lished those that he had already prepared, imtil he could make others 
more convenient if his duties and feeble health would permit. But 

' In this appendix he shows how the logarithms of all composite numbers can 
be found from the logarithms of prime numbers, and thus describes his method. 
"In order to find the logarithms of all numbers, it is necessary that the logarithms 
of some two natural numbers be given, or at least assumed, as in the former first 
construction 0, or cipher, was assumed for the logarithm of the natural number 
1, and 10,000,000,000 for the logarithm of the natural number 10. These, there- 
fore, being given, the logarithm of the natural number 5 (which is a prime num- 
ber) is sought in this manner. Between 10 and 1 is sought the geometric mean, 

which is ^^^^JoV- So between 10,000,000,000 and is sought the arith- 
metic mean, which is 6,000,000,000. Next between 10 and f VooooYoooJoo is 
taken the geometric mean, which is ^^^^o' ^^ similarly between 
5,000,000,000 and 10 is taken the arithmetic mean, which is 75,000,000,000." 
It will be seen by this process that the successive arithmetic means are the 
logarithms of the corresponding geometric means. But as these geometric means 
are not the natural prime numbers, if the process be continued it will be found, 
after twenty>five operations, that the geometric mean (taking seven places of 
figures) will be very nearly equal to 9, being defective only by the five millionth 
part of an unit ; and the corresponding arithmetic mean may be taken without 
sensible error as the logarithm of 9. Thus the logarithm of 9 being known, the 
logarithm of the prime number 3 is also known. 
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he tkonght that the change ought to be effected in this way — ^that 
should be made the logarithm of 1 ; and 10,000,000,000 the logarithm 
of the whole sine, winch I could not but acknowledge was by far the 
meet convenient of aU. Therefore, rejectLng those which I had before 
prepared, I began at his exhortation to ponder serioudy about the 
calculation of these tables, and in the following summer I went again 
to Ei^burgh, and showed him the principal part of those tables 
which are here published, and I was about to do the same the third 
summer, if it had pleased Qod to spare him so long." 

This work^ contains the logarithms (1 being the logarithm of 10,, 
and of 1} of numbers from 1 to 20,000, and from 90,000 to 100,000, 
all to 15 places of figures, with a method of finding the logaiithms of 
the intermediaiB numbers. It may be noted that in some copies of the 
'' Arithmetica Logarithmica " there is found a table of the logarithms 
of the numbers 100,000 to 101,000, which appears to have been added 
after the former tables had been printed. From the time of explain- 
ing the '* Canon Mirificus " in his lectures till the publication of his 
great work, he always regarded Napier as his guide. Both the 
character of Napier, his friendly intercourse with Briggs, and the 
respect with which they both wrote of each other, are scarcely in 
unison with the opinion expressed by Dr. Hutton in the introduction 
to his '^Tables of Logarithms." 

*' Upon the whole matter, it seems evident that Briggs, whether 
he had thought of this improvement in the construction of logarithms, 
of making 1 the logarithm of the ratio of 10 to 1, before Lord Napier 
or not (which is a secret that could be known only to Napier him- 
self)^ was the first person who communicated the idea of sueh an im- 
provement to the world ; and that he did this in his lectures to his 
auditors at Gresham College in the year 1615, very soon after his 
perusal of Naper^s 'Canon Mirificus Logarithmorum ' in the year 
1614. He also mentioned it to Napier, both by letter in the same 
year, and on his first visit to him in Scotland, in the stimmer of tha 
year 1616, when Napier approved the idea, and said it had already 
occurred to himself, and that he had determined to adopt it. It would 
therefore have been more candid in Lord Napier to have told the 
world, in the second edition of this book, that Mr. Briggs had men- 
tioned this improvement to him, and that he had thereby been con- 
firmed in the resolution he had already taken, before Mr. Briggs'a 
commimication with him (if, indeed, that was the fact), to adopt it in. 
that his second edition, as being better fitted to the decimal notation, 
of arithmetic which was in general use. Such a deelar&tion wonld. 
have been but an act of justice to Mr. Briggs ; and the not having- 
made it, cannot but incline us to suspect that Lord Napier was. 
desirous that the world should ascribe to him alone the merit of this 
very useful improvement of the logarithms, as well as that of having^ 
originally invented them ; though, if the having first communicatGd an. 
invention to the world be sufficient to entitle a man to the honour- 
of having invented it, Mr. Briggs had the better title to be called 
the first inventor of this happy improvement of logarithms." 

The same kindly feelings existed between Briggs and Bobeit 

^ The title-page of the work bears these words : — ** Hos numeros primus invenifr 
Clarissimus Vir Joiiannes Neperus, Baro Merchisfconii ; eos autem ex ejusdenL 
senteutia mutavit, eorumque ortum et tibum i lustra vit Heiiricus Briggius, in 
Celcberrima Acadcmia Oxoniensi, Geometriae Piofessor Savilianus." 
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Napier after his feitlier's death, and it appears that a eopy of Napier's- 
book on Arithmetic was copied out by £obert Napier for Mr. Henry 
Briggs, the Savilian Professor at Oxfbod. Briggs never made any 
claim to be the inyentor of logarithms; and the fact of the fixfft 
mention of his improvement publicly in his lectures is quite con- 
sistent with Napier's statement made at his first interview with 
Briggs, that he had before been aware of the advantages of tho- 
method Briggs had proposed. 

!^ggs had also completed before his death, which happened in 
1630, a table of the logarithms of the sines, tangents, and secants 
to fifteen places of figures, and annexed it to his tcmle of the natural 
sines, tangents, and secants which he had before calculated. This 
work he committed to his friend Henry GMlibrand, then professor of 
geometry in Gresham Collie, who published it in 1633 with tiie tiilo 
of *^ Trigonometria Britannica." These tables for their accuracy have 
been seldom foimd to diSer from the truth by more than a few imita 
in the fifteenth figure. . 

No one before Naoier ever considered all n umbers as expreaaJ Qiis. . 
of proportions, which could be inclucLed in a series of ratios. This 
idea is the basis of his invention, and the effect was, that he devised a 
method of finding a series of proportionals, containing all* numbers, I 
and every numb^ having its own exponent^ and also a method off 
finding i£e exponent of any given number of the series, or the numberl 
of any given exponent. 

The merit of Napier consists of having imagined and assigned a 
logarithm to any number whatever, by supposing the logarithm of 
that number to be one of the terms of a series in arithmetical pro- 
gression, and the number itself one of the terms of a geometncal 
progressioa whose auccesBiTe tenna differ by very smaU incremejite 
from each other. 

The natural numbers, 1, 2, 3, 4, 5, &c., form an arithmetical pro- 
gression, and may be made the logarithms of a series of numbers in 
geometrical progression : and the same numbers, 1, 2, 3, &c., may be 
also made to represent the logarithms of different geometrical series. 
But the natural numbers, of which the logarithms are wanted, form of 
themselves an arithmetical series, and can never become a geometrical 
series. Here arose the diffLculty, how could one series of numbers in 
arithmetical progression be made to correspond with the whole series 
of the natural numbers, in their order of increase, which are them- 
selves also a series of numbers in arithmetical progression ? 

The arithmetical progression, 0, 1, 2, 3, 4, 5, &c., corresponds with 
the geometrical progression, 1, 2, 4, 8, 16, 32, &c., and the numbers in 
order of the former can be made the logarithms of the corresponding 
numbers of the latter series; thus, may be made the logarithm 
of 1, 1 of 2, 2 of 4, 3 of 8, 4 of 16, 5 of 32, &c., and so on ; but here 
arose the difficulty, how could the logarithms of the numbers inter- 
mediate be represented ? the logarithm of 3 lying between 2 and 4 ; 
of 5, 6, 7, between 4 and 8; of 9, 10, 11, 12, 13, 14, 15, between 
8 and 16, &c. ; so as to be made to correspond to all numbers in 
their natural order of increase, these natural numbers themselves 
being in arithmetical progression. Napier had not the aid of the 
algebraical notations afterwards devised, and he knew nothing of iho 
oquation a'»y, nor had he even conceived the idea of the base of a 
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system of logarithms.^ He was led to Ms invention solely by geometrical 
considerations. Napier's object was not to calculate the logaritlims 
of the natural numbers, but to facilitate calculations in trigonometry. 
This is the reason of his computing only the logarithms of the sines, 
and the logarithms of the complements of the sines, (the word cosine not 
yet haying been devised,) from which the logarithms of the tangents, 
&c., could be easily deduced. The conception he formed was that 
of two points, generating straight lines by very small incremeiits, 
and so regulated that in one case the successive increments should be 
equal ; and in the other, that they should differ proportionally from 
each other in an indefinitely small degree.' He knew that tho 
indefinitely small ratios which he imagined to be generated between 
the natural numbers were not exact, but only approximations, and the 
excess or defect would become less than any quantity he might wish 
to assign, and therefore would not materially affect the results of his 
calculations, so far as he intended them to apply. 

As the arcs of a circle were considered as the measures of tho 
angles subtended at the center, and the sines of all arcs as parts of 
the radius, which was the sine of the whole quadrant, he conceived 
a line az equal to the radius, and a point beginniDg to move from a, 
80 that in ^ual times it moved over successive parts ah, he, cd, &c., of 
the line as in a decreasing geometrical progression, leaving tho 
successive remainders, hz, cz, dz, &c,, also in geometrical progression. 

* In Dr. Booth's Treatise on some new' Geometrical Methods, voL i., ch. 32, 
on the geometrical origin of logarithms, he has exhibited the value of tho 
Napierian base in terms of the functions of the angle which a focal perpendicular 
on a tangent makes with the axis of a parabola. He remarks : — *' We are thus 
(for the first time, it is beUeved) put in possession of the geometrical origin of that 
quantity so familiarly known to mathematicians — ^the Napierian base." The value 
of the angle is 49S 36' 18". 

' The first two chapters of the Canon Mirificus afford a view of Napier^j 
method. The following are his Definitions and Propositions, but without hij 
illustrations, taken verbally from the translation of Edward Wright : — 
Chap. I. Of the Definitions : 

Def. 1. A line is said to increase equally, when the poynt describing tho 
same goeth forward equall spaces, in equall tunes, or moments. 
Cor. Therefore, by this increasing, quantities equally differing, must 
needes be produced, in times equally differing. 
Def. 2. A line is said to decrease proportionaUy into a shorter, when tho 
pNoynt describing the same in equall times, cutteth off parts con- 
tinually of the same proportion to the lines from which they arc 
cut off. 
Cor. Hence it followeth that^y the decrease in equall moments (or 
times) there must needes also be left proportional lines of the 
same proportion. 
J)e/. 3. Surd quantities, or unexplicable by number, are said to be defined, or 
expressed by numbers very neere, when they are defined or e::- 
pressed by great numbers which differ not so much as one nnito 
from the true value of the surd quantities. 
Def, 4. Equal-timed motions are those which are made together, and in the 

same time. 
Def, 5. Seeing that there may be a slower and a swifter motion given than 
any motion, it shall necessarily follow, that there may be a motion 
given of equall swiftnesse to any motion (which we define to bo 
.. neither swifter nor slower). 
DeJ, 6. The logarithme therefore of any sine is a number very neerely express- 
ing the line, which increased equally in the meane time, whiles the 
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On another line, AZ, not definite as the former, he conceived a point 
beginning from A to moTO over equal parts, AB^ BC, CD, &c., of 
this line, with the velocity imiform, the same as the initial velocity of 
the other point moving in a%. Now at the end of the first, second, 
third, &c., equal portions of time, the moving point in a% is found at 
hy Cy d, &c. ; and that in ^^at B, C, J), &c., respectively. The lines 
za, zhj z€, &c., will be a series of lines in a decreasing geometrical progres- 
sion, and 0, AB, AC, AD, &c., will be a corresponding series of lines 
in an increasing arithmetical progression. The lines o, AB, A C, AD, 
&c., may be made the logarithms of the series of lines %a, zb, zc, &o,, 
supposing the point in ass moving with a velocity decreasing in 
proportion to its distance from z, while the velocity of the point in 
!k^ moves with the same constant velocity as it had at the beginning of 
its motion. 

As two independent conditions are necessary to limit every system 
of logarithms, as if be taken for the logarithm of 1, and any 
definite number be assumed for the logarithm of some other number, 
a system of logarithms can be computed under these conditions. 
Napier, however, assumed the logarithm of the whole sine to be 0, and 
hence as the series of the logarithms of the sines increase, the sines 
themselves decrease. He also assumed that the points beginning to 
move from a and A in the lines az and AZmm equal velocities, 
the increments described in the first small portions of time are equal, 
or that the natural sines and their logarithms near the whole sine 
have equal differences, but different affections. With these limitations, 
there is explained in his posthumous work his methods of computing 
his canon of logarithms, which at first he styled artificials, or artificial 
numbers, to distinguish them from the numbers which denoted the 
natural sines. 

There is a sing^ar coincidence of ideas exhibited in Napier's 
invention of logarithms, and in Sir Isaac Newton's invention of 
fluxions, as will appear irom the following account by Newton him- 

line of the whole sine decreased proportionally into that sine, both 
motions being equal-timed, and the beginning equally swift. 
A Consequent. Therefore the logarithme of the whole sine 1000000 is 
nothing or ; and consequently the logarithmes of numbers 
greater than the whole sine, are lesse than nothing. 

Therefore we call the logarithmes of the sines. Abounding, be- 
cause they are alwayes greater than nothing, and set this mark + 
before them, or else none. But the loganthmes which are less 
than nothing, we call Defective, or wantmg, setting this mark - 
before them. 
C:iAP. n. Of the Propositions of Logarithmes : 

Prop. 1. The logarithmes of proportionall numbers and quantities are 
equally dififering. 

Prop, 2. Of the logarithmes of three proportionals, the double of the second 
or meane, made lesse by the first, is equall to the third. 

Prop. 3. Of the logarithmes of three proportionals, the double of the second, 
or midme one, is equall to the summe of the extremes. 

Prop. 4. Of the logarithmes ot foure proportionalsy the sunmie of the second 
and third, made lesse by the first, is equal to the fourth. 

Prop, 5. Of the logarithmes of foure proportionals, the summe of the middle 
ones, that is, of the second and third, is equall to the logarithme 
of the extreames, that is to say, the first and fourth. 

Prop, 6. Of the logarithmes of foure continuall proportionals, the triple of 
either of the middle ones is equall to the summe of the further 
extreame, and the double of the neerer. 
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mtt : — '^I oonsider mathematical quantities in this |dace not as con- 
sisting of veiy small parts, but as described by a cositinned motion, 
lines are described, and therefore generated not by the apposition of 
jparts, but by the continued motion of points; superficies by the 
motion of lines ; solids by the moticm of mpecficies ; angles hy the 
rotation of tibe sides ; portions of time by a continual flux ; and so in 
other quantities. Qliese geneses really take place ia the nature of 
things, and are daily seen in the motion of bodies. And affcer this 
manner the ancients, by drawing moveable right lines along im- 
moveable right lines, taught the genesis of rectangles. Tharefore, 
considering that quantities, -which increase in equal times, and by 
increasing are generated, become greater or less according to the 
greater or less velocity with which they increase and are generated, 
I sought a method of determining quantities from the velocities of the 
motions or increments with which they are generated ; and calling 
-these velocities of the motions or increments Fluxions, and the 
generated quantities FhtenUy I fell by degrees, in the years 1655 and 
1656, upon the method of fluxions, which I have made use of here in 
the quadrature of curves." ^ 

Newton wrote his paper on fluxions in 1665, the year before he 
took his B.A. degree. It appears th«,t the minds both' of Napier and 
Newton were led independently by the same ideas to effect the objects 
ifafij proposed; one to construct a table of logarithms, the other to 
devise a calculus for dealing with variable magnitudes. 

Edmund Ganter was appointed Professor of Astronomy at 
Ghresham College in 1619, while Henry Briggs was there the Pro- 
fessor of Goometr}% and he held the office till his death, which 
h£^pened in 1626. In 1620 he published his *' Canon of Triangles," 
wluch contains the logarithmic sines and tangents for every minute of 
the quadrant, calculated to seven places of figures. In the year 1623 
he reprinted these tables in his work ^'De Sectore et radio," and 
added the ' ' Chilias Prima ' ' of his colleague Briggs. He introduced the 
use of the arithme tical compl ement into the arithmetic of logarithms, 
and was the ^rst Who employed the word wgwg^ for the sine of the 
complement of an arc. In 1623 he also appueS^ the logarithms of 
nunn:>ers, of sines and of tangents, to straight lines divided on a scale 
by which proportions in numbers and in trigonometry could be 
resolved by means of a pair of compasses. His method of division 
was founded on the properly, that the logarithms of the terms of equal 
ratios are equidifierent. This instrument, in the form of a two-foot 
scale, has long been in use for navigation and oiiier purposes, and is 

^ Quantitates Mathematicas non ut ex partibus quam minimis constantes, sed ut 
motu continuo descriptas hie considero. Lineas describuntur ac describendo generan- 
tni non per appositioiiem partium sed per motam continuum punctorum, superficies 
per motum lineaxum, solida per motum superficierum, anguli per rotationem laterum, 
tempora per fluxum continuum, et sic in cateris. Hee geneses in rerum natura 
locum vere habeat et in motu corporum ^uotidie cemuntur. Et ad hunc modum 
veteres ducendo rectas mobiles in longitudmem rectarum immobilium genesin docue- 
runt rectangulorum. 

ConBiderando igitur quod quantitates sequalibus temporibus crescentes et crescendo 
genitae, pro velocitate majori vel minori qua crescunt ac generantur, evadunt majores 
vel minores \ methodum quserebam determinandi quantitates ex velocitatibus motuum 
vel inorementorum quibus generantur ; et has motuum vel incrementorum velocitates 
nominando Fliudones, et quantitates genitas nominando Fluentes, incidi paulatim 
Annis 1665 et 1666 in Methodum Fluzionum qua hie usus sum in quadratora 
curvarum. — Tractatus de QuadrcUtira Cwrvarwm^ 
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TmoTm by the name of ** Gunter's Scale." The logariihinic Imes on "^^ 
Chanter's scale were afterwards drawn in different ways. In 1627 ^^ 

they were drawn by Edmiind Wingate on two separate scales sliding 
against one another, to save the trouble of using the compasses. 
And they trftrfl ftlwo i-n 1fi27 applied by OuAfged to concegtric circles. 
In I62Y and 1628 Adrian Vlaoq repnntea at Gouda, in Holland, the 
'^Arithmetica Logarithmica " of Briggs, and added the logarithms 
which Brigge had omitted, from 20,000 to 90,000. But tiiese he had 
computed only to ten places of figures. He added also a table of 
natural sines, tangents, and secants to e^^eij minute of the quadrant. 

Gregory Bt. Yincent, in his ''Opus Geometricfimi Qnadzatuxse 
circuli et Sectionum Coni," published in 1647, shows that if one 
a83nnptote of a hyperbola be divided into parts in geometrical progres- 
sion, and from the points of division ordinates be drawn parallel to the 
other asymptote, they will divide into equal portionfl the spaces con- 
tained between the asymptote and the curve. It was afterwards 
observed that by taking the continual sums of these parts^ these would 
be obtained areas in arithmetical progression corresponding to the 
abscisssd in geometrical progression, and that these areas and abscisssB 
would be analogous to a system of logarithms and th^ corresponding 
numbers. On account of this analogy Napier's logarithms have been 
named hyperbolic logarithms, but this analogy is not applicable to 
Napier's logarithms only, but to all other possiblB systenis of 
logarithms. Nor does it illustrate his idea of the generation of 
logarithms ; Napier's exact idea, however, is completSy illustrated 
by another curve. If the lines which represent Napier's logarithms 
be taken on a line as abscissae, and lines which denote the corre- 
sponding natural numbers be drawn at right angles as ordinates to 
these abscissae, the curve passing through the extremities of the 
ordinates will be the logarithmic curve. Its properties were first 
described by Huygens in his "Dissertatio do Causa Gravitatis," 
where it is shown that its subtangent is constant. This curve was also 
considered by Boger Ootes, the Plumian Professor at Oambridge, in 
his '^Harmonia Mensurarum," which was published in 1722. He 
named the constant subtangent of the curve die moduhia of the system 
of logarithms, being a fourth proportional to the increment of the 
ordinate, the increment of the abscissa, aiid the ordinate itself. But 
under Briggs's idea of logarithms, being rather numeral than geome- 
trical, the modulus may be considered as the natural number at that 
point of the system where the increment of the number is equal to the 
increment of the logarithm, or when the consecutive numbers and their 
logarithms have equal differences. Aud it will appear that the 
logarithms of equal numbers in any two systems are proportional to 
their modulus. The ratio which connects the systems of Napier and 
Briggs is 2-3025850 to 1. 

Napier's theory, however ingenious in itself, was felt by mathe- 
maticians to labour under the objection of treating geometrically a 
subject which was in its nature arithmetical, as Briggs had exhibited 
in the tables he had calculated and published. Their objection was 
founded on the definition of logarithms, * ' numeri rationem exponentes," 
and in course of time various improvements were made in the methods 
of constructing them — ^more simple, and involving less labour than the . 

methods of Napier and Briggs. It was about fifty years after Napier's I 
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death before series were employed. The series for log. (1 +^) was first 
invented by Mercator, in 1667, and published in his '^Logarithmo- 
technica." James Gregory, in his **Exercitationes Geometricse," 
proved the series for log. ( 1 + ^), log. ( 1 — iJ?), and log. ( 1 + x) — log. ( 1 — x) . 

Dr. Edmimd Halley, in a paper printed in the '^Transactions of the 
Boyal Society for 1595," showed how to find the logarithms of numbers, 
and to solve the converse problem by a process of algebra. This 
paper ends with these words : — "Thus I hope I have cleared up the 
doctrine of logarithms, and shown their construction and use independent 
from the hyperbola, whose affections have hitherto been made use of 
for this purpose, Ihough this be a matter purely arithmetical, nor 
properly demonstrable from the principles of geometry. Nor have I 
been obliged to have recourse to the method of indivisibles, or the 
arithmetic of infinites, the whole being no other than an easy 
corollary to Mr. [Sir Isaac] Newton's * General Theorem ' for forming 
roots and powers." 

Euler, in his " Introductio in Analysin Infinitorum," has exhibited 
the properties of logarithms and the series for the construction of tables 
nearly in the form in which they are employed by mathematicians at 
the present time. 

Por the details of the history and the various methods and improve- 
ments, the student is referred to the works of the original authors, 
which he will find noted in the "Scriptores Logarithmici " of Baron 
Maseres, and in the introduction prefixed to the '^ Tables of Loga- 
rithms " published by Dr. Hutton. 
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NUMEBATION AND NOTATION. 

Abt. 1. It is probable tbat the earliest efforts in counting were very 
limited, and did not extend beyond the sunple wants of primitive 
life. As the human race multiplied on the earth and their wants 
increased, different methods of numbering would be devised, and im- 
provements made, until necessity, the mother of inventions, led to the 
discovery of that perfect system which has superseded all others, and 
is now in almost universal use in the civilised world. To count or to 
number is nothing more than to form ideas of assemblages of things 
considered as imits, and to assign names to each of these assemblages. 
This is the first process of the human mind in the science of numbers^ 
Every particular object or thing suggests the idea of unity or ono 
thing to the mind, and every assemblage of tL.'ngs suggests the idea 
of numbers composed of a greater or less assemblage of imits. If 
such a collection of things be considerable, it is impossible to deter- 
mine at first sight, with exactness, the whole number, and to name 
the sum of them. Our senses suggest only the undefined idea of a 
multitude. Nature has provided a kind of arithmetical instrument, 
more generally used than is commonly imagined, namely, the two 
hands, with the five fiingers on each haud. It is highly probable that 
these were the first instruments used by men to assist them in the art 
of numbering. There i)9 a strong presumption in favour of the truth 
of this opinion, that all civilised nations from the earliest times have 
counted by the number of the fingers on one or on both hailds. No 
reason can be discovered why the number five or ten should be chosen 
rather than any other number for the basis of counting, except the primi- 
tive practice of counting by the fingers of one or of both hands. It is, 
besides, not improbable that in early times men counted by their 
fingers, objects which did not exceed that number. They could also 
count the exact number of tens in an assemblage of objects, and note 
the units which remained less than tens. But as the fingers could 
only serve them to ascertain that remainder of units above the tens, 
they wanted something to determine the number of tens. When this 
number was large, they were led to look for new helps. Nature 
presented them with many things equally fit to assist them in this 
operation, as pebbles or counters. It is now easy to imagine how 
that, by the help of the fingers and little stones, a method of num- 
bering might be devised, and considerable calculations might be 
performed. 

A heap of pebbles consisting of individual pebbles can be numbered 
by arranging them in sets of ten pebbles each, and reserving the 
pebbles over, which do not make a complete set of ten. 



!Next. The sets of ten pebbles can be arranged in larger sets of ten 

times ten pebbles in each set, and the ' sets of ten pebbles over 

reserved which do not make a complete set of ten times ton 

pebbles. 

Thirdly. The sets of ten times ten pebbles can be arranged in still 

larger sets of ten times ten times ten pebbles, and the sets over, of 

ten times ten pebbles reserved which do not make a complete set 

of ten times ten times ten pebbles, and so proceeding until the 

largest sets have been formed. 

Thus, the whole heap of pebbles can be separated into different sets, 

and the groups in each set not exceeding nine in number. Tho 

'first set consisting of single pebbles, not exceeding nine. Tho 

eecond, groups of ten pebbles in each set. The third, groups of 

ten times ten pebbles in each set. The fourth, groups of ten times 

ten times ten pebbles in each set, and so on, and ending with 

groups of the largest sets that can be formed. 

Having shown how the number of a multitude of objects can be 

known by simply dividing them into different sets or classes, the 

8econd step is to assign names to the different sets, and thirdly to devise 

abbreviated characters or figures for denoting them. Tho various 

characters adopted by the most ancient nations for recording numbers 

were never employed as instruments of calculation. This double 

purpose was effected by that perfect system of numerical notatioD, 

by means of ten characters *' with device of place," an invention for 

which the world is indebted to the intelligence of the ancient people 

of Hindustan. This method of naming and denoting numbers is 

called the denary system, as it reckons numbers by tens, tens of 

tens, and so on. 

2. Numeration is defined to mean the method of expressing numbers 
l>y words, and notation is the art of denoting numbers by characters 
or figures. 

Numbers are considered either as concrete or abstract A concrete 
number is one which is employed to express any kind or species of 
things, and an abstract number is one which is considered apart from 
any species of things whatever. In considering numbers as abstract, 
an unit, or one, is the least whole number, and may be considered 
the primary element of numbers, and all abstract numbers can be 
formed by the successive additions of unity, beginning with unity. 

The first number is named one; one and one is named two ; two 
and one, three ; three and one, four ; four and one, five ; five and one, 
«ix ; six and one, seven ; seven and one, eight ; eight and one, nine. 

These nine numbers are respectively represented by the characters 
1, 2, 3, 4, 5, 6, 7, 8, 9. 

Each of these nine figures, besides its intrinsic value, is assumed 
to have a local value depending on the place it occupies, reckoned 
from the figure in the first place on the right. The principle of the 



local value is simply this : — One figure being placed on the left of 
another, the place of the former is ten times as great as the place of 
the latter. Hence it foUows that the first figure on the right being 
the place of units, a figure in the second place on the left of it is ten 
times its value in the first place, in the third place it is ten times 
that in the second place, in the fourth place it is ten times that in 
the third place, in the fifth place it is ten times that in the fourth place, 
and similarly for the succeeding places ; so that a figure in the first, 
second, third, fourth, fifth, &c., places, denotes respectively units, tens of 
tmits, hundreds of units, thousands of xmits, tens of thousands ot 
tmits, &c. They are designated numbers of the first, second, third, 
fourth, fifth, &c., orders respectively. Besides the nine significant 
characters, there is a tehth character, 0, named cipher, nought, or zero, 
which by itself has no numerical value, and denotes the absence of 
number in any place it may occupy in the notation of numbers. By 
means of these nine characters and the cipher, axty number, however 
large, can be distributed into sets of units, tens, hundreds, &c., each 
set not exceeding nine, and can be exactly denoted by the assumed 
characters in their proper places. 

The next number to nine, is nine and one (for which no single 
character is assumed), named ten, and is denoted by 10. And two 
tens, three tens, four tens, five tens, six tens, seven tens, eight tens, 
nine tens, are respectively denoted by 20, 30, 40, 60, 60, 70, 80, 90, 
and named twenty, thirty, forty, fifty, sixty, seventy, eighty, ninety. 

The natural numbers after 10, which increase by units, namely, 
ten and one, ten and two, ten and three, ten and four, ten and five, ten 
and six, ten and seven, ten and eight, ten and nine, are denoted by 
replacing in 10 by 1, 2, 3, 4, 5, 6, 7, 8, 9, successively, and they 
become 11, 12, 13, 14, 15, 16, 17, 18, 19, respectively, and are named 
eleven, twelve, thirteen, fourteen, fifteen, sixteeui seventeen, eighteen, 
nineteen. 

And in the same manner the rest of the numbers of the second 
order are denoted, as 21, 22, 23, 24, 25, 26, 27, 28, 29 ; and so until 
the last, ninety and nine, or 99. 

The next number, ninety and ten, is named one hundred, and is 
denoted by 100 ; and two hundreds, three hundreds^, four hundreds, 
five hundreds, six hundreds, seven hundreds, eight hundreds, nine 
hundreds, are respectively denoted by 200, 300, 400, 600, 600, 700, 
800, 900. 

The number nine hundreds and one hundred is named one thou- 
sand, and is denoted by 1000. And in a similar manner two, throe, 
four, five, six, seven, eight, nine thousands, respectively, are denoted 
by 2000, 3000, 4000, 6000, 6000, 7000, 8000, 9000. 

And proceeding in the same manner, the successive numbers of 
the higher orders in the scale of notation are named and denoted. 
Thus:— 



The number Ten thousands is denoted by 10,000. 

One hundred thousands by 100,000. 

One million by 1,000,000. 

Ten millions by 10,000,000. 

One hundred millions by 100,000,000. 

One thousand millions by 1,000,000,000. 

Ten thousand millions by 10,000,000,000. 

One hundred thousand millions by 100,000,000,000.^ 
It is seldom in ordinary calculations that numbers are required 
beyond hundreds of thousands of millions. 

The principle of the denary notation is not limited, and may be 
extended for the expression of numbers of any order. It is therefore 
obvious that the denaiy method of notation may be continued to any 
extent, and will suffice for the representation of any number, however 
great. 

3. Prob. To denote hy figures any given number expressed in words; 
and conversely, to express in words any given number denoted by figures. 

First. Any number expressed in words can be denoted in figures 
by writing the figure which denotes the units in the first place, and 
the ^gures which denote the tens, hundreds, thousands, &c., respec* 
lively, in the second, third, fourth, &c., places on the left of the first 
place, with ciphers in those places where the figure of any order is 
wanting. 

Conversely. A number denoted by figures can be expressed in 
words by first dividing the given number into periods of three or of 
six figures each, and writing the values of the figures which are in the 
first, second, third, fourth, &c., places as the units, tens, hundreds, 
thousands, &c., of which the number is composed. 

^ The next unit in order is ten hundred thousand millions, or one thousand 
thousand millions, or one million of millions. Instead of considering the orders of 
higher numbers as successively formed by making ten units of one order equiva* 
lent to one unit of the next superior order, it has been found convenient to con- 
sidcr large numbers in periods of six figures each. The first period beginning with 
unity and extended to six figures is considered the period of units, the second 
the period of millions, the third the period of millions of millions, and so on, so 
that the units of the first, second, third, &c., periods in order ^ill be as follows : 

One, the primary unit denoted by 1. 

One million denoted by 1 with 6 ciphers. 

One million of millions, or a billion, is denoted by 1 with 12 ciphers. 

One million of billions^ or a trillion, by 1 with 18 ciphers. 

One million of trillions, or a quadrillion, by 1 with 24 ciphers. 

One million of quadrillions, or a quintillion, by 1 with 80 ciphers. 

One million of quintillions, or a sextiUion, by 1 with 36 ciphers. 

One million of sextillions, or a septillion, by 1 with 42 ciphers. 

One milHon of septillions, or an octillion, by 1 with 48 ciphers. 

One million of octillions, or a noniUion, by 1 with 54 ciphers. 

One million of nonillions, or a decillion, by 1 with 60 ciphers ; and so on*. 



EXERCISES. 



I. 



Express in figures the following numbers : 

1. Fifty-six; and sixty-five. 

2. Three hundred and four ; and five hundred and ninety-six. 

3. Seven thousand seven hundred and seven ; and nine thousand 
tTTO hundred and seventy-three. 

4. Twenty-seven thousand four hundred and fifty. 

6. One hundred and ninety-eight thousand five hundred and sixtj- 

sevffli. 

6. Five millions five hundred thousand five hundred and five. 

7. Ninety-five millions and fifty-nine thousand. 

8. Seven hundred and ten millions seven hundred and ten thou- 
aand seven hundred and ten. 

9. One thousand millions and one hujidred thousand. 

n. 

Write in words at length the following numbers denoted by figures : 

1. 57, 75, 80, 45, 21, and 79. 

2. 101, 300, 425, 602, 620, and 999. 

3. 1001, 1100, 1010, 4783, 2909, and 1800. 

4. 21000, 20100, 48765, 18009, 18090, and 90009. 

5. 123456, 700009, 709000, 100100, and 5dM40. 

6. 7654321, 1002«)3, 5081000, and 9080706. 

7. 29358764, 50800700, and 80053007. 

8. 503100950 and 20000100010010. 

9. 1000000200003001 and 6786732195946170. 

III. 

1. Express in figures the first hundred numbers with their re* 
spective names. 

2. Write down the different ways in which each of the nine digits 
can be made up of two less nimibers. 

3. The number 27 is composed of 16 and 11. Wiite down all the 
other two numbers which can make up the number 27. 

4. Write the smallest and the largest numbers possible with the 
first filve characters, 0, 1, 2, 3, 4, in the denary notation, and express 
them in words. 

5. How many tens, how many hundreds, how many thousands, 
I and how many ten thousands are there in a million units ? 



6. Find all the integral numbers wliicli can be formed out of the 
digits 0, 1, 2, 3, when one, two, three, four digits are taken respec- 
tively to form each number. 

IV. 

1. What methods did the ancient Greeks and Bomans adopt to 
represent numbers ? Were the Boman characters ever employed as 
instruments of calculation, as the figures in the decimal scale of 
notation ? 

2. From whence was the ordinary system of arithmetical notation 
by nine figures and zero derived ? About what period was it intro- 
duced into Europe ? What system did it supersede, and when did it 
begin to. be generally used ? 

3. Define unit and number, and distinguish between abstract and 
concrete numbers. 

4. Explain clearly the difference between the intrinsic values of 
«ach of the nine digits, and their local values in the denary scale ; 
and shew that, with the aid of the tenth character zero, these digits 
are competent to express all numbers whatever, however great or 
however small. 

5. In the denary scale of numeration, how many different words 
are employed in counting a million ? 

6. Give the derivation and explanation of the terms calculating, 
counting, cipher, algorithm. 

7. In the denary system of notation explain why the number of 
digits cannot be more or less than the local value 10. 

8. Specify clearly the advantages of the Indian method of arith- 
metic, (1) with respect to the powers of its notation, (2) of its opera- 
tions. 

9. State the considerations which render the sciences of nimiber 
and space useful instruments for the training of the intellectual 
powers. 



ADDITION AND SUBTEACTION. 

Aet. 1 TLe simplest elementary operations which follow the nota- 
tion and nimieration of numbers are named Addition and Subtraction. 

By Addition is meant the process or operation by which two or 
more numbers are combined into one number, called their sum. 

Subtraction is the reverse operation, by which a less number is. 
taken from a greater^ and the remainder, or difference, is found. 

It is obvious that the operations of Addition and Subtraction aro 
related, so that if 4 be added to 3, the sum is 7 ; and if 3 be subtracted 
from 7, the remainder is 4. Also, if 7 be taken from 7, the remainder 
is 0; and any number greater than 7, as 9, cannot be subtracted 
from 7. 

It may also be remarked that Addition and Subtraction are the- 
two fundamental operations in arithmetic, into which all others may bo 
resolved ; for whatever operation is to be performed, the change made 
in any given number must either be an increase or diminution of it. 

The nature of the processes of numerical addition and subtractioi:t 
imply that the abstract units employed are always the same. 

2. Pbob. To find the 8um of any two numbers comisting of single figures. 

This process will be effected by simply taking each unit of one of 
the numbers and successively adding it to the other. Thus the sum. 
of the numbers 3 and 5 may be found by considering 3 as composed 
of three units, 1, 1, 1, and adding ecu^h in succession to the number 5. 

The sum of 5 and 1 is 6, 
„ 6 and 1 is 7, 
„ 7 and 1 is 8, 
that is, the sum of 3 and 5 is 8. 

In a similar way the sum of 5 and 3 may be shewn to be 8, by 
considering 5 as composed of five units, 1, 1, 1, 1, 1, and adding each 
in succession to the number 3. 

Hence the sum of 5 and 3 is the same as the sum of 3 and 5 ; 
or the sum of two numbers is the same in whatever way they may bo 
added together. 

The sums of every two numbers consisting of single figures may b& 
foujid in this manner, and the results exhibited as follows : 



The snm of 1 and 1 is 


2 


The 


dom of 2 and 1 is 


3 


The 


sum of 3 and 1 is 4 
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The sum of i and 1 is 5 


The 


sum of 5 and 1 is 6 


The 


sum of 6 and 1 is 7 
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2„ 7 




99 
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>9 


3„ 7 




99 
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99 
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99 
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99 
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99 
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99 
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99 
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99 
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99 
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Tlie sum of 7 and 1 is 8 


The 


sum of 8 and 1 is 9 


The 


sum of 9 and 1 is 10 


99 
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99 
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99 
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99 


9„18 



3. Pbob. To find the sum of two numbers consisting of more than one 
figure. 

Ax. The sum of two or more numbers is equal to the sums of their 
respective paxts taken together. 

By the assumed notation every number is composed of units of the 
£rst, second, or third, &c., orders, named units, tens, hundreds, &c. 
And the sum of two or more numbers will be known by finding the 
sums of the units, the tens, the hundreds, and so on, and the aggre- 
gate of these sums wiU be the sum of the given numbers. 

Let it be required to find the sum of two numbers^ 3SS and 287. 

The number 358 consists of 3 hundreds, 5 tens, and 8 units, 
and 287 consists of 2 hundreds, 8 tens, and 7 units. 

Then, first, the simi of 7 units and 8 units is 15 units ; or 1 ten and 
5 units : reserve the 5 units. 

Secondly. The sum of 1 ten, 8 tens, and 5 tens, is 14 tens; or 10 
tens and 4 tens ; or 1 hundred, and 4 tens : reserve the 4 tens* 

Thirdly. The sum of 1 hundred, 2 hundreds, and 3 hundreds, k 6 
hundreds. 

Hence, the whole sum is 6 hundreds, 4 tens, and 5 units, or 64^. 

The process may be exhibited briefly, thus : — 

358 
287 



645 sum. 



The sum of more numbers than two can be found in the same 
manner as the sum of two numbers.^ 

^ When the columns of num'tos to be added are large, the process of addition 
may be more easily effected by a method analogous to addition by counters. It relieves 
the memory fi-om recollecting any number greater than 19 ; at the same time there is 



And as ten units of any order are equal to one unit of the next 
■superior order, it follows that the sum of two or more numbers of any 
order is found by the same operation as if they were of the first order, 
:and all additions are reduced to the simple process of finding the sum 
of two or more single figures. 

As an error is always possible in the performance of the process of 
addition, not much confidence can be placed in the so-called proofs of 
the process of addition. In the addition of numbers, if the sum bo 
obtained by commencing with the last line of figures and adding 
upwards, in case any error be made, it may probably be detected by 
repeating the process, beginning with the first line of figures and 
adding downwards ; and if the two results are the same, it is probablo 
the addition is correct. 

Besides the characters or symbols of numbers there are other 
assumed symbols which denote arithmetical operations. 

The symbol + placed between two numbers indicates that the 
latter number is to be added to the former. Thus 3 + 5 means that 5 
is to be added to 3, and is read 3 plus 5. 

The symbol = is used to indicate the equality or equivalence of 
two numbers ; and is read '' is equal to." Thus 3 + 5 = 8, moans that 
5 added to 3 is equal to 8. 

By the help of these two symbols of operation, any number can 
be expressed as the sum of the several orders of numbers of which it 
is composed ; as, for example : — Thirty-five thousands, seven hundreds, 
forty and nine, can be thus expressed — 

35749 = 30000 + 5000 + 700 + 40 + 9. 

4. Prob. — To find the difference of two numhers, each consisting of one 
or two figures. 

The difference of two small numbers will be found by subtracting 
from the greater number in succession as many units as are contained 
in the less. 

Let it be required to find the difference between the two numbers 
S and 3. 

3 is composed of three units, 1, 1, 1. 



less trouble in practice, also the probability of error is considerably lessened by the 
use of small numbers only. 

Instead of adding all the fignres in each eolnnm at once, the sum of each column 
may be found as follows : 

Add together the first two or more figures which produce a number between 10 
and 19 ; place a mark for the 10, and add the units orer to the next figures of the 
column, and mark the 10 as before, and add the units over to the next figures, and so 
on, marking all the tens until all the figures of the column have been added. Write 
the units over after the last addition under the column of units, and add to the 
second column of tens as many units as are equal to the number of marked tens in 
the first column. Proceed in the same way with the third and other columns. 



10 



Then subtracting each unit successively from 8, 

1 taken from 8 leaves 7, 

1 taken from 7 leaves 6, 

1 taken from 6 leaves 5, 

that is, 3 taken from 8 leaves a remainder 5. 

And in a similar way the differences consisting of single figures, of 
two numbers, one of which does not exceed 10 nor the other 19, may 

be found, and the results exhibited as follows : 

1 from 2 leaves 1 2 from 3 leaves 1 3 from 4 leaves 1 
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6 from 7 leaves 1 
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6. Pkob. — To find the difference of any two mimhers consisting of more 
than two figures. 

The process depends on the two following axioms : 

Ax. 1. The difference of two numbers is equal to the sum of the 
differences of their respective parts taken together. 

Ax. 2. If two numbers be increased by equal numbers, their differ- 
ence remains unaltered. 

The given numbers being composed of figures of different orders, 
as units, tens, hundreds, &c. ; if the units of every order of the less 
number be taken from the figures of the same order of the larger 
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number, tlie sum of these partial difterences Tvill be the diiTerence o£ 
the two given numbers. 

But in cases where a figure of any order in the less number is 
greater than that of the same order in the larger number, the subtrac- 
tion is sot possible. 

If this figure be increased by 10 units of the same order, the sub- 
traction becomes possible ; and if the figure of the next superior order 
in the less number be increased by 1, the larger and smaller nimibers 
having been equally increased, the difference of the two numbers will 
be unaltered. 

Let it be required to find the difiference of 456 and 273. 
Here 456 consists of 4 hundreds, 5 tens, and 6 units, 
and 273 consists of 2 hundreds, 7 tens, and 3 units. 

Now 3 imits taken from 6 imits leaves 3 imits, the first partial 
remainder. 

Next, 7 tens taken from 5 tens is impossible, but 10 tens added to* 
5 tens make 15 tens, and the subtraction becomes possible. 

Then 7 tens taken from 15 tens leave 8 tens, the second partial 
remainder. 

But as 10 tens are equal to 1 hundred, 1 hundred added to 2* 
hundreds make 3 hundreds, and 3 hundreds taken from 4 hundreds- 
leave 1 hundred, the third partial remainder. 

Hence the simi of these partial remainders will be the difference o£ 
the two numbers 456 and 273. 

And the difference is 1 hundred, 8 tens, and 3 imits, or 183. 

The preceding process may be briefiy exhibited, and the names of 
the orders of the figures may be omitted in performing the opera- 
tion. 

456 
273 



183 difference. 



The number 3 taken from 6 leaves 3. 7 cannot be taken fi'om 5y, 
add 10 to 5, which make 15 ; then 7 taken from 15 leaves 8. Next 
add 1 to 2, which makes 3, and 3 taken from 4 leaves 1 ; and the dif- 
ference of the two nun^bers is 183. 

The correctness of the process of subtraction may be readily veri- 
fied ; since of two numbers, the sum of their difference and the less 
number is equal to the greater. 

6. The operation of the subtraction of one number from another is 
denoted by the sign — , called mtntM. Thus 8 — 5 means that 5 is to 
be subtracted from 8, and is read 8 minus 5 ; also 8 — 5 = 3 is read 8 
minus 5 is equal to 3, or that the difference of 8 and 5 is 3. 

When the sum or difference of two or more numbers is required to 
be considered as one number, the two numbers connected by the 
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symbol of addition or subtraction aro included in a parenthesis or a 
brace, thus (5 + 2) and (5— 2), or {5 + 2 j and {5 — 2), and sometimes 

by a line placed over them in this manner, 5 + 2 and 5-2. 

One number may bo considered the complement of another when 
the sum of the two numbers make up any given number. 

7. Def. — ^The arithmetic complement of a number is defined to be 
the difference between any given number and the unit of the next 
superior order ; as 6 is the arithmetic complement of 4, 47 of 53, 845 
of 155, and so on, being the diflferences respectively of 4, 53, 155, and 
10, 100, 1,000, the next superior units to these numbers. Conversely, 
also, 4, 53, 155 are the arithmetic complements of 6, 47, 845 
respectively.* 

The arithmetic complement of a number may always be found by 
subtracting the figure in the unit's place from 10 and the rest of the 
figures of the number from 9. 

Since from the definition, the arithmetic complement of 155 is 845 
= 1000-155, whence it follows that 155 + 845 = 1000, or that the sum 
of any number and its arithmetic complement will always be equal to 
the unit of the next superior order. 

Again, since 155 = 1000—845 ; if 155 or its equivalent in terms of 

the arithmetic complement be subtractive, it may be written 1845, by 
placing the subtractive unit before the left digit of the arithmetic 
complement, as is done in the characteristics of logarithms, when they 
are subtractive. 

8. PaOB. — If the arithmetic complement he added to any othernumherof 
the same number of figures f the sum wilt exceed the difference of the two 
numbers by an unit of the next superior order. 

If 155 be subtracted from 768, the remainder is 613, the difference 
between them. 

But if the arithmetic complement 845 of 155, the less number, be 
added to 768, the greater, the sum will be 1613, one unit (1000 in this 
case) of the next superior order greater than the difference of the two 
numbers. By removing this unit, the nimiber left will be equal to 

^ The arithmetic complement can be employed to find the difference of two 
numbers, as also the aggregate of several numbers when some of them are additive 
and some subtractive. It is employed with the greatest advantage in the aritlimctic 
of logarithms, in cases where some logarithms are to be added and some to be 
subtracted in the same computation. Instead of finding the two sums and sub- 
tracting one from the other, the sum of the logarithms to be added and the 
urithmetic complements of the logarithms to be subtracted will give the correct 
difference of the sums of the additive and subtractive logarithms. The mode of 
writing the arithmetic complement is so simple that the arithmetic complement of 
a logarithm can be as readily written as the logarithm itself can be copied from, 
the tables. 
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tlio difference of 768 and 155 ; so that the difference of two numbers 
<jan be found by addition. The formal removal may be avoided by 

-writing the arithmetic complement thus, 1845, with the subtractivo 
unit on the left, which when added to 768, the sxmi will be 613, the 
additive and subtractivo units being equal to zero.* 

9. As numbers may be equal or unequal to one another, one number, 
•or an aggregate of numbers, is said to be equal to, or equivalent to 
another number, when both are composed of the same number of 
units. And one number is said to be greater than another when there 
are more units in the former than in the latter ; and the latter is said 
to be less than the former. The following axioms will be found to be 
useful in arithmetical reasonings. 

1. Numbers axe equal to one another which consist of the same 
number of units. 

2. A whole number or integer is equal to the sum of all the parts 
of it. 

3. Any whole number is greater than any part of it ; and any part 
of a number is less than the number itself. 

4. Numbers or aggregates of numbers which are equal to the same 
number are equal to one another. 

5. If equal numbers be added to equal numbers, the sums are equal. 

6. If equal numbers be added to unequal numbers : or if unequal 
numbers be added to equal numbers, the sums are unequal. 

7. If equal numbers be taken from, or subtracted from equal 
numbers, the remainders are equal. 

8. If equal numbers be subtracted from unequal numbers, or 
if unequal numbers be subtracted from equal numbers, the remain- 
ders are unequal. 

9. If the same number be added to, and subtracted from another, 
the value of the latter is unaltered.^ 



1 Ex. 1. Find the diflference Ijctween 328011 and 23412 by means of the arith- 
metic complement. 

328011 

A. C. of 23412 is 176588 

By addition 804599 is the difference of the two numbers. 

Ex. 2. Find the difference between the snm of 7970597, 10S8037, and 3406424, 
and the snm of 3279120 and 8441042 by the arithmetic complement, 

7970597 

1038037 

3406424 

A. C. of 3272190 is 16727810 

A. C. of 8441042 is 11558958 



1701826 the difference required. 



« As for example, 12=12 + 6 — 5 = 17 — 6 = 7 + 5. 
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EXEECISES. 

I. 

rind the sums of the following sets of numbers, and express the 
results in words : 

1. 5, 12, 20, 15, 35, and 50. 

2. 37, 8, 9Sr, 105, 250, 700, and 2. 

3. 5000, 500, 20, 90, 9000, and 1. 

4. 3584, 2796, 6416, 7204, 1897, and 8103. 

5. 10000, 50505, 171717,. 1008, and 201. 

6. 235762, 105501, 287788, and 799999. 

7. 1234567, 8765433, 6894703, 3105297, 5712843, and 4187157. 

8. 57, 1876423, 1587, 999, and 3334447. 

9. 100, 314500, 1237, 94, and 3000000. 

10. 587643210P, 1284, and 387142659. 

II. 

1. Explain why in the addition of numbers the operation is begun 
at the unit's place. Is this necessary ? 

2. Shew that 5 and 7 make 12 ; and state explicitly every defini- 
tion and axiom in the proof. 

3. Add 3041 to 7198 ; and explain the operation. 

4. Arrange the nine digits, 1, 2, 3, 4, 5, 6, 7, 8, 9, in three lines 
with three digits in each line, so that the sums of three digits taken in 
every possible direction may be always equal to 15. 

5. Find the sum of all the numbers which can be formed with the 
fig^ures 1, 2, 3, 4 ; all the four figures being taken to form each number. 

ni. 

Find the differences of the following numbers, and verify the 
accuracy of the results : 

1. 35 and 53. 

2. 20000 and 999. 

3. 478329 and 923874. 

4. 1008425 and 100842. 

5. 2784397 and 1234567. 

6. 200000000 and 123456789. 

7. 732584963 and 478342987. 

8. 105723678 and 989456. 

9. 10000001000 and 7077070077. 

IV. 

1. Subtract thirty millions twenty-six thousand and three, from 
forty-five millions seven thousand and twenty-one; and find what 
number must be added to the difference to make one hundred millions. 
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2. Add together four million twenty thousand and seventy-nine^ 
twelve million two thousand and seven, and one million and five 
thousand, and subtract 16538107 from the sum. 

3. What is the difference between the aggregate of 1050, 325, 
1769, 150801, and a million? Shew that the same difference is ob- 
tained by taking one of the numbers from a million, another from 
the remainder, and so on for the rest of the numbers. 

4. Subtract four billions thirty millions seventy-five thousand and 
eleven from 8876521856201, and write the difference in words. 

5. Find the remainder after subtracting the numbers 44444, 9999, 
066, 77, 1, in succession from 1000000. 

6. Find the difference between the sum of 31845, 814, 10345, and 
the sum of 10014, 569, 1845. 

7. Subtract the sum of 48002, 6100, and 5018162, from the dif* 
ference of 1000000000 and 1234567890. 

8. Subtract the difference between sixty billions and sixty thou- 
sands from the sum of fifty trillions and fifty millions. 

V. 

1. How may the accuracy of the process of subtraction be verified ? 
Give an example. 

2. Subtract 819 from 918, explaining the process. 

3. Shew that the difference of 254 and 125 is the same as the 
difference when these numbers are each increased by 123. 

4. What number subtracted from 670194 will leave 3825 ? 

5. Half the sum of any two numbers is equal to the greater, and 
half the difference is equal to the less number. Apply this to find the 
two numbers whose sum is 521 and difference 175. 

6. By how much does the sum of the numbers 27182818284 and 
31415926535 exceed their difference ? 

YI. 

1. Find the excess of 8765427 above 7634289 by means of the 
arithmetic complement ; and explain the principle. 

2. Find the result by means of the arithmetic complement of the 
numbers 578421, 854325, 104231, which are to be added, and of 
325410, 684531, 213418, which are to be subtracted. 

3. Find the difference of the sums of 256, 1875, 34210, and of 
4008, 214, 56, by means of the arithmetic complement. 

4. Find the difference of the aggregate of the numbers 1234567, 
8543021, 5432147, and of 3245785, 5180072, by means of the arithmetic 
complement. 

5. Write five numbers of seven places of figures each under each 
other, and beneath these write the arithmetic complements of four of 
them. Shew that the sum of the nine lines of figures will consist of the 
fifth line with 4 in the eighth place reckoned from the right-hand figure. 
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MULTIPLIOATION AND DIVISION. 

Aet. 1. The multiplication of one number by another is the process 
of finding the number produced by the addition of one of them as 
many times as there are units in the other, as 5 multiplied by 3 or 
3 times 5 is 15; and is the same as 5 added 3 times. 

The number produced is called the product, the number to be mul- 
tiplied the multiplicand, and the number indicating the number of 
times the multiplier. These are also called the factors of the product. 

Division is tiie process of finding how many times a less number is 
contained in a greater, and is equal to the nimiber of times the less 
number can be subtracted from the greater, as the number 5 is con- 
tained 3 times in 15, or 5 can be subtracted exactly three times from 15. 

The greater number is named the dividend, the less number the 
divisor, and the number of times the divisor is contained in the divi- 
dend, the quotient. 

The operations of multiplication and division are, one the reverse 
of the other ; for since the product of 5 multiplied by 3 is 15, it 
follows that 15 divided by 5 gives 3 for the quotient. 

The divisor and quotient are convertible, as for instance, if 15 be 
the dividend, and 3 the divisor, the quotient is 5 ; but if 5 be the 
divisor, the quotient is 3. 

The names of dividend, divisor, and quotient in the operation of 
division correspond to those of product, multiplier, and multiplicand 
in the process of multiplication. 

The processes of multiplication and division being one the reverse of 
the other, as the multiplicand multiplied by the multiplier produces 
the product, so the quotient multiplied by the divisor will reproduce 
the dividend when there is no remainder after the division. If, however, 
there be a remainder, it must be added to the product of the divisor 
and quotient to reproduce the complete dividend. 

Any product is said to be a multiple of each factor, and each 
factor is called a submultiple of the product. Thus 15 is a multiple 
of each of the factors d and 3 ; and 5 and 3 are each submultiples of 15. 

2. Pkob. To find the product of any two single fi^gurea. 

Let it be required to find the product of 5 and 3. The product of 
5 multiplied by 3 means that 5 is to be repeated three times ; that is , 
the sum of 5 + 5 + 5 is 15. All the products of two single figures can 
be thus found by the simple process of addition. 

The product of any two numbers is the safnCj whichever may he made 
the multiplier, 

Por instance, 5 multiplied by 3 gives the same product as 3 multi« 
plied by 5. 
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The truth of this is evident from the fact, that if three rows of 5 
counters be disposed in order under each other ; in whichever way 
they may be counted, their sum will be same number of counters. 

By counting them in one way, they constitute 3 rows of 5 
c )unters in each row, or three times 5 counters. 

By counting them the other way, they make 5 rows of 3 counters 
in each row, or 5 times 3 counters. Hence 3 times 5 coimters is the 
same as 5 times 3 counters ; or 3 times 5 is equal to 5 times 3. 

This property is applicable for any two integral abstract numbers. 

The following numbers exhibit the products of every two numbers 
not exceeding 9 : — * 



* 1 time 


lis 


1 


2 times 1 is 2 


3 times 1 is 8 


9f 


2„ 


2 


,, 


2,9 4 


99 


2,, 6 


ft 


3 9, 


3 


99 


3.9 6 


99 


3„ 9 


9> 


4„ 


4 


9, 


4„ 8 


99 


4„12 


» " 


5„ 


5 


99 


5„10 


99 


6„15 


» 


6„ 


6 


,, 


6„12 


99 


6„18 


99 


7,9 


7 


9, 


7„14 


99 


7„21 


}» 


8,9 


8 


99 


8„16 


99 


8,. 24 


99 


9 99 


9 


,, 


9„18 


99 


99,27 


4 times 1 is 


4 


5 times 1 is 5 


6 times 1 is 6 


99 


2,9 


8 


99 


2„10 


99 


2„12 


>> 


3,9 


12 


99 


8„15 


99 


3„18 


ff 


4„ 


16 


99 


4,9 20 


99 


4„24 


»> 


69, 


20 


99 


5,. 25 


99 


5„ 30 


99 


699 


24 


99 


6„ 80 


99 


6„36 


99 


799 


28 


99 


7,935 


99 


7 9,42 


99 


8,9 


82 


99 


8„40 


»9 


8„48 


99 


»99 


86 


99 


9,. 45 


99 


9„54 


7 times 1 is 


7 


8 times 1 is 8 


9 times 1 is 9 


99 


2,9 


14 


99 


2„16 


99 


2„18 


99 


3„ 


21 


99 


8„24 


99 


8 „ 27 


99 


4„ 


28 


99 


4„82 


99 


4„86 


99 


5„ 


35 


99 


6„40 


99 


5,. 45 


99 


69, 


42 


99 


6„48 


99 


6,. 54 


99 


7„ 


49 


99 


7„66 


99 


7„63 


99 


8„ 


56 


»9 


8„64 


99 


8„72 


99 


9„ 


63 


99 


9„72 


99 


9„81 



3. Pkob. To find the product 0/ two numbers, one of which consists of 
one figure only. 

The process depends on the following 

Axiom. The product of any two numbers is equal to the sum of 
the products obtained by multiplying one of the numbers by each of 
the parts into which the other can be divided. 



* If the products of two numbers were extended to 12 times 12, or to 20 times 
20, and committed to memory, additional facilities would be acquired in the pro- 
cesses of multiplication and division of numbers. 
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Tjet it be required to find the product of 5342 by 4. 
Here 5342 = 5000 + 300 + 40 + 2. 
And 4 times 5000 = 20000. 

4 times 400 = 1600. 

4 times 40 = 160. 

4 times 2 = 8. 

The sum of the partial products is 21368, the product of 5342 by 4. 
In practice, the process is thus exhibited, omitting the ciphers — 

5342 
4^ 

21368 



The addition and multiplication are performed at each step of tho 
process, in this manner : 

First. 4 times 2 is 8 ; write 8 under the place of units. 

Secondly. 4 times 4 is 16 ; write 6 in the place of tens, and reserve 
the 1. 

Thirdly. 4 times 3 is 12, and adding the 1 reserved make liS ; write 
^ in the third place, and reserve the 1. 

Fourthly. 4 times 5 is 20, and adding the 1 reserved make 21, 
ivhich write in the next place, and the product is 21368. 

4. Prob. To find, the product of any two numbers} 



' The followmg method of multiplication is foimd in the commentary of Gane^ui 
on the Lilayati, and was the method adopted by the Arabians, by whom it seems to 
have been preferred. It was also adopted by the Persians with some slight modifi- 
cation, and, lastly, by the Italians. 

Form a parallelogram whose length and breadth respectively contain as many 
Rinits as there are digits in the multiplicand and multiplier, and draw parallel lines 
through the points of division, thus dividing the figure into equal squares, and 
lastly, let diagonals be drawn in the same direction in these squares. 

Write the digits of the multiplicand and multiplier along the length and breadth 
of the parallelogram, placing each digit opposite to a square beginning with the 
diighest places from the same angle. 

Multijjly the digits of the multiplicand and multiplier, and place the units of each 
product in the lower, and the tens in the upper half of the square which is common 
to the two figures which are multiplied together. 

Ex. Multiply 5342 by 324. 

5 8 4 2__ 

3 



1/ 

1/ 

Xo 

V 

Xo 


X 


X 


A 


A 

\y 

X6 


A 
A 



17 8 8 8«1730S08, the product 

The operation could be performed from left to right instead of from right to 
left, as the products of every two figures of the multiplicand and multiplier would 
still occupy the same places. 
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Let it be required to find the product of 5342 and 324. 

The multiplier 324 = 300 + 20 + 4. 

If the multiplicand be first taken 4 times, then 20 times, and thirdly 
300 times, the sum of these three partial products will be equal to 
324 times 5342, or the product required. , 

The process may be thus exhibited : 



^53 42 

324 = 300 + 20 + 4. 



21368 = 4 times 5342. . 
106840 = 20 „ 
1602600 = 300 



>> 



1730808 = 324 „ 



In practice it is usual to omit the ciphers, taking care to place the 
first figure of each partial product under the figure which forms the 
multiplier for that product.^ 

The product of two numbers can also be foxmd by multiplying one 
of them by the factors into which the other can be divided. 

Thus the product of 5342 by 324 can be found by multiplying 
5342 by 4, 9, 9 in succession, the factors of 324. 

5342 
4 



21368 = 4 times 5342. 
9^ 

192312 = 36 times 5342. 
9 



1730808 = S24 times 5342. 



^ The following is the proof of the process of multiplication "by casting out the 
nines." It depends on the property that '*any number divided by nine will leave 
the same remainder as the sum of its digits divided by nine." 

First Cast out the nines from the sums of the digits of the multiplicand and of 
the multiplier, and reserve the remainders. 

Secondly. Multiply these two remainders together and cast out the nines from 
their product, and reserve the remainder. 

Thirdly. Cast out the nines from the sum of the digits of the product, and 
reserve the remainder. 

Foiu'thly. Then if these two remainders be equal, the process of the multiplica- 
tion is correct. 

This so-called proof is defective as a proof in the following particulars, as it fails 
to detect eiTors in the product — 

1. If the order of figures in the product be misplaced, as 37 for 73. 

2. If errors be made which counterbalance eack other, as 35 written for 62, the 
sums of the digits in each case being the same. 

If 9 be written for 0, or for 9, or either be omitted or inserted too often. 
The proof of multiplication ** by casting out the elevens*' is not liable to so 
many chances of failure as the proof " by casting out the nines." 
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6. A number is multiplied hy 10, 100, 1000, Sfe.^ hy annexing one^ 
twOf three, 8fc,, ciphers to the right-ha/nd figure of the multiplicand. 

It will be seen that Buch multiplications are in fact the direct 
consequence of the assumed notation. For -when one, two, three, &c., 
ciphers are respectively annexed to any number, each of its digits is 
removed one, two, three, &e., places respectively towards the left, and 
in consequence of the assumed principle of the local value, each figure 
becomes 10, 100, 1000 times respectively as great as it was before. 

It may also be noted, if both multiplicand and multiplier end iu 
one or more ciphers, the product will be found by multiplying the 
significant figures of the two numbers, and annexing to the product 
as many ciphers as are equal to those on the right of the multiplier 
and multiplicand. 

There are numerous devices whereby labour may in some instances 
be avoided in finding the product of two numbers, some of which 
are the following : 

1. Any number is multiplied by 9, or 10 — 1, by subtracting the 
given number from 10 times the number; and by 11, or 10 + 1, by 
adding the given number to 10 times the number. 

2. Any number can be multiplied by 99, 999, 9999, &c., by 
annexing 2, 3, 4, &c., ciphers to the multiplicand, and subtracting 
the multiplicand itself from this product. 

And in a similar manner any number can be multiplied by another 
composed of a repetition of the figure 9 with any other figure in the 
highest place.* 

6. The symbol x is assumed to indicate multiplication of numbers, 
as 3 X 5 denotes 3 multiplied by 5, and 3x5 = 15 means the product 
8 and 5 is equal to 15. Also, 3x5 + 2 = 17 denotes that 2 added to 
the product of 3 and 5 is equal to 17, and 3x5-- 2 = 13, that 2 
subtracted from tte product of 3 and 5 is equal to 13, Also, when 
two or more equal factors are to be multiplied together, the product 
may be briefly expressed by writing at the upper part on the right of 
one of them a small figure, denoting the number of equal factors. 
Thus 3 X 3 is denoted by 3'; 3x3x3 by 3«; and 3 x 3 x 3 x 3 by 3*. 
Also 3' X 5® wiU express the product arising from 4 factors each equal 

1 Ex. Find the product of 34578 by 999. 

Here 34578000 « 1000 times 34578. 
and 34578= 1 „ 

84543422 » 999 times S4578 

Ex. Find the product of 34578 by 699. 

Here 699-700-1. 
And 24204600 » 700 times S4578 
S4578 « 1 „ 

24170022- 699 times 34578. 
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to 3 and 6 factors eacli equal to 5. Sometimes 3^x5* is moro 
briefly denoted by 3*.6«. 

7. Phob. To find the quotient of two numbere which consist of one or of 
two digits. 

Let it be required to find the quotient arising from 15 divided by 
5. The quotient denotes the number of times the divisor is contained 
in, or can be subtracted from, the dividend. 

Let 5 be subtracted sucoessively from 15. First. 5 subtracted 
from 15 leaves 10. Secondly. 5 from 10 leaves 5. Thirdly. 6 from 
5 leaves 0. So that 5 can be subtracted 3 times from 15, or 5 ia 
contained 3 times in 15, or 15 divided by 5 gives 3 for the quotient. 

This will also appear from the fact tiiat division being the reverse 
of multiplication, since 3 times 5 is 15, it follows that 5 is contained 
3 times in 15. 

The following statements exhibit how many times each of the nine 
digits is exactly contained in numbers consisting of one or two digits : 



1 divided 


by 


1 gives 


1 


2 divided by 


2 gives 


1 


8 divided 


by 


3 gives 1 


2 „ 




99 


2 


4 




9* 


2 


6 






» 2 


3 „ 




»$ 


3 


6 




»» 


3 


9 






» 8 


4 „ 




» 


4 


8 




9* 


4 


12 






» 4 


6 „ 




»f 


5 


10 




»f 


5 


15 






„ s 


« ,. 




» 


6 


12 




99 


6 


18 






» 6 


7 „ 




t» 


7 


14 




«y 


7 


21 






» 7 


8 „ 




yy 


8 


16 




99 


8 


24 






,. 8 


» » 




» 





18 




99 


9 


27 






» » 


4 divided by 


4 gives 


1 


6 divided by 


5 gives 


1 


6 divided by 


6 gircs I 


8 




f> 


2 


10 




99 


2 


12 






„ 2 


12 „ 




»» 


3 


15 




»» 


8 


18 






» 3 


1« „ 




99 


4 


20 




9> 


4 


24 






» 4 


20 „ 




»> 


5 


25 




f> 


5 


30 






„ 6 


24 




»> 


6 


80 




»> 


6 


86 






„ 6 


28 




»> 


7 


85 




»f 


7 


42 






., 7 


82 




») 


8 


40 




>» 


8 


48 






» « 


8« 




f> 


9 


45 




»» 


9 


54 






» » 


7 divided by 7 givea 


il 


8 divided by 


8 gives 


1 


9 divided by 


9 gives 1 


14 „ 




>f 


2 


16 


>» 


»9 


2 


18 


»9 




„ 2 


21 




» 


3 


24 


»• 


»» 


8 


27 


>» 




,. 3 


28 „ 




»» 


4 


82 


»> 


»y 


4 


86 


>» 




.. 4 


85 „ 




>* 


5 


40 


f» 


>y 


5 


45 


99 




„ 6 


42 „ 




9$ 


6 


48 


>> 


»> 


6 


54 


99 




» 6 


49 „ 




99 


7 


56 


>» 


9> 


7 


63 


99 




» 7 


M .. 




»» 


8 


64 


»B 


>» 


8 


72 


99 




„ 8 


«a « 




>» 





72 


»> 


9> 


9 


81 


99 




„ » 



8. Pbob. To divide any number ly a number of one digit. 
The process depends on the following 
Axiom. One number is contained in another as many times as the former 
is contained in the several parts into which the latter can bo 
divided. 
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Let it be required to divide 7583 by 5. 

Since division is the reverse of multiplication, the process of 
division is performed by reversing the operation of multiplication, 
with this difference, that the process of division begins with the figure 
on the left hand of the dividend and proceeds towards the right, but 
the process of multiplication begins with the figure on the right of 
the multiplicand and proceeds towards the left. 

The dividend 7583 = 7000 + 500 + 80 + 3. 

First. 7 thousands divided by 5 imits give 1 thousand, the first 
partial quotient, and 2 thousands, or 20 hundreds, .over. 

Secondly. 20 hundreds added to 5 hundreds make 25 hundreds, 
and 25 hundreds divided by 5 units give 5 hundreds, the second partial 
quotient. 

Thirdly. 8 tens divided by 5 units give 1 ten the third partial 
quotient, and 3 tens, or 30 units, over. 

Fourthly. 30 units added to 3 units make 33 xmits, and 33 units 
divided by 5 imits give the fourth partial quotient 6 units, and 3 
units remainder. The process is thus exhibited : — 

6)7583 
1516 — 3 remainder. 



In practice the names of the orders of units are omitted, and the 
process is performed naming only the figures. 7 divided by 5 gives 
quotient 1 and 2 over. Secondly, 25 by 5 gives 5 and no remainder. 
Thirdly, 8 by 5 gives 1 and 3 over. Fourthly, 33 by 5 gives 6, and 3 
the last remainder. 

9. Pbob. To divide any greater nuniber hy a less number* 

Let it be required to divide 1730808 by 5342. 

Since it has been shewn (Art. 4) that the sum of 300- times, 20 
times, and 4 times 5342 is equal to 1730808, it follows that 300 times, 
20 times, and 4 times 5342 successively subtracted from 1730808 leaves 
the remainder 0. 

And the method whereby 300, 20, and 4 can be found from 
1730808 and 5342 will be simply a reversal of the process by which 
1730808 was found from 5342 and 324. 

First. The divisor 5342 is contained 300 times in the dividend 
1730808.^ When 300 times 5342 is subtracted from the dividend, the 
remainder is 128238. 

^ Some difficulty may be experienced in the first attempts to find the exact 
nnmber of times the divisor is contained in the successive partial dividends. If it 
be borne in mind that the product of the divisor by any quotient figure, when sub- 
tracted from any dividend, must always leave a remainder less than the divisor, the 
difficulty may soon disappear. 

By using trial divisors (as in the case above, 5000 and 6000, one less and the 
other greater than the given divisor), the limits can be found within which the 
^oirect quotient figure lies. The best and most ready mode of acquiring facility in 
the process of division, is by finding the product of two numbers, and then reversing 
the operation. 
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Secondly. The divisor 5342 is contained 20 times in the second divi- 
dend 128208. When 20 times 5342 is subtracted from this dividend, 
the remainder is 21368. 

Thirdly. The divisor 5342 is contained 4 times in the third divi- 
dend 21368. When 4 times 5342 is subtracted from this dividend, the 
remainder is 0. 

The process may be thus exhibited : 

5342) 1 730808 (300 + 20+4 
1602600 

128208 
106840 

21368 
21368 



In practice the value of the units and the ciphers are omitted, 
and the process is thus performed : — 

First. The divisor 5342 is found to be contained 3 times in the 
first five figures of the dividend. The product of 5342 by 3 is sub- 
tracted, and to the remainder 1282 is annexed 0, the sixth figure of 
the dividend. 

Secondly. The divisor 5342 is contained 2 times in 12820, and the 
product of 2 times 5342 is subtracted from this number, and to the 
remainder 2136 is annexed 8, the seventh figure of the dividend. 

Thirdly. The divisor 5342 is contained 4 times in 21368, and 4 
times 5342 subtracted from 21368 leaves no remainder. 

And 5342 is contained 324 times exactly in 1730808. 

The process is thus shewn : 

5342)1730808(324 
16026 

12820 
10684 



21368 
21368 




When there are one or more ciphers at the right hand of tho 
divisor they may be omitted, and as many figures from the right hand 
of the dividend, and the division performed with the remaining figures, 
and at the end of the process, to the remainder must be annexed 
the figures omitted in the dividend, to make up the whole remainder. 

10. Any number is divided by 10, 100, 1000, &c., by marking off 
one, two, three figures from the right hand of the dividend. These 
will be the remainder, and the rest will form the quotient. 

Any number can be divided by 9, 99, 999, 9999, &c., by successively 
dividing the given number by 10, by 100, by 1000, by 10,000, &c., 
respectively, and taking the sum of the successive quotients for the 
true quotient, and the sum of the successive remainders for tho true 
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remainder; except when the Bum of the latter ezceeds the next higher 
unit ; in that case both the quotient and remainder must be increased 
by UDity.* 

Any number can be divided by 5, 25, 125, &c., by multiplying the 
diyidend by 2, 4, 8, &c., and marking off towards the left &om the 
unit's place, one, two, three, &c., figures. The figures on the left 
will be the quotient, and those on the right will be 2, 3, 4, &c., times 
the respective remainders.' 

11. Prob. To divide a number hf the factor % of the divisor, and to 

determine the correct remainder after the division. 

Divide 109958 by 5, 7, 11, the fiaetors of 385, and determine the 

•correct remainder. 

5 )109958 

7 )21991 — 3 first remainder. 

1 1)3141 — 4 second remainder. 
285 — 6 third remainder. 



The quotient is 285, with remainders 3, 4, 6, after the divisions by 

5, 7, 11 respectively. 

Every unit in the 2nd line is 5 times each unit in the 1st line. 
,, 3rd „ 7 „ „ 2nd line. 

,, 4th ,, 11 „ „ 3rd line. 

Hence — 

3, the remainder from the 1st line, is 3units of the 1 st line. 

4, „ 2nd „ 5 times 4 or 20 

6, „ 3rd „ 7times5times6or210 
The sum of these partial remainders is 233, the whole remainder. 
The process may be verified by dividing 109958 by 385. 

The product of two numbers is the same, whichever of the two 
"be made the multiplier, as also of any number of factors, in whatever 
order the numbers may be multiplied. It follows, that if a dividend be 
divided by several divisors in succession, the quotient and the remainder 
are the same, in whatever order the separate divisions are performed. 



>> 

>> 



1 Ex. Divide 66874 by 99. 



100)658,74 

6,58 

6 



665,39 



Here the sum of the partial remainders is 138, and both the quotient and re* 
mainder must be increased by unity. The truth of the process may be verified by 
performing the division of 65874 by 99 in the ordinary way. 

* George Suffield, M.A., late Fellow of Clare College, published a small tract 
entitled, ''Synthetic Diyision in Arithmetic, with some Introductory remarks on 
the periods of circulating decimals." This method is useful for obtaining quotients 
when a very large number of figures is requii'ed. It contains some brief and in* 
gcnlous methods for converting ordinary fractions into repeatu^ deeimalai-* 
MiicmiUan and Co.^ CavnJbridge and LondoTi, 1863. 
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12. The symbol -r is assumed to denote tlie diviaioii of one number 
by another ; thus 18-r-3 means 18 divided by 3, and 18-7-3 = 6 is read 
18 diYi^ed by 3 is equal to 6. 

A more convenient notation has been assumed to denote the 
division of one number by another, by simply placing the dividend 
-above the divisor with a line of separation between them. Thus -^^ = 6 
■denotes that 18 divided by 3 is equal to 6. By means of this notation 
for representing the division of one number by another, the complete 
quotients in all cases of division may be indicated. Thus, -y^, and 
-y^, indicate the respective quotients of 18 divided by 3, as weU as 19 
divided by 3, whether the dividend be exactly divisible by the divisor 
•or not. 

13. The following axioms will be found useful in arithmetical r^a- 
«onings : — 

1. Equal numbers multiplied by equal numbers are equal. 

2. Equal numbers multiplied by unequal numbers, or unequal 
numbers multiplied by equal numbers, are unequal. 

3. Equal nimibers divided by equal numbers are equal. 

4. Equal numbers divided by unequal numbers, or unequal num- 
Tjers divided by equal numbers, are unequal. 

5. Any number multiplied and divided by the same number 
remains unaltered. 

6. When a dividend and a divisor are both multiplied or both 
divided by the same number, the quotient is unaltered.* 



ON OTHER SYSTEMS OF NUMERICAL CALCULATION. 

14. In the preceding pages has been shewn the method of denoting 
numbers by means of ten characters with device of place, and of 
performing the processes of addition and subtraction, multiplication 
and division with them as instruments of calculation. The local 
value of this system of arithmetic being ten, is only one of the 
possible systems of notation. 

Any other number than ten might have been assumed for the local 
value, and hence it follows that other systems of numerical notation can 
be devised analogous to the denary system, and the character will be 
essential in every one of them, whatever may be the local value of the 
«cale of notation. 

In every system of notation the number of characters which have 
tin intrinsic value as well as a local value cannot be greater nor less 
than the number which denotes the local value of every two consecu- 

^ In the Lilavati, directions are given **to abridge the dividend and divisor by 
equal numbers, whenever that is practicable," or, in other words, to divide the 
dividend and divisor by any number by which they are divisible exactly. 
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tive characters. The local value of any system determines the number 
of independent characters to be employed in that system ; and the' 
notation of numbers will become confused when the number of 
characters is greater in number than the local value, and impossible 
when the number is less. 

As in the denary system the number of characters must be ten, 

. 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, the number ten being represented by 10, 

< so in the septenary system, in which the local value is 7, the number 

of characters must be seven, 0, 1, 2, 3, 4, 5, 6, the number seven 

being denoted by 10. 

The following characters are required in the first eleven systems : — 
Binary system, local value 2, requires 2 characters, 0, 1 . 



Ternary 


ff 


3, 


» 


3 


» 


0,1,2. 


Quaternary 


99 


4, 


99 


4 


>> 


0,1,2,3. 


Quinary 


99 


5, 


» 


5 


91 


0,1,2,3,4. 


Senary 


99 


6, 


i9 


6 


99 


0,1,2,3,4,5. ■ 


Septenary 


)> 


7, 


9J 


7 


99 


0,1,2,3,4,5,6. 


Octenary 


»> 


8, 


M 


8 


99 


0,1,2,3,4,5,6,7. 


Nonai-y 


>> 


9, 


>> 


9 


99 


0,1,2,3,4,5,6,7,8. 


Denary 


» 


10, 


>> 


10 


99 


0,1,2,3,4,5,6,7,8,9. 


Undenary 


>> 


11, 


)9 


11 


99 


0, 1,2, 3, 4, 5, 6, 7, 8, 9, t. 


Duodenary 


91 


12, 


ii 


12 


99 


0,l,2,3,4,5,6,7,8,9,t,e. 



The letters t, e, being taken to denote the numbers ten and eleven, 
twelve being denoted by 10. And so for any other system of a larger 
local value. 

The operations of addition, subtraction, multiplication, and division 
in any system may be perfoimed in exactly the same manner as the 
same operations are performed in the denary system of arithmetic. 
A number expressed in one scale of notation can be transformed into 
any other scale in which the local value is different. It will, however, 
be found more easy in practice to transform the given number of any 
scale into another in the denary scale, and this number into that of 
the scale required.^ 

^ To transform 3542 from the septenary to the denary scale. 
Here 3542 = 3.7» -f 5.7« -f 4.7 + 2 = 1304. 
The operation may be exhibited thus : — 

8542 

7 

26 
7 



186 

7_ 
1304 



And 8542 ia the septenary == 1304 in the denary scale. 

Conversely. To transform 1304 from the denary to the septenary scale. 

Since 1304 = 3.7' + 6.7" + 4.7 + 2 = 3542, 
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Eacli different system of arithmetical notadon admits of fractions 
analogous to decimal fxactionB as well as ordinary fractions. AU other 
scales of notation except the denary, are for the most part subjects of 
curiosity rather than utility, yet not altogether useless from an intel- 
lectual point of view, as they supply instances of the application and 
extension of a general principle. 

It may however be noted, that the duodenary scale is sometimes 
employed for finding, by means of the duodecimal division of tho 
foot, the areas of surfaces and the volumes of solids. 



It is obvions that the digits 3, 5, 4, 2, will be found by successively dividing 
1804 by the local value 7. 

7 )1804 

7)186 — 2 

7)26 — 4 

7)8-5 

— 3 
And 1804 in the denary = 3542 in the septenary scale. 

£x. To find the sum of 2345 and 7164, and the difference of 3542 and 1164 in the 
septenary scale : — 



2345 
1164 

3542 sum. 



8542 
1164 

2845 difference. 



To find the product of 8542 and 1164 ; and the quotient of 4566111 divided by 
1164 in the septenary scale : — 



3542 
1164 

21131 
31545 
3542 
3542 

4566111 product 



1164)4566111(8542 quotient 
8555 

10111 
6246 



5821 
5052 

2361 
2861 



rr 
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EXERCISES. 

I. 

1. Upon \rliat principle is the ordinary method of mnltiplicatioii 
based ? Is there any advantage in beginning with the right-hand 
figure (1) of the multiplicand, (2) of the multiplier? 

2. Explain the method for the multiplication of two numbers, each 
consisting of several figures, and multiply 30071 by r0590, explaining 
the reason for each part of the process. 

3. Shew that the product of any number by a composite number 
may be found by multiplying by its factors successively. Ex. Multiply 
3605 by 21. 

4. Shew that the product of 2356 by 135 may be found by multi- 
plying 2356 by 11 and that product by 12, and adding 3 times the 
multiplicand to the product. 

5. Exemplify the truth that two or more factors wiU give the same 
product in whatever order they are multiplied. 

6. Any number may be multiplied by 5, 25, 125, &c., by an- 
nexing 1, 2, 3, &c., ciphers respectively to the number, and then 
dividing it by 2, 4, 8, &c. Explain the reason of this rule. 

7. In the multiplication of numbers, how do you prove the correct- 
ness of the operation, by casting out the nines ? Explain and give 
reasons for the rule, and shew the errors to which it is liable. 

II. 

Find the products of the following numbers : 

1. 2567 and 256 : 57834 and 123456: 18007 and 70081. 

2. 2187642 and 5874568 : 9876423 and 99999. 

3. 2500 and 27 : 2589 and 1200 : 786300 and 4000. 

4. 8426000 and 8426000 : 783410 and 70001. 

5. 87, 97, 101, 113, and 6845. 

6. 12, 123, 1234, 12345, 123456, and 1234567. 

III. 

Multiply the following sets of numbers, each by means of 3 lines 
of multiplication : — 

1. 578657 by 729819. 

2. 1234567890 by 4321089. 

3. 328560 by 121711. 

4. 43002073252 by 133112111. 

5. 12345678 by 28814412. 

6. 30040769503 by 172814412. 



29 

IV. 

1. Shew that the product of two odd numbers is an odd number ; 
the product of two even numbers an even number ; and the product 
of an odd and an even number an even number. 

2. How many times must 1874 be added to itself to make a total 
of 163038? 

3. Find the sum of twenty consecutive numbers beginning with 
18547 by the shortest process. 

4. Shew how to multiply 32165 by 648 in two lines. 

5. Multiply 967548 by 492 in two lines. 

6. Determine a number by which 4389 can be multiplied, so that 
the product may lie between the limits of 500000 and 1000000. 

7. Express MMDCXOIX. and COCXXIX. in the ordinary nu- 
merical characters ; find their product, and express tilie result in the 
l^oman characters. 

8. The product of 75 by 43 is 3225 ; how much must be added to it 
to obtain the product of 77 by 43 ? 

V. 

1 . What is the object of division ? In what cases may it be con- 
sidered as a shortened subtraction ? 

2. What arithmetical operation bears the same relation to division 
that addition bears to multiplication ? 

3. The quotient of two numbers is the samo as the quotient of any 
•equimultiples or equisubmultiples of the given numbers. Are the 
remainders the same in the three cases ? Give an example. 

4. Explain clearly tl\e process of dividing one large number by 
another. Ex. Divide 143255 by 4093. 

5. A number can be divided by 5, 25, 125, &c., by multiplying the 
-dividend by 2, 4, 8, &c., and marking off towards the left from the 
unit's place, one, two, three, &c., figures. The figures on the left will 
be the quotient, and those on the right will be 2, 4, 8, &c.y times the 
xespective remainders. Explain the reason of this. 

6. Express by means of figures and symbols of operation — 

1. That the number eight increased by seven is equal to tho 

product of five multiplied by three. 

2. That the number ten diminished by four is equal to tho 

same number as thirty divided by five. 

VI. 

Find the quotient of the following numbers, and verify the truth 
of each process : — 

1. 3745687 divided by each of the nine digits respectively. 

2. 28796478 by the factors of each of the numbers 49, 64, 120, 
and 132 respectively. 

3. 1628756 by 3840, by 38400, and by 384000 respectively. 
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4. 287460000 by 687000, and 28400 by 169. 

5. 1000000 by 1001, and 40012805 by 287000. 

6. 1809456 by the sum of 2845, 1070, and 3578. 

7. 2100000 by the difference between 2500 and 5200. 

8. 278459675 by 9, 99, 999, 9999, and 99999 respectively. 

VII. 

1. If the quotient be 5000 when the divisor is 2001 and the 
remainder 100, what Is the dividend? 

2. What number divided by 528 will give 36 for the quotient and 
leave 44 as a remainder ? 

3. If the dividend be 784622 and the quotient be 4044, what is the 
divisor and the remainder ? 

4. If the quotient be 194, the divisor 4044, and the remainder 87, 
what is the dividend ? 

5. If the divisor be half the quotient, and the quotient three times 
the remainder, what is the dividend when the remainder is 10000 ? 

6. If the divisor be seven times, and the quotient ten times the 
remainder, what is the dividend when the remainder is 1234 ? 

7. The quotient is equal to 6 times the divisor, and the divisor to 
6 times the remainder, and the three together amount to 516 ; find the 
dividend. 

vm. 

1. Divide the product of the nine digits by their sum. 

2. What number multiplied by 64 produces one million ? 

3. Multiply 50738 by 4620, and verify the result by dividing the 
product by the factors of the multiplier. 

4. The product of two numbers is 1270630, and half of one of 
them is 3129 ; what is the other number? 

5. Add together the sum, difference, product, and quotient of 
the two numbers 825 and 9318375. 

6. What are the two nearest numbers in excess and defect to 
1376429, which can be divided by 36300 without remainder? 

7. Multiply 438375 by 287298, and divide the result by 12375. 

8. What number divided by 37 wiU give the same quotient as 
816405 divided by HI. 

9. What number is that which when increased 13 times itself 
amounts to 20005006 ? 

IX. 

1. The product of two numbers is 760069388, one of them being 
26078 ; shew that their sum divided by 1534 is 36. 

2. !Find the least number which must be added to 78421 to make 
it an exact multiple of 245. 

3. Shew that the sum of all the numbers which can be formed by 
any three figures, as 2, 5, 6, taken together, is divisible by the sum 
of the three figures 2, 5, and 6. 



81 

4. If the number 12 be increased by its double and bo multiplied 
by its treble, what multiple of the original number is the product ? 

5. Explain how any number may be multiplied by 1 1 by addition, 
and divided by 9 by subtraction. Ex. 45789 x 11 and 45789-^-9. 

6. Eind the sum of all the numbers between 5000 and 5025 which 
are not divisible by any one of the numbers 2, 3, 5, 7, or 11. 

7. What equimultiples of 12, 18, 24, added together, make up 
7776? 

8. Divide the number 960 into four parts so that the parts may be 
equimultiples of 1, 3, 5, and 7. 

9. Divide the number 1014 into three such parts such that 88 the 

excess of the iaxBi part above the second may be equal to the excess of 

the second above the third. 

X. 

1. If 19 be subtracted as often as possible &om 1499, what will be 
the final remainder ? 

2. How many times must 236 be subtracted from 114309 that, the 
final remainder may be 73245 ? 

3. Divide 10149 by 7 and the quotient by 5 ; thence deduce the 
true remainder, and shew that it is the same as after the division of 
10149 by 35. 

4. K division by a composite number be performed by successively 
dividing by its prime or composite factors, shew how the complete 
remainder may be found. Ex. 1437281 divided by 105. 

5. The product of two numbers is 373625, the greater of them 
is 875 ; find the sum and the difference of the two numbers. 

6. Shew that the product of 3846 and 705 is equal to the quotient 
arising from 51517170 divided by 19. 

7. What number multiplied by 345 will give the same product as 

2415 multiplied by 197. 

XI. 

1. Any number composed of three consecutive significant figures 
is divisible by 3. 

2. A number of six digits consisting of the repetition of any one of 
the nine digits is divisible by 7, 11, and 13. 

3. All numbers expressed by any number of the same digits are 
respectively divisible by the sum of the digits. Exemplify this pro- 
perty by examples consisting of 5, 7, and 12 digits respectively. 

4. If any numbers consisting of one, two, three, four, &c., figures 
be multiplied by 9, the sums of the digits of the successive products 
are either 9 or a multiple of 9. 

5. In a nimiber consisting of two digits, if the figure in the place 
of tens be double that in the place of units, the number is divisible 
by 7, and the quotient is the sum of the two figures. Explain why 
this is so. 

6. If any given number be separated into periods of three figures 
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each, (the last may consist of one or two figures) beginning from the 
unit's place, and the sum of those periods be divided by 37, the 
remainder will be the same as when the given number itseK is divided 
by 37. Ex. Let 5623456 be divided by 37. 

7. If any odd number not ending with 5- be made the multiplier, a. 
product may be found which shall consist of the repetition of any one 
of the nine digits. Verify this property by taking 13 for the multi- 
plier, when the products respectively consist of repetitions of each of 
the nine digits. 

€! xn. 

Transform the following numbers and reverse each operation : 

1. 368 from the denary to the binary scale. 

2. 4675 from the denary to the ternary scale. 

3. 1765 from the denary to the septenary scale. 

4. 1000000 from the denary to the duodenary scale. 

5. 2332 from the quaternary to the quinary scale. 

6. 10111011 from the binary scale to the ternary. 

7. 54231 from the septenary scale to the undenary* 

8. 10000 from the quinary scale to the nonary. 

9. 1000000 from the duodenary scale to the senary. 
10. 7777 from the octenary scale to the quaternary. 

xin. 

1. Find the sum and diiferenco of 2340 and 3214 in the quinary 
Scale. 

2. Find the product and quotient of 15321 and 132 in the septenary 
scale. 

3. Find the simi, difference, product, and quotient of 743t and 
1 859 in the duodenary scale. 

4. Find the quotient of 51117344 divided by 675 in the octenary 
tecale, and reverse the process. 

5. Divide 14332216 by 6541 in the nonary scale and multiply the 
quotient by 888. 

6. Divide 100000 by 200, in the ternary, quaternary, and quinary 
scales, and express the sum of the quotients in the denary scale. 

XIV. 

1. Determine the weights which must be selected out of the 
series of 1, 2, 4, 8, &c., pounds each, respectively, in order to weigh 
1000 pounds. Find also of the same series of weights which would 
be required to weigh 2487 pounds. 

2. What weights must be selected out of the series 1, 3, 9, 27, 81^ 
&c., pounds, to weigh 1907 pounds? 

Find also which weights of the same series must be selected to 
weigh 716 pounds, not more than one of euch "weight being used.. 

3. State the three conditions required in a perfect system of arith- 
metical notation, and compare the advantages of the denary and 
duodenary scales of notation. 
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EESULTS, HINTS, ETC., FOE THE EXERCISES, 

Notation and Numeratioit. 

I. 

1. 56 : 65. 2. 304: 596. 3. 7707: 9278. 4. 27450. 5. 198567. 6. 6,600,605 
7. 95,059,000. 8. 710,710,710. 9. 1,000,100,000. 

II. 

1. Fifty-seven: seventy-five: eighty: forty-five: twenty-one: seventy-nine, 
2. One hundred and one : three hundred : four hundred' and twenty-five : six hunl 
dred and two : six hundred and twenty : nine hundred and ninety-nine. 3. One 
thousand and one : one thousand one hundred : one thousand and ten : four thou- 
sand seven hundred and eighty-three : two thousand nine hundred and nine : one 
thousand eight hundred. 4. Twenty-one thousand : twenty thousand one hundred : 
forty-eight thousand seven hundred and sixty-five : eighteen thousand and nine • 
eighteen thousand and ninety : ninety thousand and nine. 6. One hundred and 
twenty-three thousand four hundred and fifty-six : seven hundred thousand an4 
nine : seven hundred and nine thousand : one hundred thousand one hundred : five 
hundred and five thousand and fifty. 6. Seven millions, six hundred and fifty-four 
thousand, three hundred and twenty-one : one million, two thousand and three : 
five million and eighty-one thousand : nine million, eighty thousand, seven hundred 
and six. 7. Twenty-nine million, three hundred and fifty-eight thousand, seven 
hundred and sixty-four : fifty million, eight hundred thousand, seven hundred ; 
eighty million, fifiy-three thousand and seven. 8. Five hundred and three million, 
one hundred thousand, nine hundred and fifty : twenty billion, one hundred million* 
ten thousand and ten. 9. One thousand billion, two hundr^ million, three thou- 
sand and one : five thousand seven hundred and eighty-six billion, seven hundred 
and thirty-two thousand, one hundred and ninety-five million, nine hundred and 
forty-six thousand, four hundred and seventy. 

III. 

2. One instance, the number 7, can be made up of 6 and 1, 5 and 2, 4 and 3, and 
in like manner the rest. 3. Proceed as in the last example. 4. 43210 is the largest, 
and 12340 is the smallest number. 5. One hundred tiiousand tens : ten thousanci 
hundreds : one thousand thousands, ten tens of thousands. 6. First, when only one 
figure is employed there are 3 numbers ; when 2 figures 9, when 3 figures 18, and 
when 4 figures 18, making on the whole 48 different numbers. 



Addition and Subteaotion. 

I. 

1. 137. 2. 1,201. 3. 14,611. 4. 30,000. 5. 233431. «. 1,429051. 7, 
29,900000. 8. 5,213513. 9. 3,315981. 10. 6263,576043. 

II. 

1. See Art. 3." 2. See Art. 2. 3. See Art. 2. 4. Place 5 for the middlf 
figure. 5. 24 different numbers can be formed \nth 4 figures. 



34 
III. 

1. 18. 2. 19,001. 3. 445,645. 4. 907583. 5. 1,549830. 6. 76,543211. 
7. 254,241,976. 8. 104,734222. 9. 2,922,930923. 

IV. 

1. The number is 85,018982. 2. 495799. 3. 846,055. 4. 4,876491,781190. 

5. 944813. 6. 30576. 7. 229,495,326. 9. 49,999940,000050,060000. 

V. 

1. See Art. 5. 2. See Art 5. 4. 666269. 5. The numbers are 848 and 173. 

6. 54365,636568. 

VI. 

1. Excess is 1131138. 2. 313618. 3. 32063. 4. 6693,878. 



Multiplication and Division. 

I. 

1. Ai-t 1. 2. Art 4. 8. Art 4. 4. Art 4. 5. Art 2. 6. Art 5: Art 4, 
note. 

II. 

1. 657152 : 7139954304 : 1261948567. 

2. 12851451688656 : 987632423577. 

3. 67500 : 3106800 ; 3145200000. 

4. 70997476000000 : 54839483410. 

5. 659271431415. 6. 8427042396305224424960. 

III. 

1. The multiplier 729819 is obviously composed of 729, 81 and 9, or 9, 9x9 and 
9x81. If these three products of the multiplicand be found, and added together 
according to their local yalues, the amount will be the product obtained by 3 lines of 
multiplication instead of 6. A similar remark applies to the other 5 examples. 

IV. 

2. 87 times. 3. Multiply the given number by 20. 4. 648 » 640+8. 6. 
492 » 500— 8, multiply by 500 and by 8, and take the difference. 6. The quotients 
of 500000 and 1000000 by 4389 will give the limits. 7. See pp. 5, 6, Section I. 
8. 86. 

V. 
1. Art 1. 2. Art 1. 3. See Art 18. 4. Art. 9. 5. Art. 10. 

6. 8+7«5x8, 10-4c30^5,orJ^. 

VI. 

1. Quot 1872843, rem. 1: quot 1248562, rem. 1: quot 936421, rem. 8: quot 
749137, rem. 2 : quot 624281, rem. 1: quot 535098, rem. 1: quot 468210, rem. 7: 
quot. 416187, rem. 4. 

2. Quot. 587668, rem. 46 : quot 449944, rem. 62 : quot 239970, rem. 78 : quot 
218155, rem. 18. 

3. Quot 424, rem. 596 : quot 42, rem. 15956 : quot 4, rem. 92756. 

4. Quot 418, rem. 300000 : quot 168, rem. 8. 

5. Quot 999, rem. 1: quot 139, rem. 119805. 

6. Quot 253, rem. 4807. 7. Quot 777, rem. 2100. 

8. Quot 30939964, rem. 8 : quot 2812723, rem. 98 : quot 278738, rem. 413 : 
quot 27848, rem. 7523 : quot 2784, rem. 62459. 
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VII. 
1. 10005100. 2. 19052. 3. Divisor 194, remainder 86. 4. 784623. 5. 
450010000. 6. 10660526. 7. From the conditions stated, the remainder is 12, tho 
divisor 72, and the quotient 432, whence the dividend is 31116. 

VIII. 

1. 8064. 2. 15625. 3. The factors of tho mtUtiplier are, 5, 7, 11, 12. 4. 235. 
5.7706807420. 6. 1343100 and 1379400. 7. The quotient is 10177314. 8. 272136. 
9. 1428927. 

IX. 

2. 224. 3. The numbers are 256, 652, 526, 625, 562, 265, and it may be shewn 
that their sum can bo divided by 13. 4. The product is 108 times 12. 6. Art. 6. 
6. The numbers are 5003, 5009, 5011, 5017, 6021, 5023. 7. 144 is the number. 
8. 60, 180, 300, and 420, are the parts. 9. Since the 1st part exceeds the 2nd, 
and the 2nd the 3rd by 88 : the 1st exceeds the 3rd by 176. Hence 1st part 
is equal to 3rd part and 176, 3nd part is equal to 3rd part and 88 : therefore 
the sum of all three parts is equal to 264 and 3 times the 3rd part. But the sum 
of the 3 parts is 1014. Hence it follows the 3 parts are 426, 338, and 250. 

X. 

1. The remainder is 17. 2. 174 times. 3. See Art. 11. 4. Art. 11. 5. The 
sum 1302, the difference 448. 7. 1379. 

XI. 

1. Exemplify by taking all the cases, 123, 234, 345, &c., and an-anging the figures 
of each number in any order. It will be seen that all such numbers are multiples of 3. 

2. Take all the numbers of six digits, each digit being the same fi.gure, and verify 
the statement. 

5. Exemplify this by taking all the possible cases. 

7. The respective multiplicands are 8547, 17094, 25641, 34188, 42785, 52182, 
59829, 68376, 76923. 

XII. 
1. 10110000. 2. 20102011. 3. 4612. 4. 41ttl4. 6. 1221. 6. 20221. 7. tl60. 
3. 4252. 9. 144000000. 10. 333333. 

XIII. 
1. Sum 10104 : difference 824. 2. Product 2332022. 3. Sum 9097, difference 
67tl, product 10688606. 4. Quotient 5726, remainder 346. 5. Quotient 2018, 
remainder 4837. Product of quotient by 888, 2015871. 6. Tho sum of the quotients 
in the denary scale is 432. 

XIV. 

1. 1000 in the denary scale is equal to 1111101000 in the binary 
= 2'»+2«-f 2«+2'+28+2», which gives the weights to be selected. Similarly 2847 

requires the weights 1, 2, 2", 2», 2*, 2*, 2^, 2» ^ 

2. 1907 when converted into the ternary scale, requires one of each of the weights 
5^ 3», 3«, and two of each of the weights 1, 3, 3*, 3«. 

When 716 converted into the ternary scale is equal to 222112, 
or 2+3+3»+2.3«+2.3-*^-2.3^ which may be reduced to 
— 1— S-S'^+S® by taking each 2 as equal to 3—1. 
Hence it will appear that if 3 « be put into one scale, and 716 witli tho weights 
ly 3, 3^ into the other, they will balance each other. 

3. Art. 14 and Art 1 on Notation and Numeration. 
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CONOEETE NUMJ3Eii8. 

Abt. 1. Quantify or magnitude comprehends whatever is capaNo 
of increase or decrease. The word is applied to all things in which 
a real distinction of units can be conceived to exist, and to those in 
which no such distinction naturally exists. 

Dkeontinuoua qtMtntity includes all such things which consist of 
parts separate from each other, as a multitude of objects of any kind, 
and the number is known by ascertaining of how many objects the 
multitude consists. 

Cimtintiom quantity is that wherein there is no distinction of parts, 
or where the parts are all contiguous, or can be supposed to adhere to- 
gether, as the line, the surface, the volume of space, of which any 
arbitrary portion of each may be assumed as the unit, and the exact 
nimiber of units in any magnitude can be known by the number of 
times this assumed portion is contained in it. Hence it follows that 
all kinds of continuous r^uantity can be denoted by numbers. 

MOXEY. 

2. The standard unit of English money is the pound sterling, 
which is divided into other smaller units, called shillings, pence, and 
farthings, according to the following table of money of account : — 

4 farthings are eqaal to 1 penny. 
12 pence „ 1 ahillins;. 

20 shillings „ 1 pound. 

The letters £, s, d, q, are the initial letters of the Latin words 
libra, solidus, denarius, quadrans, and were formerly used to denote 
the names of pounds, shillings, pence, and farthings. The letters 
£ s. d. are still employed for that purpose, but the q. is now seldom 
used, the fractions ^, |, f being employed to denote 1, 2, 3 farthings 
respectively. Since the four units of English money are the pound, 
the shilling, the penny, and the farthing, and that 20 shillings mako 
one pound, 12 pence one shiUing, and 4 farthings one penny; it 
follows that any number of pounds can be expressed in shillings, by 
multiplying the number of pounds by 20 ; shillings can be expressed 
in pence, by multiplying the number by 12 ; and pence in farthings, by 
tnultiplying the number by 4. 

And conversely. Any number of farthings can be changed to 
pence by dividing the number of farthings by 4, pence to shillings by 



dividing the number by 12, and sbillings to pounds by dividing tlie 
number by 20.* 

3. Peob. — To find the sum and the difference of sums of money. 
In tbe processes of addition and subtraction of money expressed in 
pounds, shillings, pence, and farthings, the same principle is employed 
as in the addition and subtraction of abstract numbers, with this differ- 
ence. In the latter, 10 units of any order make 1 of the next superior 
order; but in the units of English money, 4 of the smallest units 
make 1 of the second or next greater; 12 of the second units make 1 
of the third ; and 20 of the third units make 1 of the fourth or the 
greatest unit. Hence in adding the different units of money beginning 
with the smallest ; for every 4 farthings, 1 must be added to the pence ; 
for every 12 of the pence, 1 must be added to the shillings; and for 
every 20 of the shillings, 1 must be added to the pounds.* The same 

^ Ky. To find how many farthhigs there are in £16 143. O^d. 

£ s. d. 
16 14 9i 

20 shill ings in one pound. 

334 sMUings in £16 14s. 
12 p ence in one shilling. 

4017 pence in £16 14s. 9d. 
4farthings in one penny. 

16069 f arthings in £16 14s. 9Jd. 

Conversely. How many pounds, shillings, pence, and farthings are there iu 

16069 farthings ? 

4 )16069 farthmgs. 

12 ) 4017 pence and 1 farthing over, or J. 

20) 334 shillings, and 9 pence over. 
16 pounds and 14 shillings over. 
Hence 16069 farthings are equal to £16 14s. 9Jd. 
3 Ex. To find the sum of £53 12s. 8id. and £25 15s. 9id. 

£ 8. d. 
53 12 8^ 
25 15 9f 

£79 8 6^ sum. 

The process may he thus described : 

First. 3 farthings and 2 farthings are 5 farthings, which are equal to 1 penny 
and i ; reserve the Jd. 

Secondly. 1 penny, 9 pence, and 8 pence are 18 pence, which are equal to 1 
shilling and 6 pence ; reserve the 6d. 

Thirdly. 1 shilling, 15 shillings, and 12 shillings are 28 shillings, which are equal 
to 1 pound and 8 shillings ; reserve the 8s. 

Fourthly. 1 pound, 5 pounds, and 3 pounds are 9 pounds. 

Lastly. 20 pounds and 50 pounds are 70 pounds. 

Hence, the sum is 79 pounds 8 shillings 6 pence and 1 farthing. 

Tha process of the addition of money may be facilitated by committing to 
memory the numbers of shillings and pence in all the numbers of pence between 12 
and 200, as also the number of pounds and shillings in all the numben of shillings 
between 20 and 200. 



must be observed also in finding the difference of two sums of 
money.* 

The object of multiplication is to lind the sum or product by a short 
and simple process which will render repeated additions unnecessary. 
The definition is strictly applicable to all abstract numbers, and to 
concrete numbers when the mtiltiplier is an abstract number. In all 
other cases, the meaning of the product must be modified to suit 
particular cases, and at the same time made to coincide with the defini- 
tion in all points which the factors possess in common. 

It has been seen (Sect. VI. Art. 2.) that the product of two ab- 
stract numbers, 3 and 5, is 15, an abstract number consisting of abstract 
units. And conversely, if 15 be divided by 3, the quotient is 5, an 
abstract number. If, however, 5 denote 5s. a concrete number, then 
the product 5s. x 3 = 15s. a concrete number; and conversely, 
15s. -f- 3 = 5s. a concrete number.* But 15s. -f- 5s. = 3, an abstract 
number, denoting that 5s. is contained 3 times in 15s. Also if 3 denote 

1 Ex. To find the difference between £79 Ss. 6id. and £53 12s. 9Jd. 

£ s. d. 
79 8 e^ 
53 12 9^ 



£25 15 8f difference. 

First 2 farthings cannot be taken from 1 farthing : add 4 farthings to 1 fEurthing, 
then 2 farthings taken from 5 farthings leave 3 farthings ; reserve the Jd. 

Secondly. 1 penny added to 9 pence make 10 pence ; which cannot be taken from 
6 pence : add 12 pence to 6 pence, then 10 pence taken from 18 pence leave 8 pence ; 
reserve the 8d. 

Thirdly. 1 shilling added to 12 shiiUngs make 13 shillings, but 13 shillings 
cannot be taken from 8 shillings : add 20 shillings to 8 shillings, then 13 shillings 
taken from 28 shillings leave 15 shillings ; reserve the 15s. 

Fourthly. 1 pound added to 3 pounds make 4 pounds, and 4 pounds taken from 
9 pounds leave 5 pounds. 

Lastly. 50 pounds taken from 70 pounds leave 20 pounds. 

Hence the difference is 25 pounds 15 shillings 8 pence and 3 farthings. 

The use of the addition and snbtnction of money may be illustrated in various 
ways. For example : In an account of the transactions in money between two 
persons, where receipts and payments are madei between them. Each person in 
stating his account would consider himself debi&r for what he receives from, and 
creditor for what he pays to, the other. To ascertain at any time the real state 
of the account between them, the sums received would be added together, and 
also the sums paid, and the smaller sum taken from the larger leaves a remainder. 
If the sum I'eceived as ercditor be the greater, the difference is due to the debtor, so 
as to make the balance of the two accounts equal If the sum paid as debtor be the 
greater, the difference is due to the creditor to make the balance of their accounts 
equal. 

* If 120 shillings be divided by 20, an abstract number, the quotient is 6 shillings, 
the twentieth part of 120 shiUmgs. If 120 shillings be divided by 20 shillings, the 
quotient is 6, a number indicating that 20 shillings is contained 6 times in 120 
shillings. But as 20 shillings make the larger unit of 1 pound, the number 6 will 
denote the number of pounds contained in 120 shillings. 



$8., then the product is ds. x 5 = 1 5s., the same as before ; and conversely 
15s. -7- 5 = 3s. ; also 15s. -r- 3s. = 5, an abstract number, denoting 
that 3s. is contained 5 times in 15s. 

Hence since 5s. x 3 = 15s. and 3s. x 5 = 15s., it follows that in 
the product of two factors, one of which is concrete and the other ab- 
stract, the abstract an^ concrete factor may be interchanged without 
affecting the meaning of the product.^ 

If both factors be concrete of the same kind, as 3s. and 5s., the 
product 3s. x 5s. appears not to admit of an intelligible meaning, 
unless 3s. and 5s. each denote 3 and 5 pieces of coin. In that case, 
<5 shilling coins may be considered as 5 times Is., and 3 shilling coins 
S times Is., and the product 3s. x 5s. may be taken to mean 5 times 
S times Is. or 15 shillings, which admit of being arranged in 3 rows, 
with 5 in each row ; or in 5 rows with 3 in each row. 

If 3 and 5 denote units of different kinds, as 3s. and 5 yards, the 
product, 3s. X 5 yards, is apparently absurd.' But 5 yards is nothing 
more than 5 times 1 yard ; and since 3s. corresponds to 1 yard, if 3s. be 
taken 5 times, or 3s. be multiplied by 5, the result, 15s., corresponds to 
5 yards, which affords an intelligible meaning to the product. 

And conversely, 15s.-r 3 yards may be explained in the same 
manner as giving the quotient 3s. In the same manner other products 
and quotients of two concrete factors of the same or different units may 
be considered and interpreted. 

4. Prob. To multiply and divide any mm of money hy an alstract 
number. 

1. When the multiplier consists of a single figure. 

The product of a sum of money by an abstract number can be 
found by taking the several units'of farthings, pence, shillings, poimds 
as many times as the multiplier denotes, considering at each step how 
many of any number of units make one of the next greater, and 
beginning with the smallest unit.' 



1 The interchange of the abstract units for the concrete, or the concrete for the 
abstract in the product of two factors, can sometimes be made with great advantage 
in the performance of computations. 

' The ordinary forms in which such multiplications and divisions occur are in 
snch questions as the following : — If one yard of cloth cost 3s., what is the cost of I 

5 yards ? and, If 5 yards of cloth cost 15s., what is the cost of one yard ? ' 

In the former question there is given the fact of 3 shillings corresponding to 1 
yard, to find the number of shillings which correspond to 5 yards. 

In the second question there is given the fiftct of 15 shillings corresponding to 5 
yards, to find the number of shillings which conespond to 1 yard. 

» Ex. To multiply £6 14s. 7fd. by 6. 

£ s. d. 
6 14 7} 
6 

£84 7 10^ p roduct 



Conversely. A sum of money can be divided by an abstract 
number by beginning with the largest imits, and dividing each ia 
succession, observing how many smaller units make one of the next 
greater.* 

First. After the pounds of the quotient are found, let the remain- 
ing pounds be reduced to shillings. 

Secondly. When the shillings of the next partial quotient are de* 
termined, let the remaining shiUings be reduced to pence. 

Thirdly. "When the pence of the next partial quotient are founds 
let the remaining pence be reduced to farthings. 

Fourthly. Let the farthings of the last partial quotient be foimd. 

Then the complete quotient will consist of those partial quotients, 
and will in general be composed of pounds, shillings, pence, and 
farthings. 

2. When the mtdtiplier is a large number, it will sometimes be 
found convenient to find separately the products of the different units 
of the multiplicand by the multipUer, making a change of multiplier 
and multiplicand in each case, and reducing each product when. 

The process is exactly the same as that of multiplyiiig any number by another 
consisting of one figure (Art. 3, Sect VI.), with this difference, that at each step ot 
the operation, attention must be paid to the number of smaller units which make one 
of the next greater. 

First 3 farthings multiplied by 6- gives 18 farthings, or 4d. and i ; resenre the 
id. 

Secondly. 7d. multiplied by 6 with 4d. added make 46d., or 3s. andlOd. ; reserve 
the lOd. 

Thirdly. 14s. multiplied by 6 with 3s. added make 878., or £i and 7s. ; rcserre 
the 7s. 

Fourthly. £5 multiplied by 6 with £4 added make £34 

The product is £34 7s. lO^d. 

> Ex. To divide £34 78. lOJd. by 6. 

£ 8. d. 
6)34 7 lOj , 

£5 14 7| quotient 

The process of division being the reverse of multiplication, is (in this case) 
analogous to that of the division of any number by another of one figure, with 
the difference above stated. In division, the operation must begin with ^e greatest 
units and end with the least. 

First £34 divided by 6 gives the quotient £6, and £4 or 80s. over ; reserve tho" 
£5. 

Secondly. 80s. added to 7s. make 87s., which divided by 6 gives the quotient 
14s., and 3s. or 36d. over ; reserve the 14s. 

Thirdly. 86d. added to lOd. make 46d., which divided by 6 gives the quotient 
7d., and 4d. or 16 farthings over ; reserve the 7d. 

Fourthly. 16 farthings added to 2 farthings make 18 farthings, which divided by 
6 gives the quotient 3 farthings. 

The quotient is £5 14s. 7}d, the sum of the partial quotients. 



6 

necessary, to pounds, &c., and taking the amount of the product so 
found.' 

By a second process the product of a sum of money by a large 
number may be known by finding 10, 100, 1000, &c., times the given 
sum, and then multiplying each of these products respectively by the 
given number of units, tens, hundreds, thousands, &c., in the mul- 
tiplier, and taking the amount of these products.' 

By another method analogous to that exhibited (Sect. VI. Art. 4) 
the product can be found by multiplying the given sum successively 
by any factors into which the multiplier can be divided, either complete 
or incomplete.' 

Conversely. The quotient arising from the division of a sum of 
money by a large abstract number can always be determined in a 

1 Ex. Multiply £5 14s. 7^d. by 2136. 

£ 8. d. 
First, £5X2136=£2136X5 « 10680 
Next, 148.X2136=2136s.Xl4 - 1496 4 
Thirdly, 7d.X2136=2136d.x7 = 62 6 
Fourthly, {X2136 = 2136q.x3 « 6 13 6 



Product of £5 14s. 7|d. by 2136 - £12244 3 6 



« Ex. Multiply £5 14s. 7|d. by 2136. 

Here 2136=2000+100+3046. 
£ s. d. 
5 14 7^ 
10 

57 6 5^= 10 times £5 14s. 7iil. 
10 



673 4 7 -* 100 times 
10 



5732 6 10 =1000 times 
2 



tt 



f» 



ft 



11464 11 8 =2000 times 

573 4 7 = 100 times 

171 19 4^« 30 times 

84 7 10^= 6 times 

12244 3 6= 2136 times £5 14s. 7ja. 

^ Ex."Multiply £6 14s. 7jd. by 48 and by 61. 

Here 48*8X6; and 61=8x6+3. 
£ s. d. 
6 14 7$ 
8 



46 


17 


2 = 
6 
= 


8 times £5 14s. 


7;.!. 


276 


3 


48 times 


»» 




17 


3 1H = 


3 times 


tt 




292 


5 


1U = 


61 timc» 


9» 





laaiiiier analogous to that in Sect. YI. Art. d, regard being had to the 
units of magnitude.^ 

If the divisor can be exactly divided into small factors, the quotient 
of a sum of money may be foimd by dividing the given sum succes- 
sively by the factors of the divisor.^ 

Imperial Weights. 

5. By the Act of Parliament which defined the standards of weights 
and measures, it was enacted, that " a cubic inch of distilled water, 
weighed in air by brass weights, at the temperature of 62 degrees of 
Fahrenheit's thermometer, the barometer being at 30 inches, is equal 
to 252-458 grains." 

Of these grains thus determined the pound Avoirdupois consists of 

7,000. 

4voiRDTjpois Weight. 

16 drams are equal to 1 ounce ' 

16 ounces ,, 1 pound 

28 pounds „ 1 quarter 

4 quarters „ 1 hundredweight 

20 hundredweights „ 1 ton. 

Avoirdupois weight is the general weight employed in weighing all 
substances except gold, silver, and precious stones. 

1 Ex. Diyide £12244 3s. 6d. by 2136. 

£ 8. d. 
2136)12244 3 6(£5 14s. 7} quotient 
1068Q 

1564 

20 



2136)31283(14s. 
2136 

9923 
8544 



1379 
12 



2136)16554(rd. 
14952 

1602 
4 



2136)6408(3q. 
6408 




« Ex. Divide £275 8s. by 48. 

Here 48«6x8. 

£ s. d. 

6 )275 3 

8 )45 17 2 

£5 14 7| quotient. 
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Apothecaeies' LiQinD Measuee, 

60 minims are equal to 1 dram 
8 drams „ 1 ounce 

20 ounces „ 1 pint. 

Tho liquid dram and ounce are the same as the Avoirdupois dram 
and ounce. 

Teoy Weight. 

24 grains are equal to 1 pennyweight 
20 pennyweights „ 1 ounce 
12 ounces „ 1 poimd. 

Troy weight is used for gold and silver and precious stones. 

English standard gold contains 22 parts pure gold and 2 parts 
alloy, and is named by goldsmiths, gold of 22 carats fine. The price 
of standard gold is fixed by law at £3 17s. 10|d. an ounce, but the 
Mint purchases gold at £3 I7s. 9d. an ounce, with certain small 
allowances. 

Standard silver consists of 37 parts pure silver and 3 parts alloy. 

Measubes OF Length, Sitrface, and Volume. 

G. There are three distinct kinds of magnitude, the line or length, 
the surface or area, and the volume or solid. The line has one dimen- 
sion, length only. The surface has two dimensions, length and breadth. 
Tho solid has three dimensions, length, breadth, and thickness. 

The unit of length is a straight line of definite and known length, 
assumed as the primary unit of measure. Any length or distance is 
measured by finding how many times the assimied unit of length is 
contained in the distance to be measured. Units both of greater and 
less magnitude have been contrived for the measurement of large 
and small distances, and in general consist of some multiple or sub- 
multiple of the assumed primary unit of length. 

The square is assumed for the measure of surfaces, and the unit 
of area is assumed to be a square the side of which is a line one unit 
in length. To measure a surface or area is to determine the number 
of times it contains the square unit of area. 

To shew that the number of square units in a rectangle or a rectangular 
parallelogram is expressed hy the product of the numbers of lineal units con- 
iained in the length and breadth of the rectangle. 

Let the side AB of the rectangle uli?C72) contain 5 units and tho 
breadth AL 4 units.* 

The product 5x4 will denote the number of square imits in tho- 
area of the rectangle. 

^ The student is recommended to draw the figures for himself. He may see- 
the figures referred to in the notes on Books 11. and XI. of the £ditor*B Edition oif 
Euclid's Elements. 
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Lot lines parallel to the sides be drawn through the points of 
diyision of two adjacent sides. 

Then the side AB contains 5, and the side AD 4 lineal units. 

And since for every lineal unit in AD, there are 5 square units oa 
AD, it follows that there are 4x5 square units in the rectangle 
AD CD, Or in other words, the product of two numbers representing 
straight lines is equal to a number representing an area. 

Hence it follows, that if a number representing an area be divided 
by a number representing a line, the quotient will be a number 
representing a line. 

The cube is the figure assumed for the measure of volumes or 
solids. The unit of volume is assumed to be a cube whose edges aro 
each one unit in length, and to measure a volume is to ascertain ho^ir 
many times the volume contains the imit of volume. 

To shew that the number of cubic units contained in the volume of a rect- 
angular parallelepiped is expressed by the product of the three numbers of" 
the lineal units contained in its three adjacent edges. 

Let AD, AE, AD, three adjacent edges of the figure, contain 5, 4^ 
3 lineal units respectively. Then 5x4x3 will denote the number 
of cubic imits in the volume. 

For if planes be drawn parallel to the sides through the points of 
division of three adjacent edges, the whole volume will be divided into 
cubic units equal to one another. 

Now the surface AD CD contains 5x3 square units; and for 
every linear unit in AE, there is a layer of 5 x 3 cubic units correspond- 
ing to it ; and since there are 4 lineal units in AE, consequently there 
are 4x5x3 cubic units in the volume of the parallelepiped. 

And the product of the numbers of lineal units in any three 
adjacent edges denotes the number of cubic inches in the volume.. 
Hence it follows that the product of three numbers representing 
straight lines will denote the number of cubic imits in that rectangular 
parallelepiped of which the nimibers denote the lengths of three 
adjacent edges. 

Hence, if a number representing a volume be divided by a number 
representing a line, the quotient will be a number representing a. 
surface; and 

If a number representing a volume be divided by a number repre- 
senting a surface, the quotient wiU be a number representing a line. 

It may also be noted, that. 

If a number representing a line, a surface, or a volume, be each, 
multiplied by an abstract number, the product will in each case re- 
present a line, a surface, or a volume respectively. 

And conversely. If a number representing a line, a surface, or » 
volimie,^be*respectively divided by another number representing a line, 
a surface, or a volume, the quotient in each case will be an abstract 
number. 
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In these conclusions, tlie lineal unit, as also the sq[uare unit and tho 
cubic unit, though limited in magnitude, are not restricted to any 
standard unit, but maybe any multiple or sub multiple of any standard 
unit whatever. These units may be increased or diminished in any 
degree, and consequently, the products which express the squaro 
units in any area, and the cubic units in any volume, may be denoted 
either by fractional or decimal numbers. 

The Act for Imperial Weights and Measures, passed on I7th June, 
1824, has declared that a certain brass rod is the standard yard of 
England. That its length, compared with that of the seconds pendu- 
lum at the level of the sea, ijs in the proportion of 36 to 39-1393 inches, 
the latter being the exact length of the seconds pendulum in a vacuum 
in the latitude of London. 

Meastjkes of Length. 

3 barleycorns are equal to 1 inch 
12 intjtes „ 1 foot 

3 feet „ 1 yard 

5J yards „ 1 rod, pole, or perch 

40 poles „ 1 furlong 

8 furlongs „ 1 mile 

69 J or 60 geographical miles 1 degree. 

There are other measures eitiployed in different trades and em- 
ployments, as the palm of 3 inches, and the hand of 4 inches, the 
cubit of a foot and a half, the fathom of 6 feet, and the larger unit of 
a league of 3 miles. 

Engineers divide the inches into tenths as a more convenient 
division for small portions than eighths or twelfths. 

The chain devised by Mr. Gunter, and called after his name, is 
22 yards long, and consists of 100 links, so that 80 chains are equal 
to one mile. The practical use of this chain, both for measuring 
lengths and surfaces, led to its adoption, and it has continued in use 
both for the measuring of distances and surfaces, 10 square chains being 
equal to one acre. 

Measures of Subface. 

144 square inches are equal to 1 sqnare foot 
9 square feet ,, ^1 square yard 

304 squa-re yards „ 1 square rod, pole, or perch 

40 poles „ 1 rood 

4 roods „ 1 acre 

640 acres „ 1 square mile. 

Paper is measured by considering 24 sheets to one quire, and 20 
quires to a ream. ^ The ream of 20 quires is called the mill ream, and 
is different from the printer's ream, which consists of one quire and a 
half more than the mill ream. These numbers do not describe the 
size of the sheets of paper, which are of various dzes and different 
uamos. 
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* 

Cloth MEAstmES. 

2} inches are equal to 1 nail 
4 nails „ 1 quarter 

4 quarters „ 1 vaH 

The ell was used formerly as a measure ; the English ell consisted 
of 5 quarters, the French ell of 6 quarters, and the Flemish ell of 3 
quarters. As cloths are made of different widths, it is not customary 
to measure cloth by the number of square yards, but only by the 
lengths; the widths, however, are taken into consideration in the 
value of the length of a yard, as one yard of 6 quarters wide would 
be double the value of a yard of 3 quarters wide of the same kind of 
cloth. 

Measures of Volttmes or Solids. 

1728 cubic inches are equal to 1 cubic foot 
27 cubic feet „ 1 cubic yard. 

There are other measures employed for the measurement of different 
kinds of merchandise. 

A cubic foot of water is generally estimated at 1,000 ounces, which, 
are nearly equal to 62|lbs. Avoirdupois. 

Imperial Measures of Capacity. 

7. The standard imit of the measure of capacity defined by the Act 
for the Uniformity of Weights and Measures is the imperial gallon, 
containing 10 poimds Avoirdupois of distilled water at the temperature 
of 62 degrees of Fahrenheit's thermometer, the barometer standing at 
30 inches, and equal in capacity to 277*274 cubic inches. 

The gill is defined to consist of 8*665 cubic inches. The Act 
ordered the imperial gallon to be adopted in all measures instead of the 
old gallon, and directed this measure to be used for dry and liquid 
articles of merchandise. 

4 gills are equal to 1 pint 
2 pints „ 1 quart 
4 quarts „ 1 gallon. 

Any measure which is a multiple of the gallon is permissible by 
the Act for imperial measures. The ordinary measures in use at the 
time of the passing of the Act became legal if the gallon employed 
was the imperial gallon. 

The new imperial gallon is used for dry substanoes — com, 
iseeds, &c. 

2 gallons are equal to 1 peck 
4 pecks „ 1 bushel 

4 bushels „ 1 coomb 

2 coombs „ 1 quarter 

4 quarters „ 1 chaldron. 

Different measures are employed in difiPerent trades. Com is 
{generally regulated by the quarter. Ooals used to be measured by the 
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sack of 3 bnsbels, and the chaldron of 12 sacks ; they are now mea- 
sured by weight, the ton being employed as the unit of weight. 

Measubes of Liquid Substanoes. 

Ahy Beer, Sfe. 
2 pints are equal to 1 quart 
4 quarts „ 1 gallon 
9 gallons „ 1 firkin 
2 firkins „ 1 kilderkin 
2 kilderkins „ 1 barrel 

8 kilderkins „ 1 hogshead 
2 hogsheads „ 1 butt. 

Wines, Spirits, Sfo. 
2 pints are equal to 1 quart 
4 quarts „ 1 gallon 

63 gallons ,, 1 hogshead 
2 hogsheads „ 1 pipe 
2 pipes „ 1 tun. 

There were other measures of wine in use, such as the anker of 
10 gallons, the runlet of 18, the tierce of 42, and the puncheon of 84. 
Any quantity expressed in terms of a larger unit of measure, can 
also be expressed in terms of a smaller unit which is some subdivision 
of that measure, and conversely. The units of larger magnitude are 
changed to units of smaller magnitude of the same kind by multiplying 
the nimiber of larger units by the number of smaller which make one 
of the larger ; and conversely, the imits of smaller magnitude are 
changed to those of a larger of the same kind by dividing the smaller 
by as many of the smaller as make one of the larger. 

Angular and Ciucular Measures. 

8. The invention of the sexagesimal division of the circumference of 
the circle is attributed to Ptolemy by his commentator Theon, but it is 
clear from the language of Ptolemy himself that this mode of division 
was known long before his time. It is more probable that the improve* 
njient made by Ptolemy was the extension of that mode of division to 
the radius or the chord of a circle which subtends an arc equal to one- 
sixth of the whole circumference. 

It has been conjectured that the division of the circumference of a 
circle into 360 equal parts was suggested by the fact that the sun 
appears to move once round the whole circle of the heaven in the 
period of about 360 days ; but whether this or the converse be the 
truth, it is quite impossible to afiB^m. This division of the circumference 
has come down from very early times. 

Angles are measured by the arcs of circles. If a circle be described 
with any radius from the angular point as a centre, the arc intercepted 
between the lines which contain the angle may be assumed to be tha 



13 

measure of the angle ; for the angle increases or decreases as the 
arc which subtends it at the center increases or decreases. 

If in a circle two diameters be drawn at right angles to each 
other, the circumference is divided into four equal parts, called 
quadrants, and each of these quadrants subtends a right angle at 
the centre of the circle. K any one of the quadrants be diyidM 
into ninety equal arcs, and straight lines be drawn from the centre 
of the circle to all the divisions of the quadrant, it will be seen that 
each of the ninety arcs subtends ninety equal angles at the centre of 
the circle. The angle which is the ninetieth part of a right angle is 
called a degree, and the ninetieth part of the quadrantal arc is also 
called a degree of the quadrant. 

The angular degree and the circular degree must not be confounded, 

as the former is the ninetieth part of a right angle, and the latter is 

the small arc which subtends that small angle at the centre of the 

circle. Each degree is divided into sixty equal parts called minutes, 

and each minute into sixty equal parts called secondsi and so on, 

according to the following table : 

60 seconds are equal to 1 minute. 
60 minutes „ 1 degree. 

90 d^ees „ 1 quadrant, or a right angle. 

4 quadrants ,, 1 circumference of a circle, or 4 right angles. 

It may also be observed, that the radius being equal to the chord of 
the arc which subtends an angle of sixty degrees, it is not improbable 
this fact may have suggested the sexagesimal division of the degree, 
the minute, the second, &c. It may also be noted, that the whole cir- 
cimiference of a circle can be divided into six equal arcs, each arc 
subtended by a chord equal to the radius, and each of these arcs 
will subtend an angle of sixty degrees at the centre of the circle. 

There is another division^ of the circumference of the circle, which 
indicates the points of the mariner's compass. This division is rather 
inaccurately named ''points of the compass," which expression moro 
fitly denotes the directions to which the needle points than the angular 
space between two successive divisions. The cardinal points of the 
compass are the east, west, north, and south. The east is reckoned 
from the centre (on which the needle moves) towards the right, the 
west towards the left of the horizontal diameter, the north towards 
the upper part, and the south towards the lower part of the other 
diameter at right angles to the former. 

The whole circumference is divided into 32 equal arcs, of which 
each quadrant contains 8, and the length of each is 11^ 15'. 



^ This division is easily made. ' Describe a square, join the bisections of tho 
jopposite sides, draw the diagonals, and inscribe a circle in the square. The circum- 
ference of the circle is divided into 8 equal arcs, next dividing each of these arcs into 
4 equal arcs, the 32 points are found, and can be marked beginning at £, W, 
N, or S. 
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The eight points in each of the four quadrants are expressed by 

means of the initial letters of the four cardinal points. Beginning at 

the north, the following are the successive points in the quadrant 

between the north and east points :— N., N. by E., N.N.E., N.E. by N., 

N.E., N.E. by E., E.N.E., E. by N. ; next, the points between the 

east and south points, E., E. by S., E.S.E., S.E. by E., S.E., S.E. by 

S., S.S.E., S. by E. ; thirdly, the points between the south and west 

points, S., S. by W., S.S.W., S.W.byS., S.W., S.W. by W., W.S.W., 

W. by S. ; fourthly, the points between the west and north points, 

W., W. by N., W.N.W., N.W. by W., N.W., N.W. by N., N.N.W., 

N. by W. 

Measttees of Time. 

9. The following table exhibits the ordinary divisions of time : 

60 seconds are equal to 1 minute. 



60 minutes 




1 hour. 


24 hours 




1 day. 


7 days 




1 week. 


4 weeks 




1 month. 


12 months 




1 year. 


or 365J: days 




1 Julian year. 



Common years consist of 365 days, and leap years, which happen 
every four years, consist of 366 days. The calendar months, January, 
March, May, July, August, October, December, consist each of 
thirty-one days.. The months of April, June, September, and 
November, each of thirty days, and the month of February of twenty- 
eight days, except in leap years, when it consists of twenty-nine days* 
This year happens every fourth year, with the omission of three in 
every period of 400 years. The sexagesimal division of the hour, the 
minute, &c., most probably had its origin in the sexagesimal division 
of the circumference of the circle. 

If the dividend denote the units of effect produced by an agent in 
a given number of units of time, then the quotient arising from 
dividing the units of effect by the units of time wiU denote the effect 
produced in one unit of time. 

If the dividend denote units of distance, and the divisor units of 
time, the quotient will denote the number of units of distance whieh 
correspond to one unit of time. As if a body more over uniformly 
100 feet in four seconds of time, then the quotient, twenty-five feet, 
is moved over in one second of time. The distance moved over by a 
body in an unit of time is called the velocity of the body. 

If the dividend denote units of distance, and the divisor denote tho 
distance moved over in one unit of time, the quotient will denote tho 
number of units of time in which the body will move over that 
distance. If a body move over 100 feet at the rate of twenty-five feet 
in one second of time, then the quotient of 100 -7-25 denotes four 
seconds, the time in which the body moves over 100 feet 
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EXEBOISES. 

I. 

1. Eeduce £15 16s. Sjd. to farthings, reverse the process, and 
explain the reason of each step. 

2. How many fourpenny pieces must be given in exchange for 
half -a-guinea, half-a-sovereign, and half-a-crown ? 

3. How many half-crowns, how many sixpences, and how many 
fonrpences are there in 200 guineas ? 

4. How many half-crowns, and how many half-guineas are there 
in a million of fourpenny pieces ? 

5. How many farthings are there in five half-sovereigns, five half- 
crowns, five sixpences, and five halfyence ? 

6. Eeduce £13 to shillings, £13 .158. to pence, £13 158. 7d. to 
farthings, and reverse the operations. 

7. In the reduction of farthings to pounds, the farthings are first 
reduced to pence by dividing by 4 ; the pence to shillings by dividing 
by 12 ; and the shillings to pounds by dividing by 20 ; in what case 
would the same result be obtained by dividing the farthings, first by 
20, next by 12, and lastly by 4 ? 

n. 

1. Find the amount of £25 10s. 6d., £120 Us. 4id., £247 19s. 9|d., 
£1,000, and £1 17s. Ufd. 

2. Subtract £44 178. lOfd. from £100 Oa. 0^., and verify the 
truth of th0 result. 

3. What is the amount in pounds sterling of 25695426 shillings, 
632985 fiorins, 2984695 crowns, and 3296 half-sovereigns, and what is 
the number of pieces of money ? 

4. In an account current between two persons, A and B, at the 
end of the first quarter A owed £ £127 10s. 7|d., at the end <d the 
second^ was in debt to A £100 lis. 7fd., and at the end of the 
third quarter he was further in debt to A £95 17s. 8^d. ; but at the 
end of the fourth quarter A was in debt to JB £190 19s. ll|d. What 
was the balance at the end of the y^ar, and to which of them was it 
due? 

5. The total value of British goods exported from Liverpool during 
the 9 months ending October 31, in the years 1865, 1866, 1867, were 
£59,502,204, £73,967,069, and £63,960,580 respectively; find the 
increase of the value of the goods exported in 1867 upon the value in 
1865, and the decrease upon the value in 1866. 



16 

m. 

1. Multiply £11 lis. llfd. by ewoh of tlie nine digits respectively, 
and reverse the operation in each case. 

2. Multiply £14 17s. lljd. by 35, 37, and 175 respectively. 

3. Multiply £963 Is. If d. by 999. 

4. Multiply £10 17s. 6fd. by 8764. 

5. Divide £192 15s. lid. by 13, and establish the truth of the 
process. 

6. Divide £20,000 19s. 6d. by 57621. 

7. Divide 18s. 4d. by 44 and by 3s. 8d., and explain the nature of 
the quotients. 

8. Find how often £24 lis. 6^d. is contained in £8060 18s. lOd. 

9. What is the difference between 5482 times £1 12s. 6|d. and 
1562 times £5 14s. 2|d. ? 

10. What is the standard unit of English money? Explain under 
ivhat conditions one concrete number may be multiplied by -another. 

IV. 

1. What sum will be required to pay 18s. 6d. to each of 26 
persons ? 

2. Among how many persons must £59 6s. 3f d. be divided, that 
each person may receive £3 2s. 5^d. ? 

3. Among how many persons can £1482 18s. 4|d. be divided, so 
that each may receive £12 Is. l^d. ? 

4. Find the price of 7865 articles at £2 19s. 6d. each, using one 
multiplication and one division. 

5. Bequired the value of 2710 pounds at 6s. 8d. a pound. 

6. If 6 articles cost £3 16s. 6d., how much will 13 cost at the same 

rate? 

7. How much a day is £82 10s. 1 Jd. a year ? 

8. Divide £1000 equally among 121 persons ; and if the silver 
<;oins of the value of threepence be employed, what is the value of 
"the remainder ? 

9. There are three quantities, £5, 8s., and 75 gallons. Multiply 
one of them by the quotient of the other two. State accurately the 
Tesult of the operation, and perform it in as many different ways as 
^ssible. 

V. 

1. How many crowns are equal in value to 200 half-guineas? 

2. If an English guinea be worth 27| French francs, at lOd. each^ 
iow much French money ought a person to receive for 44 guineas ? 

3. How many coins of 5s. O^d. are worth 59527 coins of 5s. Ifd. 

each? 

4. An Austrian souverain and a gold ducat are worth 13s. lid. 
tind 9s. 6d. respectively. How many ducats are equivalent to 4560 
fiouverains ? 
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5. The value of a mark being Ids. 4d., and that of a moidore 27s.^ 
how many half-crowns are there in 30 marks and 40 moidores 
together ? 

6. How many roubles, at 3s. 4|d. each, are worth 132678 franca 
at 9fd. each ? 

7. K nine rupees, six crown pieces, and eleven threepenny pieces 
amount to £2 13s., what is the value of a rupee? 

8. How many pounds sterling amount to 274 marks, each equal to 
138. 4d., and 87 nobles, each equal to 6s. 8d. ? 

VI. 

1. A debt of 20 guineas is to be discharged by three equal payments 
in half-crowns, shillings, and sixpences ; find the number of coins in 
each payment. 

2. Divide £34 4s. into two parts, so that the number of crowns in 
the one may be equal to the number of shillings in the other. 

3. A debt of £18 15s. lOd. is paid in crowns, shillings, and pennies, 
giving for every penny two shillings and three crowns ; find the num- 
ber of each sort of coins. 

4. A has as many sovereigns as B has shillings, and together they 
have £210 ; required the number each had. 

5. One person has a certain number of shillings, another as many 
crowns, and a third as many pounds, and together they have £520. 
How much has each ? 

6. Divide £34 into an equal number of sovereigns, half-sovereigns, 
half-crowns, shillings, and sixpences. 

7. The sum of £211 10s. 5d. was paid in pounds, shillings, and 
pence, the number of pounds being 7 times the number of shUlings, 
and the number of shillings 6 times the number of pence. How 
many were there of each ? 

8. A bag contains sixpences, shillings, and half-crowns ; the three 
sums of money expressed by the different coins is the same ; if there 
are 102 coins in the bag, find the number of sixpences, shillings, and 
half-crowns. 

vn. 

1. Show that one penny a day is equal to a sovereign, half-sovereign, 
and five pence a year ; and hence deduce a rule for finding how much 
any daily payment would amount to in one year. 

2. A person's income is reduced from £750 to £734 7s. 6d. by income 
tax. How much does he pay in the pound ? 

3. When the income tax was 4d. in the pound a person paid 
£2 18s. 5d., and when it was 6d. in the pound he paid £3 13s. 7d. 
What was the difference between his income in the two years ? 

4. If a person's daily expenditure be £2 12s. 6d. what must be his 
annual ino^me in order that he may save £250 a year ? 



18 

5. How much, can be saved out of an annual income of £706 a 
year, if the daily expenditure be a gtdnea and a half? 

6. If an artificer's income be £7 a week, what may be bis daily 
expenditure in. order that he may save yearly £100? 

7. A labourer receiving wages at the rate of 15s. a week through 
the year, sared 6d. a week, which he deposited in the sayings bank. 
In consequence of a strike his wages were raised 28. a week, but he 
found at the same time that with the cost of Hying, and his payments 
to the trades' union, he had to pay Is. 3d. where he formerly paid Is. : 
find the increase made in his yearly savings. 

8. A person's quarterly income is £135 lOs., and his daily expendi- 
ture £2 5s.y how much will he be in debt at the ^id of two years and 
a half? 

9. If a person spend in 4 months as much as he gains in 3, how 
much will he have saved at the end of three years, supposing his 
half-yearly income is £160 10s. ? What would have been the state of 
his idQPairs if his expenditure had been £160 10s. in 6 months ? 

10. If a person's gross income be £1,250 a year, what is his clear 
income after paying an income tax of 7 pence in the pound ? If his 
clear income were £1,250 after paying the same income tax, what 
would be his gross income ? 

vin. 

1 . If the price in shillings of a hundred weight be multiplied by 
3 and divided by 7, the result is the value in farthings of a pound 
weight. 

2. If 2613 pounds of sugar at 7d. a pound be exchanged against 
417 pounds of tea at 4s. 6d. a pound, on which side is the balance, 
and how much ? 

3. How much tea at 3s. 6d. a pound must be given in exchange for 
5cwt. 2qrs. of sugar at 4 Jd. per pound ? 

4. If 180 oranges be bought for 2 a penny, and 180 more at 3 a 
penny, what is gained or lost by selling the whole at 5 for 2 pence ? 

5. A merchant exchanged l,2001bs. of pepper at 13d. a pound, for 
equal quantities of two species of cotton at 7d. and 6d. a pound, and 
one-third in money ; how much money, and how many pounds of each 
sort of cotton did he receive ? 

6. A grocer mixed 106lb& of tea at 3s. 4d. a pounds 75lbs. at 
5s. 2d., and 94lbs. at 5s. 5d., and sold the mixture at 5s. a pdund ; 
what was the gain ? 

7. Of three sorts of barley a mixture is made, namely, 8 bushels at 
3s. 6d., 15 at ds. 8d.^ and 28 at 3s. lOd. \ what is the value of a bushel 
of the mixture ? 

IX. 

1. Find the yearly average of the profits or losses in seven years of 
a trader who gained in the first, third, fourth, and sixth years the 
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sums £520, £200, £700, and £1,000 ; and lost in the second, fifth, and 
seventh years £100, £250, and £320 respectively. 

2. According to a Parliamentary return for the year 1872-3, tho 
dividends on India Stock charged with iaeome tax was £7,032,247 ; 
on Colonial Stocki^ £2,839,776 ; and on Foreign Stocks, £9,341,193; 
find the ixicome tax on each of these dividends, and the whole amount 
at the rate of fourpence in the pound. 

3. The rental .of a parish ia £19,380 ; how much in the pound wiR 
produce a rate of £403 158. ? 

4. A farmer rents a farm of 500 acres, on iiie following terms : he- 
pays a fixed rent of 15 shillings an acre, and a corn rent of 120 quarters- 
of wheat, 80 quarters of barley, and 60 quarters of oats. The prices 
of wheat, barley, and oats being respectively 48s. 6d., 25s., and 
19s. 6d. per quarter ; find his rent pw acrow 

5. In a certain parish, the tithe rent-charge, valued at £740, was 
commuted for equal portions of wheat, barley, and oats, whose prices 
were 6s. 8d., 3s. 2d., and 2s. 6d. a bushel respectively. When barley 
and oats were at 23. 9d. and 2s. respectively, what must be the price 
of wheat, that the tithe rent-charge may be worth £780 ? 

6. In 1834, on the abolition of slavery in the West Indies, 20 
millions sterling was voted by the British Parliament to compensate 
the slave-owners, whose slaves were valued at £45,282,000* What 
was the average compensation the slave-owners received for each 
slave, supposing each slave of same value ? 

X. 

1. Divide £1000 among three persons, so that the first may have 
3 times as much as the second, and the third as much as the first and 
second together. 

2. The sum of £984 is to be divided between 4 men, A, B, (7, i>, 
in such a manner, that for every £3 given to ^, j& is to receive £5, C 
£7, and D £9 ; what sum did each receive ? 

3. Divide £1000 among four persons Ay. JB, C, i>, so that C shall 
have £5 more than D, B £5 more than (7, and A £5 more than B» 

4. The sum of £72 is to be divided among 24 men, 36 womm, and 
72 children, so that the shares of two men shall be equal to that of three 
women, and each woman's share equal to the shares of two children ; 
what will be the share of each ? 

5. The sum of £204 6s. 3d* is to be divided between 6 men, 3 
women, and 12 children : for every pound each woman receives, each, 
man is to receive two pounds, and each child ten i^iillings ; bow muck 
will they severally receive ? 

6. The smn of £20 is to be divided among 42 persons, in such a 
manner that 25 of them shall have 7s. 6d. each, and the rest shall share 
equally in the remainder; find the share of each of the latter. 

7. In a manufactory Uiere are employed 3 foremen at 3fi. 4d. a day. 
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54 workmen at 2s. 3cL, and 21 boys at Is. 6d. They work 6 days in 
the week. How much has the master to pay in wages per week, and 
how much per year ? 

8. A manufacturer employs 50 men and 35 boys, who respectively 
work 12 and 8 hours per day during 5 days of the week, and half time 
on the remaining day. Each man receives 6d., and each boy 2d. per 
hour. What is the amount of wages paid in the year? 

9. There is in a manufactory a certain number of workmen who 
receive 50s. a week, twice as many who receive 8 Is. 6d. a week, and 
eleven times as many who receive 14s. a week, and the total amount 
of the workmen's wages for one week is £93 9s. ; find the number of 
workmen. 

XI. 

1. Distinguish between abstract and concrete numbers, and show 
that the distinction is necessary to avoid error in the interpretation of 
the results of numerical calculations. 

2. What is the standard lineal measure of the United Kingdom ? 
Give a brief account of its history, where is it preserved, and how is 
it kept correct ? 

3. How many inches are there in 24 lineal yards 2 feet and 11 
inches ? Conversely, tow many yards, feet, and inches are there in 
899 lineal inches ? 

4. How many yards, feet, and inches are there in a million lineal 
inches ? Eeverse the process. 

5. Find how many inches there are in 5 miles, 1 furlong, 151 
yards. 

6. Divide 10,841 lineal yards by 37 and by 37 lineal yards, and 
state the nature of the quotients. 

xn. 

1. A carriage wheel revolves 3 times in going 11 yards ; how many 
times will it revolve in going two miles and a half ? 

2. The circumference of the fore wheel of a carriage is 8 feet, and 
that of the hind wheel is 10 feet ; in what distance will the fore wheel 
make 100 revolutions more than the hind wheel ? 

3. The larger wheel of a carriage being 24 inches in circxunf erence 
longer than the smaller, makes 440 revolutions in a mile ; how many 
will the smaller make in a mile ? 

4. There are four places on the same road in the order A, B, 0, D. 
From A to D the distance is 1,463 miles ; £rom A to 0, 728 miles ; and 
from B to D 1,317 miles. How far is it from A to B, from B to G, 
and from to D ? 

5. From Ephesus to Cunaxa, Xenophon with the army of Cyrus 
marched 16,050 stadia of 202 yards 9 inches each in 93 days. Find 
the average length of a day's march in miles and yards. 

6. A poimd of cotton may be spun into a thread 134,000 yards 
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long ; what weight of this thread would reach round the earth, a dis- 
tance of 25,000 miles? 

7. If a yard contain 36 inches or 12 pahns or 4 spans or 2 cubits, 
express a mile in palms, spans, cubits, respectively. 

8. Three French kilometres are as much under two English ndles 
as five kilometres are above three miles ; find how many yards make a 
kilometre. 

xm. 

1. If the magnitude of the lineal unit be given, what are the cor« 
responding units of area and volume ? Exemplify, when the lineal unit 
is 12 inches. 

2. Eeduce 6,698,411 square inches to square yards, feet, and inches. 
Beverse the process. ^ 

3. Keduce 49 acres, 28 poles, 10 yards, 112 inches to inches. 

4. How many square yards are there in 139,968 square inches ? 

5. Divide a square foot by 18 lineal inches. 

6. How many square inches are there in the area of a rectangular 
parallelogram whose adjacent sides are respectively 3 feet 4 inches and 
5 feet 7 inches ? 

XIV. 

1. A rectangular court, the sides of which are 300 feet and 200 
feet, has a walk 20 feet wide running round it ; what is the area of 
the walk ? 

2. Eind the area of a field in acres and yards whose sides are re- 
spectively 50 chains 40 links and 50 chains 25 links. 

3. How many acres of land would be required for a road 50 miles 
long and 22 yards broad ? 

4. If the hide* of land mentioned in Domesday Book contained 
4 plow lands, and one plow land 4 yard lands, and the yard land 30 
acres, find how many acres were estimated to the hide of land. 

5. How many allotments can be made from 25 acres of land, 
allowing 1000 square yards to each allotment ? 

6. Find the number of men required for forming a hollow square 
four deep, having 100 men on each side. 

7. If a halfpenny piece be one inch in diameter how many can be 
laid in rows toudiing each other on a table which is 7 feet 6 inches 
long and 3 feet 4 inches wide ; and what is their amount ? 

8. A labourer engaged to reap a field of com for 5s. an acre, but 
leaving 6 acres not reaped, he received £2 10s. ; of how many acres did 
the field consist ? 

9. What would be the cost of painting the walls and ceiling of a 
room whose height is 10 feet, breadth 15 feet, and length 24 feet, at 
6d. a square foot ? 

10. If eight strips of carpet 39 inches wide cover a floor, how wide 
must a carpet be in order that 6 strips may cover the floor ? 
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11. If 68 bales of linen eontain 67,048 yaxdfi, and each bale con- 
tains 34 pieces, and each piece the same numb^ of jaxiB>, how many 
yards are there in each piece ? 

XV. 

1. What is meant by saying that the solid content of a cube is the 
cube of one of its edges, and of the area of a square the square of one 
of its sides ? 

2. How many cubic yards, feet, and inches are there in 496321675 
cubic inches ? Beverae the process. 

3. Prom a beam 8 incheB thick and 9 inches wide, how many feet 
must be cut o£E to contain a cubic foot ? 

4. Multiply 10 squaire incheB by 10 lineal inches, and state the 
nature of the product. 

5. Divide 2 cubic feet 108 inches by 162, and by 1 square foot 18 
inches, and state the nature of the quotients. 

6. How many bricks, 9 inches long and 4 inches wide, wHl be 
required to pave a courtyard 360 feet long and 220 feet wide ? 

7. What is the content in cubic feet of a bed of coal 5^ miles long, 
3 broad, and 30 feet deep ? 

8. A room contains 24,000 cubic feet of space, its length is 60 feet, 
and its breadth 40 feet ; what is its height ? ♦ 

9. How many bricks are there in a wall which is 120 yards long, 
15 feet high, and 24 inches thick, supposing a brick to be 9 inches 
long, 4 wide, and 3 thick ? 

10. How many leaden bullets 1 inch in diameter can be packed in 
a box whose internal length is 2 feet 4 inches, and depth and breadth 
each 18 inches? 

XVI. 

1. If 277280 cubic inches of water weigh 10000 pounds Avoirdu- 
pois, how many will weigh 1000 ounces ? 

2. If a cubic foot of water weigh 1000 ounces, how many hundred 
weight of water will a full cistern contain, whose length is 16 ie^t, 
breadth 10 feet, and depth 7 feet? 

3. What must the depth of a cistern whose leiigih and breadth are 
24 feet and 8 feet, which shall contain as many cubic feet as another 
whose length, breadth, and depth are respectively 12 feet ? 

4. If a cistern be 12 feet Long, 12 feet wide, and 12 feet deep, how 
many cubic feet does it contain, and how many jquare feet are there 
in its internal surface ? 

5. What must be the depth of a cistern 6 feet long and 4 feet wide 
which shall contain as many gallons as are contained in two cisterns, 
one containing 100 gallons and the other 200 gallons, if a gallon of 
water weigh 10 pounds and a cubic foot of water weigh 1000 ounces? 

6. If the pressure of the atmosphere at the surfaee of the earth, 
when the barometai: stands at 30 inches, be about 15 pounds on the 
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square incli, what is the pressure in pounds on the surface of the 
human body, supposing it to be 15 square feet ? What would be the 
difference of the pressure when the barometer stands at 29 inches ? 

7. A wine merchant bought 5 pipes of wine for £138 12s., and one 
pipe became damaged ; at what rate per gallon must he sell the re- 
m.aining 4 pipes, so as not to be a loser by the purchase ? 

xvn. 

1. The sum of the diameters of the sun and the earth l^ing 894056 
miles, and the diameter of the sun being 112 times that of the earth, 
£nd the diameter of the earth. 

2. Sir John W. Herschel reckoned that the length of the earth's 
polar diameter is 41,707,796 feet, which is within one furlong of five 
hundred and a half million inches. What is the exact difference ? 

3. The volume of the sun is reckoned about 1384500 times that of 
the earth, and the volume of the earth 80 times that of the moon ; 
how many times does the volume of the «un contain that of the 
moon? 

4. The distance of Mercury from the sun is 5917938 French 
metres, and of Uranus 291720130; how many times Mercuzy's distance 
is the distance of Uranus from the sun ? 

5. If the planet Saturn be 908,723,000 miles distant itom the sun^ 
and the earth 91,713,000 miles, shew that Saturn is more than 9 
times, but less than 10 times, the earth's distance from the sun. 

6. The distance of the star a Centauri from the earth is reckoned 
to be about nineteen billion of miles, and the distance of the sun is 
about 91,713,000 miles; by how much is the star more distant than 
the sun ? 

xvni. 

1. How many grains of gold are contained in 101b. 11 oz. 12dYrts. 
13grs. ? Prove the truth of the result by the reverse process. 

2. What is the weight of 125 bars of silver, of which there are 20, 
each weighing 31b. 5oz. 7dwts. 20grs. ; 67, each weighing 71b. 3oz. 
15dwts. 15gr8. ; and each of the remaining bars weighs 4lb. lloz. 
I7dwt8. I7grs.? 

3. If one pound Troy weight of Standard silver be coined into 66 
shillings, how much sHver would be required to coin a million 
shillings? 

4. At the EngUflh mint 40 pounds of Standard gold are coined into 
1869 sovereigns. What is the mint price per ounce Troy of Standard 
:gold? 

5. In the purchase and sale of bullion, bars of silver from 50 to 
^0 poimds Troy have an allowance over of 10 pennyweights, and 
ingots of gold from 15 to 20 pounds have 6 grains allowed ; what are 
ihe amounts of the allowamceB on the purchase ^f 1000 pounds of 
gold, and on lOOOlbs. of silver? 
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6. InExod. zxxviii. 25, 26, it is stated that 100 talents 1775 shekels 
of silver were collected from 603550 people for the work of the taber- 
nacle, and that each person contributed half a shekel ; determine tho 
number of shekels in the talent. 

XIX. 

1. If 9 grains of silver are worth five farthings, what should a 
crown weigh ? 

2. If an ounce of gold be worth £3 17s. 10|d., what is the value 
of one grain ? 

3. If lib. 6oz. 2dwt8. 8grs. of gold be worth £68 2s. 6d., how much 
is that the ounce ? 

4. What is the price of a silver cup weighing lib. lOoz. 12dwts. 
12grs., at 6s. 6d. an ounce ? 

5. If a pound of silver cost £3 6s., what is the price of a salver 
which weighs 71b. 7oz. lOdwts., subject to a duty of Is. 6d. per ounce, 
and an additional charge of Is. lOd. per ounce for the workmanship? 

6. If a talent of silver be worth £357 lis. lOd., what is the value 
of a shekel, if 3000 shekels make a talent ? 

7. The gold procured from Australia in 6 months in 1851 amounted 
to 209,096 ounces. In 1861 the New Zealand gold-fields yielded 
228,292 ounces in the same time. What is the excess in weight and 
value, at £3 17s. lO^d. per oimce, of the average monthly return from 
New Zealand over l^at from, Australia ? 

XX. 

1. What is the aggregate of the following weights: 2 tons, lOOlbs., 
75 cwt., Hlbs., 5drs., 20001bs., 5000 ounces, and 20,000 drams? 

2. Subtract 25cwt. 2qrs. 5lb. 5drs. &om 5 tons 7cwt. Iqr. 20lbs. 
3drs. 

3. Multiply 12 tons 7cwt. 15lb. 7oz. by 25, and reverd^e the opera- 
tion. 

4. How many tons, hundredweights, &c*, are there in a million 
drams Avoirdupois ? 

5. Beduce 9 tons 2cwt. 3qrs. to drams, and reverse the operation. 

6. Divide 612cwt. Sqrs. 71b. by Hcwt. 73lbs. 

xxr. 

1. Shew that in £59 12s. Ifd. there are the same number of 
farthings as there are pounds in 25 tons lOcwt. 3qrs. 19lb. 

2. In the year 1787 a new copper coinage, made by Mr. Boulton at 
Birmingham, was issued from the Mint for circulation. It consisted 
of pieces of four different sizes and values. The twopenny pieces 
amounted in nominal value to £6019 15s. 8d. ; the penny pieces to 
£183,177 18s. 6d. ; the half penny pieces to £88,506 18s. 4d. ; and the 
farthing pieces to £4370 13s. 2d. ; find the total number of pieces in 
this coinage. 
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3. A loaded waggon weighs 2 tons 3cwt. 2qrs. 23lb.; the waggon 
by itself weighs 18cwt. dqrs ; the load consists of 215 packagds, each of 
the same weight; find the weight of each. 

4. How many packets of lUb., 13lb.| l71b., and of each the same 
number, may be made out of 3 tons 2cwt. Iqr. 23lbs. ? 

5. K one poimd of copper be coined into 24 penny pieces, how 
many may be coined from a ton of copper, and what is iheix value ? 

xxn. 

1. By how many grains does an ounce Troy differ from an ounce 
Avoirdupois ? 

2. Eeduce 281750 grains Troy to pounds Troy, and find the 
equivalent number of pounds Avoirdupois. 

3. From one ton Avoirdupois of the lead ore of a certain mine, lib. 
lloz. 6dwts. 16grs. Troy of silver is extracted; find how much silver 
can be extracted £rom 17 tons 14cwt. 2qr3. of the same ore. 

4. If lib. 8oz. Avoirdupois is half the weight of 3lb. 7oz. 15dwt8. 
Troy, find the number of grains in one pound Avoirdupois. 

5. A person purchases goods at the rate of six shillings per pound 
Troy weight, and seUs them again by Avoirdupois weight ; at what 
rate must he sell per ounce, so as exactly to reimburse himsftlf ? 

xxm. 

1. Explain clearly what is meant by an imit of ang^ar measure- 
ment. What is the circular measure of an angle, and upon what 
geometrical property does this measure depend ? 

2. The angle subtended at the centre of a circle by a chord equal to 
the radius is constant for the same circle. How many, French 
degrees and how many English degrees are contained in this angle ? 

3. If 90 English degrees are equal to 100 French degrees, and 
one English degree contain 60 minutes and one French degree 100 
minutes, give a rule for changing French minutes into English 
minutes, and English degrees into French degrees, and conversely. 

4. What number of degrees, minutes, &c., in the English scald 
coiTesponds to 30° 15' 25" in the French scale of angular measure ? 

5. What is the difference of latitude between St. Peter's at Eomo, 
41° 53' 54" N., and St. Paul's in London, 51* 30' 49" N. ? 

6. What is the difference of latitude between Greenwich Observa- 
tory, which is 51° 28' 38" North, and that at the Cape of Good Hope, 
which is 33° 36' 3" South ? 

7. What is the mean of the following observed altitudes of a star, 
50° 17' 35",r 50° 13' 12", 50° 15' 10", and 50° 20' 50"? 

8. What is the difference of longitude between Athens and Home, 
and between Bome and Philadelphia in the United States; if the 
longitude of Athens be 23° 47' 0" East; the longitude of Borne, 
12° 27' 14" East; and the longitude of Philadelphia, 75° KX 0" West, 
from Greenwich ? 
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XXIV. 

1. Beduce 12 wee^s, 6 days, 5 hours, 10 min., 12 seo«, to seconds, 
«iid reverse the operation. 

2. How many days, hours, &c., are in a million seconds ? 

3. Find the number of seconds firom 5 o'clock on Monday after- 
noon to 7 on Wednesday morning. 

4. In one tropical year there are 365 days 5 hours 48min. 51 sees. ; 
how many seconds are there in 16 years 122 days? 

5. How many hours have elapsed since the birth of Christ to the 
year 1849, supposing each year to consist of 365 days 6 hours ? 

6. In a Julian year seven of the months have thirty-one days each, 
four have thirty each, and one has twenty-eight or twenty-nine. How 
many minutes are in an ordinary year and in a leap-year ? 

7. How many seconds are contained in the lunar month of 29 days 
12 hours 44 minutes 3 seconds ? 

XXV. 

1. Multiply 2 years, 9 months, 6 days, by 31, and reverse the 
process. 

2. A sidereal day is less than a solar day by 3 minutes, 56 seconds ; 
in how many days will the difference amount to 24 hours? 

3. Find the average of the following times, reckoned from noon : 
2hrs. 12min. 28s6c. p.m. ; lOhr. 3lmin. 14sec. a.m. ; 3hrs. 15min. 44sec. 
p.m. ; Ihr. 36min. 35sec. p.m. ; llhrs. 40min. 39sec. a.m. ; 4hrs. p.m. ; 
and Ihr. 23min. 15sec. p.m. 

4. It was high-water at London Bridge on seven successive days at 
9h. 17m. a.m., lOh. 33m. a.m., llh. 37m. a.m., noon, Oh. 52m. p.m., 
Ih. 38m. p.m., 2h. 24m. p.m. ; what was the average time during the* 
week? 

XXVI. 

1. In reckoning years £rom the epoch of the Christian era, state a 
Tule for finding what years of this era are leap-years in different 
centuries. Are the years 1784 and 1874 leap-years ? 

2. How is it known when ordinary years begin and end with tho 
same day of the week ? - What is the difference in leap-years ? 

3. Shew from the fifth and seventh chapters of the Book of Genesis 
that the Deluge happened in the 1656th year from the creation of tho 
world, according to the Hebrew account. 

4. How long did the Eoman empire endure from its foundation till 
the year a.d. 800, when Charlemagne was crowned Emperor of the 
AVest by Pope Leo III, if we admit that Borne was a regal state, 
governed by 7 kings during 244 years ; a republic under consuls until 
the time of Augustus, a period of 446 years ; an empire imder 57 
emperors, during 519 years, from the time of Augustus to Augustulus, 
who was deposed by Odoacer, Xing of the Heruli ; under this last and 
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8 kings of the Ostrogoths, during 92 years; and lastly under 22 
Xiombardian kings during 206 years ? 

xxvn. 

1. How long would it require to count 800 millions of money, at 
the rate of £100 a minute, supposing the accountant to be employed 
six days in the week and ten hours daily ? 

2. If 4 artillerymen can £re a gim 48 times, and 5 men 54 times 
in an hour, how much longer time will be required for firing 32448 
shots from 26 guns, when there are 4 men to each gim, and when 
there are 5 men ? 

3. If 6 companies of 54 soldiers each fire 6804 shots in 3 hours, 
hLOW many shots will 8 companies of 81 men each fire at the same rate 
in 2 hours ? 

4. A regiment contains 1000 men, of which 50 are officers, how 
many men are there to each oflB.cer ? 

5. The population of the county of Middlesex increased from 
1886576 in 1851 to 2206485 in 1861 ; what was the average yearly 
rate per cent, of increase in the ten years ? 

6. An article which costs 12s. 6d. will last 6 months, and another 
which costs 15s. will last 9 months; which is the cheaper of the two? 
and how much in a year? 

xxvin. 

1. If a clock gain 12 minutes in a day, what is the gain in one 
minute? 

2. How many times will a pendulum vibrate in 24 hours that 
makes 5 vibrations in 2 seconds ? 

3. Express 59"^ 2T 30" of longitude, in hours, minutes, and 
seconds of time ; and conversely. 

4. On 21 June the sun rises dhrs. 45m. a.m., and sets 8hrs. 18min. 
p.m. ; and on 21 December the sun rises at 8hrs. 6min. a.m., and sets 
3lirs. 51 min. p.m. in the latitude of London ; find the difference in 
the lengths of the 2l8t June and 21st December. 

5. The transit of the planet Yenns across the sun's disk happened 
on the morning of 9th December, 1874 ; the first contact at ingress 
began Ihr. 45min. SSsec. a.m., Greenwich mean time, and the last 
contact at egress ended at 6hrs. 26min. 54sec. a.nL. How long was 
the planet in crossing over the sun's disk ? 

XXIX. 

1. In how many weeks can a journey of 12600 miles be completed 
by travelling six days each week at the rate three miles an hour and 
seven hours each day ? 

2. If a man travel 300 nules in 10 days when the day is 12 hours 
long, in how many days can he travel 800 miles when the day is 16 
hours long ? 
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3. If a train 100 yards long pass a fixed object in 5 seconds, at- 
^hat rate per honr is the train moving ? 

4. A fly-wheel revolves once every twenty seconds; how many revo- 
lutions does it make in twelve hours ? 

5. The length of the steps taken by two men are 3 feet and 4 feet, 
and the former takes five steps while the latter takes four. If both 
started from the same place to walk along the same road, how far 
has each walked when one is a hundred feet beyond the other ? 

6. How long will a column of 10,000 men, marching 4 deep, requiro 
to pass through a defile of 5 miles at the rate of 75 paces of 2 feet 
each in one minute, and the column on its march to extend 7500 
feet? 

7. If sound travel with a velocity of 1100 feet in one second, and 
the report of a gun is heard 15 seconds after the appearance of the 
flash, how far distant is the observer ? 

XXX. 

1. If the length of the elliptic orbit of the earth round the sun be 
596440000 miles, what is the average hourly and daily motion of the 
earth, supposing the earth makes one complete revolution in 365} 
days? 

2. The mean distance of the sun from the earth is about 91,713,000 
miles ; what is the velocity of light, if the time in which the sun's light 
reaches the earth be 8min. 18sec. ? 

3. What is the difference in the hourly rates of the motion of two 
places, caused by the diurnal rotation of the earth on its axis, one on 
the equator and the other on the parallel of the latitude of London, 
supposing the circumference of these circles to be 24,900 and 15,120 
English miles respectively ? 

4. How many seconds are there in a year of the planet Saturn, 
which consists of 10746 days 16min. Idsec. of time, as reckoned at the 
earth ? 

5. How many years of the earth are equivalent to one year of 
Uranus, one year of the earth being 365 days 5hrs. 48min. 51sec., and 
of Uranus 30688 days I7hrs. 6min. 16sec. ? 

6. How many of Jupiter's years have elapsed since the birth of 
Christ to A.D. 1863, if one year of the earth be 365 days 5hrs. 
48niin. 51sec., and one year of Jupiter be 4330 days 4hrs. 39min. 

2sec. ? 

7. The periodic time, or length of the year of the planet Uranus, is 
84 years 5 days 19hrs. 41min. 36sec., and of the earth 365 daya 
5hrs. 4Smin. 57sec. Shew that one year of Uranus is greater than 19, 
but less than 20, years of the earth. 

8. If Sirius, one of the brightest of the fixed stars, which is pro- 
bably 592,200 times farther from the earth than the sun, were sud- 
denly extinguished, for how long would it still appear to shine to the 
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iuLabitants of the earth, supposing, according to our present know- 
ledge, the most probable value of the sun's mean distance from the 
earth to be 91,713,000 miles, and that light from the sun reaches the 
earth in 8min. 18sec. ? 



1. Shew that, in the year 1850, 7 times the number of days 
preceding June 18 were equal to 6 times the number following that 
date. 

2. How many days were there from 10 January to 4 May, 1872, 
both days included ? 

3. If a father died in 1873 at the age of 96, and his son died in 
1860 aged 50, how old was the father when the son was bom? 

4. If on Dec. 25, 1870, a man's age is 30000 days, find the day and 
year of his birth. 

5. In the year 1873 a man was 75 years old, and 25 years ago he 
was twice as old as his son ; what was his son's age in 1874 ? 

6. If A be 10 years younger than B, and 5 years older than 
in the year 1860 ; if were 25 years old 15 years ago, when will B be 
60 years old? 

7. If the Easter term at Cambridge commences on a Wednesday 
and ends on a Friday, shew that it divides either on a Thursday at 
noon, or on a Sunday at midnight. In 1855, the Easter term began 
on Wednesday, 18 April, and ended on Friday, 6 July. 

8. In the year 1860, the first day of January was a Simday ; find 
the next two years in which this will happen again. 

9. There was a full moon on June 26, 1858, at 9hrs. 13min. a.m. 
The interval between successive full moons has since been on the 
average 29d. 12hrs. 47min. 30sec.; how many full moons happened 
until Dec. 31, 1873, and when did the last take place within that 
period ? 

10. The Times newspaper of Monday, 14 February, 1876, bears 
the number 28551. Supposing the paper to have been published 
every week day without intermission and numbered consecutively, 
give the day of the week, month, and year when No. 1 was pub- 
lished. 
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EESXJLTS, HINTS, ETC., FOE THE EXEECISES. 

I. 

2. 69 fourpenny pieces. 3. 1680 half-crowns, 3360 sixpences, 5040 fourpenny 
pieces. 4. 133333 half-crowns and 10 pence over. 31746 half-guineas and 4 pence 
oyer. 5. 5530 farthings. 7. When the given number of farthings is an exact 
number of pounds. 

II. 
1. £1395 19s. 7id. 3. £2095891 lis. and 29316402 pieces of coin. 4. A owes 
to B £122 Is. 2id. 5. Increase of 1866 over 1865, £13,464,865 : Decrease of 1867 
under 1866, £10,006,489. 

III. 
1. The products are respectively £23 8s. Hid.: £33 15s. lljd.: £45 7s. lid.: 
£56 19s. lOfd. : £67 lis. lOid. : £80 8s. lOJd. : £92 15s. lOd. : £101 7s. 9|d. 
2. £521 7s. 9)d.: £551 8s. 8id.: and £2606 19s. l|d. 8. Multiply the sum by 
1000 and subtract the given sum from the product 4. See Art. 4, note. 5. Art. 
7, note. 6. The quotient is 6s. lljd. and £12 14s. SJd. remainder. 7. 5d. and 
5 times. 8. 328 times. 9. See Art. 4, note. 10. See Section II. pp. 47, 48, and 
Section VII. p. 8. 

IV. 
1. £24 Is. 2. 19 persons. 3. 123 persons and 2s. 6|d. over. 4. If the number 
of articles divided by 40 be subtracted from 8 times the number, the difference will 
be the price required. 5. 6s. 8d. is one-third of £1. 6. If £3 16s. 6d. be divided by 

6, the quotient gives the value of one article, and if this be multiplied by 13 the 
value of 13 is known. 7. Divide the sum by 365. 8. £8 5s. 8d« shared each, and 
4s, 9d. over. 

V. 

1. 420 crowns. 2. 605 francs. 8. 61009 coins. 4. 6680 ducats. 5. 592 half* 
crowns, 6. 81941 roubles. 7. 1 rupee is worth 2s. 8d. 8, £211 13s. 4d. 

VI. 

1. 56 half-crowns, 140 shillings, and 280 sixpences. 2. 114 crowns and 114 
shillings. 8. 22 penny, 44 shilling, and 66 crown pieces. 4. A had £200 and JB" 
200s. 5. The first has £20, the second £100, and the third £400. 6. 20 of eaclu 

7. 5d., 80s., and £210. 8. 60 sixpenny pieces, 30s., and 12 half-crown pieces. 

VII. 

2. 5d. in the pound. 3. £28 Is. 8d., the difference. 4. £1178 2s. 6d. 5^ 
£131 2s. 6d. 6. 148. 5id. daily expenditure, and 2s. S^d, over. 

7. Before the strike : 52 weeks' wages at 15s. a week ■• 780s. 

Savings at end of the year » 26s. 

62 weeks' expenses of living » 7543. 

After the strike : Wages increased 2s., 52 weeks at 178 » 8848. 

Expenses of living, &c., increased by 3d. in 
the shilling, gives an addition of 188s. 6d. 
to 764s., and yearly expenses • 942s. 6d^ 

"^.^^— — Ml*- 
Instead of additional saving, at end of year 

he is in debt 588. 6d» 
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8. £698 2s. 6d. in debt. 9. £240 18s. saved in 3 years. 10. £1213 lOs. lOd. 
clear income. 

VIII. 
2. £17 12s. 8d. the balance in favonr of sngar. 3. 661b. of tea. 4. 6d. lost on 
the Bale. 5. £21 ISs. 4d. in money, and 8001b. of each species of cotton. 6. 
£6 4s. 4d. gain. 7. 3s. 8|d. value of a bushel, and l|d. over. 

IX 

1. £250 average yearly gain in 7 years. In the transactions of commerce it is 
frequently necessary to find the average price of several sets of units which may 
have been bought or sold at different times and at different prices. And it may be 
added that the word average is not restricted to matters of commerce, but is applied 
to almost all human events and transactions, as the finding for any given number of 
years the births and deaths in a city, a county, or a nation. 

2. Income tax on India Stocks £117204 2s. 4d. : on Colonial Stoclcs £47329 12s. t 
on Foreign Stocks £155686 lis.: the whole amount £320220 58. 4d. 3. 5d. in the 
poiind. 4. £1 13s. an acre. 5. The price of wheat must be 8s. 8d. a busheL 6. 
Average compensation 8s. lOd. for each slave, and 9s. over. 

X. 

1. If the second have 1 shaiB, then the fiist has 3 and the third has 4, and the- 
i^um of all the shares is 8 shares, and the value £1000 ; they are £125, £375, and 
£500. 2. A's share £123, B's £205, Cs £287, D's £369. 3. It appears that Chas 
£5 more than D, B £10 more than 2>, and A £15 more than D, and the four 
shares are equal £30 and four times the share of D. But the four shares are- 
£1000; hence £30 and 4 times D's share is equal to £1000, and 4 times Us^ 
share is £970, and D's share is £242 10s., Cs share £247 10s;, B*8 share £252 10s., 
and A*s share £257 10s. 4. Share of a child 6s. 8d., of a woman 13s. 4d., of a man 
203. 5. A man £19 9s. 2d., a woman £9 14s. 7d., a child £4 17s. 3^. 6. 12s. 6d. 
each. 7. £48 18s. weekly, and 52 times that sum in the year. 8. In the year are 
5% half-wcffking days and 261 whole days ; the total amount of wages for the year is 
£3974 13s. 4d. 9. 7 workmen at 50s. a week, 14 at 31b. 6d. a week, and 77 at 14 
a week. 

XI. 

1. See Art. 2. 2. See Section III. p. 16. 5. 330156 inches. 6. 293 lineal 
yards ; 293 an abstract number, denoting the number of times 37 lineal yards are 
contained in 10841 yards. 

XII. 

1. 1200 revolutions. 2. The hind wheel makes 400 revolutions while the fore 
wheel makes 500 in going over 4000 feet. 3. 528 revolutions. 4. A to B, 146 
miles : B to 0, 582 miles : and (7 to 27, 735 miles. 0. 19 miles 1464 yards daily, 
and 40J yards over. 6. 3281b. 5oz. lldrs., with *47drs. over. 7. One mile con- 
tains 21120 palms, 7040 spans, or 3520 cubits. 8. 1100 yards. 

XIII. 

1. See Art. 6. 2. 5168 square yards 4ft. 107in. 8. 308470144 square inches.. 

4. 108 square yards. 5. 8 lineal inches. 6. 2680 square inches. 

XIV. 
1. 18400 square feet. 2. 253 acres 1258 yards. 3. 400 acres. 4. 480 acres. 

5. 121 allotments. 6. 1536 men. 7. The number is 3600 halfpence, in vMue^ 
£7 10s. 8. The field consisted of 16 acres. 9. £28 10s. 10. 52 inches wide. 11 
29 yards in each piece. 

XV. 

1. See Sec. VI. 2. 106378 cubic yards 24 feet 1035 inches. 3. 2 feet. 
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4. 100 cubic inches. 6. 22 cubic inches and 22 lineal inches. 6. 812800 bricks. 

7. 2618600 cubic feet. 8. 10 feet 9. 172800 bricks. 10. 8072 bullets. 

XVI. 
1. 1 cubic foot nearly. 2. 626 cwt. 3. 9 feet deep. 4. 1728 cubic feet and 720 
square feet. 5. 4 feet deep. 6. 824001b. 7. 5s. 6d. a gallon. 

XVII. 

1. 7912 miles. 2. Tlie exact difference is 179yds. Oft. 4in., which is in defect of 
a furiong. 8. 110760000 times. 4. More than 206 times the distance of the earth 
from the sun. 

XVIII. 

2. 7481b. 8oz. 16dwts. llgrs. 3. 151511b. 6oz. Sdwts. ISgrs. nearly. 4, 
^3 17s. 10^. per ounce. 5. 6 grains on 201b. of gold give 300 grains allowed on 
10001b. : and lOdwts. on 80lb. of silver give 125 grains allowed on 10001b. 6. 
8000 shekels in one talent in the time of Moses. 

XIX. 
1. 18dwts. 2. A little less than 2d. 3. £3 15s. 2id. nearly. 4. £7 7s. very 
nearly. 5. £41 7s. lOd. 6. 2s, 6d. nearly. 7. Excess of weight 73196 ounces : in 
Talue £285064 7s. 

XX. 

1. 6 tons 17cwt. Iqr. 121b. 4oz. 5drs. 2. Icwt. Sqrs. 141b. 14drs. 4. 1 ton 
14cwt. 981b. 4oz. 6. The quotient is 35, an abstract number denoting the number 
•of times 14cwt. 731b. is contained in 612cwt. 3qr8. 71b. 

XXL 

1. Express the money in farthings, the weight in pounds. 2. 721174 twopenny 
pieces: 46362702 penny pieces: 42483320 halfpenny pieces and 4195832 farthing 
pieces : tbe total number 93763028. 3. Weight of each packet 131b. 4. 171 
packages. 5. 53760 penny pieces, value £224. 

XXII. 
1. The ounce Troy exceeds the ounce Avoirdupois by 42 grains and a half. 
"2. 481b. Troy and 5720 grains over: 401bs. Avoirdupois and 1750 grains over. 

8. 413oz. lldwts. 16grs. Troy of silver. 4. 7000gr8. in lib. Avoirdupois. 6. At lid. 
per ounce Avoirdupois veiy nearly. 

XXIII. 
1. See Art. 8. 2. 30 English degrees, but 33 and one-third French d^ees. 

5. Since 90 English degrees are equU to 100 French degrees, 1 English degree is 
equal to -V^ or 1+ J French degree: and 1 French degree is equal to-^^orl— ^ 
English degree. Hence, any number of English degrees increased by one-ninth are 
changed to French degrees ; and any number of French degrees diminished by one- 
tenth are changed into English degrees. 4. 33° 30' 10' English, 5. 9° 36' 55". 

6. 85'' 4' 41". 7. 50** 10' 42" nearly. 8. Difference of longitude between Athena 
and Rome, IV 19' 46": difference of longitude between Rome and Philadelphia, 
87'* 37' 14". 

XXIV. 

1. 7794612 seconds. ' 2. 11 days 3hrs. 46min. 40sec. 8. 223200 seconds. 4. 
S15451696 seconds. 5. 16208234 hours. 7. 2551443 seconds. 

XXV. 

2. Between 46 and 47 days, 8. 8hrs. 56min. 30scc a.m. 4. Shrs. Slmin. a.m. 
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' XXVI 
1. See Section IV. pp. 17, 18* 2. Sectdon IV. p. 17. 8. Take the years between 
the births of the eldest sons. 4. 1507 years. 

XXVII. 
1. 2277 weeks 4 days 6hrs. 20min. 2. Ihr. 63min. 20sec. 8. 9072 shots. 

4. 19min. 5. The average yearly increase per cent, for each of the 10 years was 
8199. 6. That which costs 15s. is the cheaper by 5s. in a year. 

XXVIII. 
1. Half a second. 2. 216000 vibrations. 3. As 15° of longitude correspond to 
1 hour of time, the equivalent in time is 8hrs. 57min. 50sec. 4. Shrs. 48min. 

5. 4hT8. 40min. 56sec. 

XXIX. 
1. 100 weeks. 2. 20 days. 3. Between 40 and 41 miles an hour. 4. 2160 
revolutions. 5. One has walked 1600 feet, and the other 1500 feet. 6. 3hrs. 46inin. 

7. 8 miles 220 yds. 

XXX. 

1. Above 68040 miles an hour. 2. Light moves more than 184000 miles in on« 

second of time. 3. 1084 miles an hour at the equator, and 680 miles an hour in the 

latitude of London. 4. 928455375 seconds. 5. Saturn's year is between 84 and 

85 years of the earth. 6. More than 157, but less than 158 years of Jupiter. 

8. Between 9 and 10 years. 

XXXI. 

1. The question implies that the 18th June is to be omitted: there are 168 days 
before, and 196 days after that day. 2. 116 days. 3. 83 years. 4. Section IV. pp. 
17, 18. 6. 26 years. 6. In 1845 G was 25 years of age, A 80, and B 40. In 1865 
B will be 60 years of age. 8. See Section IV. pp. 17, 18. 9. Find the time between 
Jan. 26, 1858, 9hrs. 18min. a.m., and the same point of time a.ra. on Dec. 31, 1873. 
Ascertain how many intervals occur in that period, reckoning the first full moon 
from June 26th, 1858. 

10. See Section IV. pp. 17, 18. 
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ON PEIME AND COMPOSITE NTJMBEES. 

MSASUBES AND MuXISPLES. 

Art. 1 . There are certain relations and properties of numbers of 
extensive use in almost all arithmetical operations, which are also 
necessary in the arithmetic of fractions and decimals. 

In the series of natural numbers, 1, 2, 3, 4, 5, 6, &c., a distinction 
may be observed of odd and even numbers. An odd number is one 
which cannot be divided into two equal whole numbers, as 1, 3, 5, 7, 
9, &c. An even number is one which can be divided into two equal 
whole numbers, as 2, 4, 6, 8, &c. 

There is another, a more important division of the natural numbers 
into two classes, one class consisting of numbers, each of which is 
divisible only by 1 and a number equal to itself, as 2, 3, 5, 7, 11, 
&c. ; and the other class consisting of numbers which admit of other 
divisors, as 4, 6, 8, 9, 10, &c. The numbers in the former class are 
cdlLed. prime numbers ; and those in the latter class, composite numbers, 

Def. a prime number is one which can be exactly divided only 
by imity and a number equal to itself. 

Dkf. a composite number ia a number which is composed of the 
product of two or more prime numbers ; or, a composite number may 
be defined to be a number which admits of other divisors than unity 
and a number equal to itself. 

Def. a multiple of a number is any number of times that number ;. 
as 12 is a multiple of 3 and of 4, for 12 is 4 times 3, and 3 times 4. 
Both 3 and 4 are called submultiples of 12. 

Def. One number is said to be a measure of another, when the- 
former is contained in the latter a certain number of times exactly ; a& 
3 is a measure of 12, for 3 is contained 4 times exactly in 12. 

The terms multiple and fne<imre are only other names for dividend 
and divisor in cases where there is no remainder after division, and 
are thus related: since 3 is a divisor of 12, it follows that 12 is. 
a multiple of 3. 

Def. a common measure or comoMn divisor of two or more numbers 
is a number which will divide exactly each of them ; and the greatest 
number which will exactly divide each of them is called their greatest 
common measure; thus 3 is a common measure of 12 and 18, but 6* 
is their greatest common measure. 

When two or more numbers have no common measure except 1, 
they are said to be prime to each other, as 2 and 3, 4 and 5, 6 and 
35 ; and all prime numbers are prime to one another ; but composite 
numbers may be, or may not be, prime to one another. 



Every prime number Is prime to all numbers which are not mul- 
tiples of itself. 

Two or more numbers are said to be commensurable when any 

integral number will measure or divide each of them exactly ; and if 
no integral number can be found which will exactly measure each of 
them, they are said to be incommensurable. Unity being a measure of 
every number, is not considered as a measure. 

Def. a number which is produced by the multiplication of two or 
more numbers is called a common multiple of each of them ; as 12 is 3 
times 4, and 4 times 3 ; 12 is a multiple of 3 and a multiple of 4, and 
therefore a common multiple of 3 and 4. 

Def. The least common multiple of two or more numbers is that 
number which is the least multiple of each of the given numbers. 
Thus 12 is the least common multiple of 4 and 6 ; for 12 is 3 times 4, 
and 2 times 6 ; and there is no number less than 12 which contains 
4 and 6 a less nimiber of times. 

Or. A number which is divisible by two or more numbers is also 
defined to be a common multiple of these numbers ; and the least 
number which is so divisible is their least common multiple. Thus 
12 is a common multiple of 2 and 3; for 12 is exactly divisible by 
2 and by 3 : but 12 is the least common multiple of 4 and 6. 

If one number measure another, it will measure any multiple of 
that number; as if 3 measure 6, it will measure 2, 3, 4, 5, &c., 
times 6. 

If one number be a common measure of two other numbers, it will 
measure their sum and their difference ; as if 3 measure 12 and 18, it 
will also measure the sum 30 and the difference 6. 

If one number measure two other nimibers, it will measure the 
sum and difference of any multiples of them ; as if 3 measure 12 and 
18, it will measure the sum and difference of any multiples of 12 and 
18, as 4 times 12 and 5 times 18 ; that is, 3 will measure 138 and 42. 

2. Pkop. — To find, when a number is divisible by 9, and ^y 11, numbers 
which a/re one less and one greater than the scale of notation. 

First, let the number 7236 be taken, and divided into parts which 
are, and which are not divisible by 9. 

Then 7236 = 7000 + 200 + 30 + 6 
and 7000 = 7 x 1000 = 7 x 999 + 7 
200 = 2 X 100 = 2 X 99 + 2 
30 = 3x 10 = 3x9 + 3 
6= 6 

.-. 7236 = (7x999 + 2x 99 + 3x9) + (7 + 2 + 3 + 6) 

The number 7236 being divided into two parts, the first of which 
is obviously divisible by 9 ; and the second being the sum of the digits, 
ij also divisible by 9 ; it follows that the whole number 7236 is 
divisible by 9 if the sum of its digits be divisible by 9. In the same 
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way may be shewn tliat any number 7256 is not divisible by 9 wlieu 
the sum of the digits is not so divisiblo. 

As 9 is 3 times 3, it follows that a number is divisible by 3 if the 
sum of its digits be divisible by 3.^ 

Next, let the number 63547 be taken, and let it be divided into 
])arts which are and which are not divisible by 11. 

Here 63547 - 60000 + 3000 + 500 + 40 + 7 
And 60000 = 6 X 10000 = 6 X (909 X ll + l) = 6x 11 x 909 + 6 
3000 = 3 X 1000 = 3 X (90 X 11 + 10) = 3x 11 x91— 3 
500 = 5x 100 = 5x(9x ll+l) = 5x 11 X9 + 5 
40 = 4xl0 = 4x(ll-l) = 4xll-4 
7 = 7 

Then 63547 = (6 X 11 X 909 + 3 x 11 x 91 +5 x 11 x9 + 4 x 11) + 

(6-3 + 5-4 + 7) 

The first part of which is obviously divisible by 11. Hence the 
number 63547 will be divisible by 1 1 if the second part 6-3 + 5-4 + 7 
be divisible by 11, that is if the difference between the sums of the 
digits in the odd and even places reckoned from the unit's place be 
divisible by 11. 

In the same way may be shewn that a number is also divisible by 
11, if the sum of the digits in the odd places be equal to the sum 
in the even places, or when the difference between the sums in the 
odd and even places is 0. 

3. Pkof. — To find the prime numbers in order within any given limit. 

Let the natural nimibers be written down in order, beginning with 
unity up to the given limit. 

The number 2 being the only even prime number, all other even 
numbers being multiples of 2 are not prime numbers and may b» 
struck out. 

The number 5 being the ooly prime number ending with 5, ail 
other numbers ending with 5 being multiples of 5 may bo removed. 

Also all numbers ending with one or more ciphers, being multiples 
of 2 and 5. 

^ The following simple properties are useful in resolving small composite nmnhen 
into their prime factors : — 

A number is divisible by 10 when it ends with a cipher. 

A number is divisible by 5 when it ends with or 5. 

A number is divisible by 2 when it ends with a cipher or an even number. 

A number is divisible by 4 when the number composed of the first two digits 
reckoned from the unit's place is divisible by 4 ; and by 8 when the number com- 
posed of the first three digits is divisible by 8. 

A number is divisible by 6 when it ends with an even number and is divisible 
by 3. 

A number is divisiblo by 12 when it U divisible by i and by 3. 
. The criterion for discovering when a number is divisible by 7 is not of a simple 
nature. 



Hence it follows that all prime nambers, except 2 and 5, will end 
either with 1, 3, 7, or 9. 

Next, the nxtmber 3 being a prime number, every fourth number 
is diTisiblG by 3, and may be omitted. 

Similarly, the number 7 being a prime number, every eighth 
number is divisible by 7, and may be omitted ; and. ao on, omitting 
all numbers divisible by each of the successive prime numbers in 
order, until at length all the composite numbers are sifted out. Then 
the remaining numbers will be the prime numbers contained in tho 
given series. 

As an exemplification of the process, let it be required to find all 
the prime numbers contained between the limits of 1 and 100. 

Having written down in order the first 100 numbem; first, 2 and 
and 5 are prime numbers ; omitting 2 and 5, and all multiples of 
tiiem, there will be found 31 of the numbers left. 

Next omitting 9, 21, 27, 33, 51, multiples of 3, a prime number; 
also 49, 77, 91, multiples of 7, a prime number. 

And the remaining numbers are — 

11 19 31 43 59 71 83 

13 23 37 47 61 73 89 

17 29 41 53 67 79 97 

and of these no one of the larger numbers is a multiple of any one 

of the smaller prime numbers ; it follows that these must be prime 

numbers. 

And there are 25 or 26 (if unity be included) prime numbers in 
the first hundred of the natural numbers.* 

* The sieire of Sntoftfaenes was the name given to a eontrivaace be invented for 
finding the prime numbem. His method consisted in writing the natural numbers 
in order, beginning with unity, and continuing the series to any extent. He then 
separated or sifted out all numbers that were not prime numbers, and by this means 
he ascertained the prime numbers in the order of their magnitudes. The problem 
of finding in general a prime number, beyond a certain Hmit^ by a diraet process, has 
engaged the attention of mathematicians, but no results of a satitfaotory nature have 
yet been attained. No algebraical formula has yet been discovered which will 
contain prime numbers only, as all known formula for prime numbers fail, in- 
cluding other numbers besides prime numbers. The K6<rKiyoSf or sieve, with some 
other fragments of the writings of Eratosthenes, was printed with the "Phsenomena 
of Aratus " at Oxford in 1672. 

Foetius, at the end of his Arithmetic, published at Leipsic in 1728, printed a 
table of the prime numbers and the factors of the composite numbers from 1 to 
10,000. A similax table was published at Leyden by H. M. Anjema in 1767. 

A larger table, extending from 1 to 101,000, was published at Halle by M. Eruger, 
at the end of his "Thoughts on Algebra." Lambert extended l^iis table as far as 
102,000, and reprinted it, with other tables, at Berlin, in 1770. 

Peter Barlow, of the Royal Military Academy, published in 1814 a volume of 
Mathematical Tables. Table I. contains the prime numbers, and the factors of com- 
posite numbers from 1 to 10,000 ; also the reciprocals of these numbers calculated to 
ten places of decimals. It contains also the squares and cubes of these numbers 
with their square roots and cube roots each to seven places of decimals. Table V, 
is a register of all the prime numbers between 1 and 100,109. 



4. pRoiP. In the serie$ of the natural number* (at least for the first 1000) 
the prime numbers do not occur in any regular order of sequence in any 
classes into which the natural numbers can be divided, as may be seen from 
the following table, which contains the prime numbers in the first 1000 
natural numbers ;* — 

1 79 193 317 457 599 727 859 

2 83 197 331 461 601 733 863 

3 89 199 337 463 607 739 877 
5 97 211 347 467 613 743 881 
7 101 223 349 479 617 751 883 

11 103 227 353 487 619 757 887 

13 107 229 359 491 631 761 907 

17 109 233 367 499 641 769 911 

19 113 239 373 603 643 773 91^ 

23 127 241 379 509 647 787 929 

29 131 251 383 521 653 797 937 

31 137 257 389 523 659 80^ 941 

37 139 263 397 541 661 811 947 

41 149 269 401 547 673 821 953 

43 151 271 409 557 677 823 967 

47 157 277 419 563 683 827 971 

53 163 281 421 569 691 829 977 

59 167 283 431 571 701 839 983 

61 173 293 433 577 709 853 991 

67 179 307 439 587 719 857 997 

71 181 311 443 593 

73 191 313 449 

5. Puop. To fi^d the prime faeUyrs of a given composite number? 

As every composite number coaaiata of the product of primo 
numbers^ Lence, if the giyen composite number be suocessively 
-diiddecU as c^n as possible, by each of the prime numbers, begin- 
ning with the least by which the given number is divisible, until the 

^ If the natural numbers be formed into classes by tens, bundrods, &c., it will 
Tae found that the prime numbers do not occur in any regular order, either in the 
•classes or in the order of the natural numberab. 

* Besolve the number 32760 into its prime fiictors : 

Here 82760 divided by 2 gives quotient 16380, or 2 )32760 
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The divisors 2, 2, 2, 3, 3, 5, 7, 13, are the prime factors of 32760. 
And 32760-2X2X2x3x3x5x7x13, or = 2»X3''X5x7xl3. 
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last quotient is unity, the divisors will be the prime factors, which, 
when multiplied together, will reproduce the given composite number. 

It is obvious that any composite number can only be resolved into 
one set of prime factors. 

If two numbers be resolved into their prime factors, it will at once 
appear on inspection what factors are common to the two numbers ; 
the product of these factors wiU be the greatest common measure of 
the two numbers. 

Thus may be found the greatest common measure of 24 and 36 : — 

Here, 24 = 2 x 2 X 2 x 3, and 36 = 2 x 2 x 3 x 3, 

The factors, 2, 2, 3, are common ; 

And, thereforOi 2x2x3 = 12, is the greatest common measure of 
24 and 36. 

The same method can be applied to find the least common multiple 
of two nimibers. 

In a similar way^ if two numbers be resolved into their prime 
factors, by inspection may be seen what factors are common, and what 
factors are not common to the two numbers. The product of these 
factors will obviously be the least multiple of each of the two numbers, 
and consequently their least common multiple. 

Thus may be found the least common multiple of 24 and 36 :«> 

Here, 24 = 2x2x2x3 and 36 = 2x2x3x3. 

The prime factors 2, 2, 3, are common, and 2, 3 are not common. 

Hence the product 2x2x3x2x3, or 72, of the prime factors 
2x2x3, which are common, and of 2 and of 3, which are not 
common, is the least common multiple of 24 and 36. 

The resolution of numbers into their prime factors appears to be 
the more simple mode of discovering the greatest common measure 
and the least common multiple of two or more numbers. When the 
numbers are small this method can be applied with advantage. But 
when the given nimibers are large there will arise some difficulty in 
discovering by inspection when a number is exactly divisible and 
when not divisible by a large prime number. This difficulty is 
obviated by a process by which can be determined with exactness the 
greatest common measure and the least common multiple of any 
nimibers how great soever they may be. 

6. Prop. To find the greatest common measure^ or the greatest common 
divisor of any two numbers, (Euc. vii. 2.) 

Let it be required to find' the greatest common divisor of 189 

and 224. 189)224(1 

Here, 224 divided by 189 gives quot. 1, and rem. 35 ggvjU/g 

189 „ 35 „ 5 „ 14 175 

14)35(2 
35 „ 14 „ 2 „ 7 J8 

7)14(2 
14 „ 7 „ 2 „ [u 

The last divisor, 7, is a common measure of 189 and 224. 



224 = 189x1 + 35, 189 = 35x5 + 14, 
35 = 14x2 + 7, 14 = 7x2 + 0. 

Hero 7, the last divisor, measures 14, by the units in 2. 

Next, 7 measures 14 x 2, a multiple of 14, and 14 x 2 + 7, or 35. 

Thirdly, 7 also measures 35 x 5, and 35 x 5 + 14, or 189. 

Fourthly, since 7 measures 189 and 85, its measure 189 x 1 + 35, 
or 224. 

Therefore 7 is a conmion measure of 189 and 224. 

And there is no number greater than 7 which will measure 189 
and 227. 

224-189x1 = 35, ' 189-35x5 = 14, 35-14x2 = 7 

For, if possible, let some number greater than 7 measure 189* 
and 224. 

Then this number measures 224— 189 = 35, their difference. 

It also measures 35 x 5, and 189— 35 x 5 or 14. 

And, thirdly, it measures 35— 14 x 2 or 7. 

That is, a number greater than 7 measures 7 ; which is impossible. 

Wherefore 7, the last divisor, is the greatest common measure of 
189 and 224. 

Hence, if the greater of two numbers be divided by the less, and 
the preceding divisor always by the last remainder, until there be no 
remainder, the last divisor is the greatest common measure of the two 
numbers. 

If the last divisor be imity, the two numbers are prime to eack 
other, and have no common measure. 

To find the greatest common measure of more numbers than two:-^ 

1. Of three nimibers. 

Having found the G.C.M. of two of the three numbers, the G.C.M. 
of this number and the third number will be the G.C.M. of the three- 
nimibers. 

2. Of four numbers. 

Having found the G.C.M. of three of the numbers, the G.C.M. of 
this number and the fourth number will be the G.C.M. of tlie four 
numbers. 

And in a similar way for five, six, seven, &c., numbers. 

7. Peop. — To find the least common multiple of two numlers. 
Let 18 and 24 be two numbers, of which the greatest common 
measure is 6. 

Then 18 = 6x3, and 24 = 6 x 4, also 18 x 24 = 6 x 3 x 6 x 4, 

And obviously the least common multiple of the two numbers will 
consist of the product of all the prime factors in the two numbers ; 
or the least common multiple of 18 and 24 = 6 x 4 x 3 or 11^ = 72. 

And there is no integral number less than 72, which is a less 
multiple of 18 and 24; 
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For 72 contains 18, 4 times, and .24, 8 times, and 3 and 4 being 
prime to each other ; 

Wherefore the L.O.M, erf 18 and 24 = M^, 

Or the least common multiple of two numbers, is equal to their pro- 
duct divided by their greatest common measure. 

The following form is, perhaps, more convenient in practice. 
L-CM. of 18 and24=li4*l=rl8xM = 24xJ#; 

The least common multiple of two numbers is equal to the product of 
either of the numbers multiplied by the quotient arising from dividing 
the other by their greatest common measure. ^ 

If the two given numbers are prime to each other, their least 
commcm multiple is equal to the product of the numbers. 

To find the least common mult^le of more numbers than two: — 

1. Of three nimibers. 

The L.C.M. of two of the numbers having been found, the 
L.C.M. of this number and the third number will be the L.O.M. of 
the three numbers. 

2. Of four numbers. 

The L.C.M. of three of the numbers having been found, the L.C.M. 
of this number and the fourth number will be the L.O.M. of the four 
numbers. 

And so on for fire, six, seven, &c., numbers. 

"When the several nimibers are not large numbers, the process may 
be shortened by successiTe divisions of the given numbers, by primo 
factors which are common to two or more of the given numbers. By 
this means, all the divisors will consist of the common prime factors, 
and the numbers left after the divisions will be the factors which are 
not common to any two of the numbers. Then the product of the 
•common prime factors, and the factors which are not common, will bo 
the least common multiple of all the given numbers.' 



* Exemplify by finding the leaa* common multiple of 15, 24, 36, and 42 by both 
jBietbodB. 

First Method, 

The G.C.M. of 24 a«a 36 is 12 : the L.C.M. «^-72. 
„ G.C.M. of 72 and 42 is 6 : the L.C.M.=?^-504. 
„ G.C.M. of 504 and 15 is 3 : the L.C.M. =521^=2520. 

Second Method, 

2)16, 24, 86, 42 

2)15, 12, 18, 21 

8)15, 6, 9, 21 

5, 2, 8, 7 

Here 2, 2, 8 are the common prime factors, and 5, 2, 8, 7 ai-e the factors not 

■common. 

L.C.M. of 15, 24, 36,.42=2X2X8X6X2X8X7 = 2520. 



EXEECISES. 

I. 

1. What is the distinction between odd and eren numb^s, and 
between prime and composite numbers ? 

2. Shew by examples that the sum and difference of any two odd 
numbers, however large, are always even numbers. Are the product 
and the quotient of two odd numbers always odd numbers ? 

3. When is one number said to be a measure of another? Give 
examples. 

4. Explain what is meant by one number being a multiple or 
aubmultiple of another. 

5. Explain what is meant by one number being prime to another. 

6. When two numbers are prime to each other, are they necessarily 
prime numbers ? Give examples 

7. What is meant by saying that one number is a common tneasure 
of two or more numbers ? also, the greatest common measure ? 

8. When is a number a common muUiple of two or more numbers, 
end when the least common multiple ? 

9. State the rules for finding the greatest common measure and 
least common multiple of two numbers. 

10. If two numbers be respectively divided by their greatest com- 
mon measure, what relation subsists between the two quotients ? Is 
ihe relation true tit Meases? 

n. 

Find the greatest common divisor of each of the following sets of 
•two numbers : — : 

25 and 35 : 72 and 96 : 69 and 96 : 531 and 135 : 677 and 1788 : 
^96 and 1344: 3458 and 3570: 6279 and 1495: 6111 and 1769: 
20275 and 11390: 14133 and 16149: 13775 and 30218: 68635 and 
19721: 58859 and 135894: 40033 and 129645: 29766 and 208362: 
18769 and 253413 : 236511 and 37499 : 16897 and 58264 : 4010401 and 
4011203 : 845315 and 265200. 

m. 

Find the greatest common measure of each of the following gproups 
•of numbers : — 

805, 1311, and 1978: 720, 836, and 1736: 837, 1134, and 1377: 
714, 289, and 629: 519, 1155, and 1617: 2142, 2184, and 4620: 
1813, 2793, and 20286: 1680, 1440, 1960, and 1200: 376, 940, 1034, 
4ind 1081: 967765, 615155, 439895, and 989345. 

IV. 

Find the least common multiple of each of the following sets of 
numbers : — 
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12andl8: 18 and 20: 20 and 35: 40 and 50: 90 and 95: I7andl9: 
819 and 407: 333 and 504 : 222 and 189 : 144 and 180: 250 and 520: 
15875 and 43197: 80590 and 271469: 37499 and 236511: 173376 and 
171072. 

3, 4, and 5: 5, 9, and 11: 9, 12, and 16: 12, 18, and 20: 13, 17, 
and 96: 96, 105, and 180: 75, 185, and 216: 100, 101, and 103: 
100, 240, and 515: 376, 1034, and 1081: 819, 1155, and 1617: 2142, 
2184, and 4620 : 3500, 8000, and 1780 : 9, 10, 11, and 12 : 24, 60, 81, 
and 99 : 102, 195, 210, and 660 : 2717, 2431, 3553, and 4199 : 16, 27, 
36, 42, and 45 : 72, 120, 180, 24, and 36 : 1001, 1309, 1547, 2431, and 
1457: 15, 16, 18, 20, 24, 25, and 30: 2, 4, 6, 8, 10, 12, 14, 16, and 
18: 24, 16, 6, 20, 8, 10, 30, 4, 25, and 12. 

V. 

1. Write all the common measures of 252 and 224, and all their 
common multiples which are less than 10000. 

2. What is the least number that can be exactly divided by each 
of the nine digits ? 

3. Find the least number divisible by the following prime num- 
bers: 3, 5, 7, 11, 13, 17, 19. 

4. Eind the least number divisible by each of the composite 
numbers, 6, 15, 20, 27, 64. 

5. Determine the factors of the least common multiple of 573440^ 
244324080, and 3930927. 

6. Find all the common multiples of 24, 15, 36, which lie between 
1000 and 2000. 

7. Find the least number which can be divided by 9, 12, 15, 18, 
with a remainder 3 in every case. 

8. Find two numbers whose greatest common measure is 179, and 
least common multiple 56385. 

9. Shew by examples whether the greatest common measure of two 
numbers can ever exceed the difference of the numbers ; and their 
least common multiple can ever exceed their product. 

10. Determine two numbers greater than 1000 that have 143 for 
their greatest common measure. 

11. The greatest common measure of any two numbers is the 
least common multiple of all their common measures. Ex. 135135 
and 145530. 

12. Find the greatest number which will divide 5427 and 7245,. 
and leave the remainders 7 and 5 respectively. , 

VI. 

1. All the prime numbers except 2 and 5 end with the figures 1,^ 
8, 7, or 9. Does this fact assist in distinguishing x>rinie from com- 
posite numbers ? 
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2. Express the composite numbers between 100 and 200 by the 
products of their prime factors. 

3. Write down the prime numbers contained between 1 and 100 
and between 900 and lOOO. 

4. Shew whether prime numbers occur in any regular order in 
each successive tens of the series of the natural numbers. 

5. Decompose 831600 into its prime factors. 

6. Find the factors of 6552 and of 4080, and their highest commoiL 
factor. 

7. Find the greatest common measure of 1071, 1092, 2310, by re- 
solving the numbers into their prime factors. 

8. Eesolve 132288, 107328, 138216, and 97344, into their prime 
factors. And find their greatest common measure and their least 
common multiple. 

9. The product of four consecutive numbers is 1680, find them. 
10> When a series of numbers have been resolved into their prime 

factors, which of these factors must be taken to form by their product 
(1) the greatest common measure, (2) the least common multiple of 
the numbers. Form the greatest common measure and the leasi 
common multiple of 405, 570, 910. 

11. Prove by any number of seven figures that when a number is 
divided by 9, it will have the same remainder as the sum of the digits 
divided by 9. 

12. The product of the first and second of tbree numbers is 377, of 
the second and third 481, and of the first and third 1073 ; find the 
three numbers. 

vn. 

1. Every prime number greater than 5, increased or diminished by 
unity, is divisible by 6. Exemplify the truth of this by any ten prime 
numbers, and show whether the converse is true. 

2. Find the prime factors of 1728, and shew in how many ways 
1728 can be divided, into two factors. 

3. Determine whether either of the numbers 785432 and 785431 
is divisible by 9. 

4. Prove that one of the two numbers 23456789 and 23457698 is 
divisible by 11, and the other is not. 

5. Shew how to find the number of divisors of a given composite 
number. What number of divisors has the least common multiple of 
1428, 1287, 1560? 

6. If the product of the natural numbers which precede any prime 
number be increased by unity, the sum is exactly divisible by that 
prime number. Ex. Shew that 1x2x3x4x5x6x7x8x9x10 + 1 
is exactly divisible by the prime number 11. 

7. Any odd number not ending with 5 being given as a multi- 
plicand ; shew that it is always possible to find another number wbich 
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as a multiplier with, the foimer will give a product composed entirely 
of the repetition of any one of the nine digits. Ex. Find numbers 
which, when multiplied by 13, shall produce a series of products, which 
respectively shall consist of repetitions of each of the nine digits. 

8. If the numbers 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, be prefixed re- 
spectively to the figure 9 successively repeated, and these numbers so 
formed be each divided by 13 ; then (1) the quotients will consist of 
ten periods, each of six repeating figures : (2) the last three figures of 
each period will be the difference between 999 and the first three : 
and (3) the sums of the first and tenth periods, the second and ninth,, 
the third and eighth, the fourth and seventh, and the. fifth and sixth,, 
will be respectively equal to one another. Shew the truth of these 
statements by performing the operations. 

9. There are four prime numbers ; the product of the first three is 
2431; of the last three, 4199; of the first, second, and fourth, 2717; 
and of the first, third, and fourth, 3553 ; determine the four numbers. 

10. There are three numbers of which the least common multiple 
of the first and second is 1125, of the first and third 1625, and of the 
second and third 2025 ; determine the three numbers. 

Tin. 

1. Find the least number of ounces of standard gold which can be 
coined into an exact nimiber of half-sovereigns, if gold be worth 
£3 17s. lO^d. per ounce. 

2. Find the least number of pounds which can be paid in either 
half-crowns or guineas. 

3. Find the least sum which can be paid in an integral number of 
francs and roubles, if a rouble be worth 3s. 4^d., and a franc 9fd. 

4. If an American dollar is 4s. 3f d., or 5^ francs ; what is the 
smallest sum which can be paid in either shillings, dollars, or francs ? 

IX. 

1. What number of grains will be the least and the greatest 
common measure of 4oz. lOdwts. 12grs., and lOoz. lldwts. 4grs. Troy? 

2. Find the greatest common measure of dcwts. 2qrs. 4lbs., and 
3cwts. 3qrs. 12lbs. 

3. What is the greatest number of ounces Avoirdupois that will 
exactly measure 15cwts. Iqr. 271bs. lOoz., and 21cwts. 2qrs. 211bs. 
14oz. 

4. If the pound Avoirdupois contain 7,000 grains, find the 
greatest weight which will measure both a pound Troy and a pound 
Avoirdupois; and the least weight which can be expressed without 
fractions in both pounds Troy and pounds Avoirdupois. 

5. A cask is required which can be filled exactly by any one of the 
following measures, taken any number of times exactly : half a pint, 
half a gallon, three gallons, five gallons, and nine gallons ; find the 
smallest cask for this purpose. 
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X. 

1. The fore and hind wheels of a carriage are 12 and 15 feet in 
circumference ; find tho least number of revolutions of each which will 
givo the same length. 

2. In counting a number of pebbles, it was found that in telHng 
them out by twos, threes, fours, fives, and nines, there were none left ; 
what was the least possible number of the pebbles ? 

3. If the step of a man be 36 inches, a woman 24, and a boy 
18, how many times will all three step together in walking 5 miles, 
supposing all three start together ? 

4. The sides of a triangular piece of ground are of lengths 45156, 
52176, and 44532 feet respectively; find the lengtli in feet of the 
longest chain which wiU. exactly measure each of the three sides. 

5. A shepherd on telling his sheep found that when he told them 
out by twos, threes, fours, and fives, he had none left, and he knew 
his flock was above 300 but less than 400. What was the number ? 

6. Find the greatest measure of leng^ in terms of which both 
Ifur. 38yds. 1ft. 6ixL.^ and Ifur. 104yds. 1ft. 6in., can be expressed as 
integers. 

1. Determine the least common multiple of 157 days 7hrs. 4min. 
Tsec., and 243 days 2hrs. 1 Imin. 49sec. 

2. For what imit of time will 23148 and 720720 seconds be repre- 
sented by nimibers prime to each other ? 

3. Find the greatest unit of time in which 15hrs. 12min., and 1 day 
3hrs. 33min., can both be represented by integers. 

4. Four beUs toU at intervals of 3, 7, 12, 14 seconds respectively, 
and begin to toll at the same instant; when will they next toll 
together ? 

5. Four points, moving each at a uniform speed, take 198, 495, 
891, 1155 seconds respectively, to describe the length of a given 
straight line. Supposing them to be together at any instant at the 
same end of the line, and to move in it from end to end continually, 
what interval of time will elapse before they are together at the same 
point again ? 

6. If three bodies move uniformly in similar orbits round tho 
same centre in 87, 224, 365 days respectively : supposing all three in 
conjunction at a given time, find after how many days they will bo 
first in conjunction again. 
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HINTS, EESULTS, ETC., FOR THE EXERCISES. 

I. The first 8 questions may be answered from Art 1. 9. Arts. 6, 7. 

II. The following are the greatest common divisors of the pairs of numbers : 

6: 72: 3: 9: 1: 448: 2: 1: 1: 15: 21 : 29 : 37 : 71 : 37 : 29766: 7 : 11 : 1 : 
73: 5. 

III. The following are the greatest common measures of each of the groups : 
28 : 8 : 27 : 17 : 3 : 42 : 49 : 40 : 47 : 6. 

lY. The following are the least common multiples of the successive sets of numbers : 

86: 180: 140: 200: 1710: 828: 11803: 18648: 13986: 720: 13000: 
68036275 : 361053770 : 806265999 : 51493672. 

60: 495: 144: 180: 24216: 10080: 199800: 1040300: 123600: 190256: 
315315: 6126120: 498400: 1980: 85640: 1021020: 11x13x17x19: 15120: 
23X3«X5: 7X11X13X17X31X47: 7200: 5040: 1200. 

y. 1. 2, 4, 7, 14, 28, are the common measures ; and the least common multiple is 
1216, and the largest under 10,000 is 9728. 2. 2250. 3. 14549535. 4. 8640. 5. 
2".33.6.7*.11M3. 17.113. 6. 1080, 1440, 1800. 7. Add 3 to the L. CM. of the 
given numbers. 8. The quotient arising from dividing the L. CM. by the G. CM. 
of two numbers, consists of the product of two numbers prime to each other. The 
quotient in this case is 315, which is to be divided into two such numbers : find the 
uiimbers and verify the process. 9. Ai'ts. 6, 7. 10. Any multiples greater than 6 
of 143 will fulfil the conditions. 11. The G.CM. is 3»x5x7xll, from which all 
the common measures may be found, which are 31. 12. The greatest number is 20. 

YI. 1. Art. 3. 2. Omit the 21 prime numbers between 100 and 200, and 79 com- 
posite numbers remain, which are readily resolved into their prime factors. 3. Employ 
the method of Art 3. 4. Examine the series of prime numbers. 5. 2^. 3'. 5^. 7. 11. 
6. The numbers when resolved into their prime factors are 2'. 3^7. 13, and 2^.3.5.17, 
in which the common factors are 2^.3. 7. 21. 8. The numbers when resolved are 
2«.3.13.53, 2«.32.13.43, 23.8.13.443, and 2«.32.13«: of which the G.CM. is 23.3.13, 
and the L.CM. is 2«. 3*. 13*. 43. 53. 443. Art. 5. 9. Resolve 1680 into its prime 
factors. 10. See Art 6. L.CM. is 2.3^5.7.13.17. 11. See Art. 2. 12. By 
means of the G.CM. the numbers are found to be 29, 13, 37. 

YII. 1. Take the prime numbers 13, 17, 31, 37, 41, 43, 61, 71, 211, 311. 2. Into 
twenty several different ways. 3. See Art. 2. 4. See Art. 2. 5. See Art. 5 and the 
note. 6. The truth of the statement may be verified by taking any other primo 
numbers. 7. The multipliers are respectively 8547, 17094, 25641, 34188, 42735, 
51282, 59829, 68376, 76923. 8. The following are the first periods respectively of 
the ten quotients : 153846, 230769, 307692, 884615, 461538, 538461, 615384, 692307, 
769230, 846153. The other two properties may be readily verified. 9. The numbera 
are 11, 13, 17, 19, which can be found by means of the G.CM. 10. 125, 225, 325. 

YIII. 1. The least number of ounces of standard gold is 80. 2. £21 can be paid 
by 20 guineas, or by 168 half-crowns. 3. The least sum is £2 3s. lOJd., which 
can be paid by 13 roubles or 54 francs. 4. The dollar, the franc, and the shilling 
respectively consist of 2277, 414, and 528 elevenths of a shilling. 

IX. 1. 724 grains Troy. 2. 36lbs. Avoird. 3. 5554 ounces Avoird. 4. Tho 
greatest weight is 40 grains. The least 1751bs. Troy, or 144 Avoird. 5. 45 gallons. 

X. 1. 4 revolutions of the larger wheel are equal to 5 of the smaller which caa 
be made in running 60 feet. 2. 180 pebbles. 3. They stepped together 4440 times. 
The man took 8800 steps, the woman 13320, and the boy 17600. 4. 12 feet long. 
5. 360 sheep. 6. 47 and 59 units ; the unit being 16} feet, or 198 inches. 

XI. 1. 2674 days 9min. 59scc. 2. 2314S and 720720 seconds can bo represented by 
643 and 20020 when the unit of time is 36 seconds. 3. The greatest unit of time is 
57 minutes. 4. In 2min. 48sec. 5. The interval will be 62370 seconds. The four 
points will have moved over the distance 316, 125, 70, 64 times respectively. C. 
The three bodies will be in conjunction again after 7113120 days, when the first will 
have made 817G0 revolutions in its orbit ; the second, 31765; and the third, 19488. 
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FEACTIONS. 

Abt. 1. — Def, 1. A fraction is an expression for a part or any 
number of parts of anything considered as an integer or whole. 

A fraction is expressed by two numbers, one placed above the 
other with a line between them : the number placed below the line 
is called the denominator, and denotes the number of equal parts into 
which the integer is supposed to be divided ; and the number above 
the line is called the numerator, and shews how many of these equal 
parts are expressed by the fraction. 

Thus f is a fraction, of which the denominator 4 denotes that the 
integer is to be divided into four equal parts, and the numerator 3 
shews that three of these equal parts are expressed by the fraction.^ 

It follows from the definition of a fraction, that when the nume- 
rator is equal to the denominator, the value of the fraction is equal 
to unity ; but if the numerator be less than the denominator, the value 
of the fraction is less than unity ; and if the numerator be greater 
than the denominator, the value of the fraction is greater than unity .^ 

Der 2. A fraction is called a proper fraction when the numerator 
is less than the denominator, and an improper fraction when the 
numerator is equal to or greater than the denominator.^ 



^ Fractions may be supposed to originate by considering what part one number is 
of another. If parts of a number be taken, each part may be compared with the 
number itself. Thus, if the numbers 1, 2, 3 be compared with the number 4, 

1 is one part of 4, or ^ of 4, 

2 is two parts or f of 4, 
8 is three parts or f of 4. 

The meaning of any fraction J may be exemplified by assuming any concrete number 
whatever. Thus, if the integer or unit be £1 or 20 shillings, and this unit be divided 
into 4 equal parts, each part will consist of 5 shillings, and 3 of these parts will be 
15 shillings, so that | of £1 will be 15 shillings. 

And again, if the integer be one lineal yard or 86 inches, when this integer is 
divided into 4 equal parts, each part wUl consist of 9 inches, and 3 of these parts 
will be 27 inches, wherefore } of one yard will be 27 inches. 

3 In the series of fractions, ^, ^, ^, ^, ^, f, &c, each is less than the one which 
precedes it, and from the definition of a fraction it appears that the value of a fraction 
is diminished by increcising the denominator, while the numerator remains unaltered. 

And in the series, ^, f, }, ^, }, }, &c., each is greater than the one which pre- 
cedes it, or that the value of a fraction is viicreaaed by increcmng the numerator, 
while the denominator remains constant. 

' The word fraction is used both for the expression of any part or parts less than the 
whole, and for the whole itself, as well as for a number of parts greater than the 
whole. There is nothing in the nature of the case, nor in the manner in which 
fractions are written, to prevent the number of parts expressed being greater than the 
number of parts into which the unit is divided. But the word fraction will clearly 



Def. 3. A mixed number consists of an integer and a fraction. 

Def. 4. A simple fraction consists of one numerator and one 
denominator. 

Def. 5. A compound fraction is defined to be the fraction of a 
fraction, or of more tban two fractions. 

])ef. 6. A complex fraction is defined to be one tbat has an integer, 
a fraction, or a mixed number for its numerator or denominator. 

Def. 7. An integer may be expressed in the form of a fraction by 
placing the integer for the numerator and unity for the denominator. 

2. PfiOP. A simple fraction may he considered as representing the quotient 
which arises from dividing the numher above the line ly the numher 
helow it,^ 

For the expression f has been assumed to indicate the quotient 
arising from the number 3 divided by 4. 

It has also been assumed to denote three-fourths of any unit. 
Now 3 divided by 4, or \ of 3, is three times as great as ij of 1. 
It follows that 3 divided by 4 must be equal to f of 1, 
and the expression f properly represents either of them. 

3. Pbop. a fraction is multiplied by any number by muUiplyitm the 
mmeratw by the number and retaining the denominator,^ 

Thus any fraction -^ multiplied by 7 gives |^ ; 

for in each of the fractions -^ and {-f , 

the unit is divided into fifteen equal parts ; 

and 14 of these parts are taken in one case and 2 in the other ; 

and since 14 parts are 7 times 2 parts, 

it follows that the fraction H^ is 7 times y^, 

or that ^ multiplied by 7 gives 4^}. 

4. Prop. A fraction is multiplied hy any number by dividing the denomi* 
nator by the number and retaining the numerator. 

Thus the fraction ^ nmltiplied by 4 gives % ; 

for the unit in -^ is divided into 20 equal parts, 

and the unit in f into 5 equal parts. 

in this cftse be applied in a sense different from thftt which expresses a number of 
X>arts less than tiie whole ; as { being greater than 1 or f, it would be absard to 
speak of the former being a fraction of the latter. The meaniog, however, of such an 
expression as j is, that the unit is divided into 4 cqoal parts, and this expression ^ 
denotes 5 of such equal parts ; and this notation of fractiims leads to no absurdity 
whatever. It cannot, however, be denied, that there is an inaccuracy of language, if 
a large quantity be stated to be a fraction of a smaller <Hie. 

1 This may be illustrated hy any concrete anaber whatever. Let the unit assumed 
be a lineal yard or d6 inches, thai 3 units will contain 108 inches or equal parts, 
and the 8 units or 108 inches divided by 4 gives the quotient 27 inches. Again, ^ of 
the unit or 86 inches wiU be 9 inches, and f of the unit wiH be 27 inches. Hence 
it appears that 3 yards when divided by 4, or J of 3 yards, is the same as ^ 
of one yard. 

° If a fiuction be multiplied by a number equal to the denominator the product is 
.equal to the numerator. 



It follows that each of the equal parts in f is 4 times as great slf- 

each of the equal parts in xpj^ ; 
and since 3, the same number of parts, is taken in each fraction, 

therefore f is 4 times ^^, 
or ^ multiplied by 4 gires |. 

5. P&0P. A fraction 18 divided hy any number hy muUiplyiny the denomi- 
nator hy the number and retaining the numerator. 

Thus % divided by 4 gives ^ ; 

for the unit in i is divided into 5 equal parts, 

and the unit in ^ is divided into 20 equal parts. 

It follows that each of the equal parts in ^ is ^ of each of tlie^ 

equal parts in %; 
and since 3, the same number of parts, is taken in each case, 

therefore ^^(y is J of }, 
or that I divided by 4 gives ^. 

6. Prop. A fraction is divided by any number by dividing the numerator 
by the number and retaining the denominator. 

Thus 11^ divided by 7 gives -f^ ; 
for the unit in each of the fractions -}4 and ^^ is divided into Ift 

equal parts, 

and 14 of these parts are taken in one case and 2 in the other \ 

and since 2 parts are one seventh of 14 parts, 

it jfollows that y-ff is one seventh of -J^, 

or that H divided by 7 gives ^. 

7. Pbop. The numerator and denominator of afraetion may be multiplied 
by the same number without altering the value of the fraettem}- 

For if the numerator of any fraction ^ be multiplied by any number 4, 

the fraction is multiplied by that number and becomes ^- ; 

and if the denominator of -*^ be multiplied by the same number 4> 

the fraction is divided by that number and becomes ^. 

Now if a quantity be both multiplied and divided by the same number, 

its value is not altered. 
It follows, therefore, that if both the numerator and denominator 
of a fraction be multipUed by the same number, the value of the 
fraction is not altered. 



^ As any complex fraction as ^r means no more than 2^ is divided by 3 J, the 

i*eduetlon of such fractions rather falls under division of fractions. But every com- 
plex fraction may be reduced to a single fraction by multiplying the numerator and 
denominator by the least common multiple of the denominators, which occur in tlie^ 

numeiutor and denominator of the complex * fraction : thus, -J becomes |f, by 
multiplying the numerator and denominator by 12. 
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8. Pbop. 77ie numerator and denominator of a fraction may he divided hy 
the same number without altering the value of the fraction y 

For if the numerator of a fraction ^- be divided by any number 4, 

the fraction is divided by that number and becomes ^ ; 

and if the denominator of ^ be divided by the same number 4, 

the fraction is multiplied by that number and becomes f . 

Now if a quantity be both multiplied and divided by the same 

number, its value is not altered. 
It follows, therefore, that if both the numerator and denominator of 
any fraction be divided by the same number, its value is not altered. 
Hence it appears that the value of a fraction depends not on the 
abeohttef but on the relative values of the numerator and denominator ; 
and that by means of these two principles, fractions may be altered 
in form while they retain the same value. 

9. Pbop. To convert a mixed number ^ or an integer and a fraction, into 
{tn improper fraction ; and conversely. 

To convert a mixed number, as 3f , to an improper fraction. 

The mixed number Sf consists of 3 units and % of a' unit. 

Here the unit being supposed to be divided into six equal parts, 

the 3 units will be equal to 18 sixths of the unit, 

and the 3 units and 5 sixths will be equal to 23 sixths ; 

that is, S^ or 3+|=^+f-i^-^^-^. 

Hence a mixed number may be converted into an improper 
fraction by multiplying the integer by the denominator of the frac- 
tion and adding the numerator, and retaining the same denominator. 

Conversely, to reduce a mixed number into an improper fraction. 
To reduce the improper fraction -^ to a mixed number. 

Here 2^^U±l^lA+^^s+^ or 3|. 

Hence if the numerator of an improper fraction be divided by the 
denominator, the quotient is the integral part, and the remainder 
(if any) is the numerator of the fractional pai-t, the denominator re- 
maining unchanged. 

10. Pbop. To reduce a compound fraction to a single one. 

For if f of 1^ be any compound fraction, 
it implies that the fraction | is to be divided into three equal parts, 

and two of them are to 'be taken ; 
or that i is to be divided by 3, and the result multiplied by 2. 



1 This principle of dividing the numerator and denominator by the same number 

may be applied to find the limits within which any given fraction lies. 

Thus to show that ^^ lies between -^ and -f^ ; 257 divided by 17 gives 15f ; 

17 1 

and 15f is greater than 15 but less than 16 ; therefore =^ or — ^ is greater than 

-fg but less than -^^t ^^^ consequently ^j lies between -^ and -j^f. 



Now I divided by 3 gives ^, 
^ and -^ multiplied by 2 produces ^f^. 
Hence f of ^ is equal to ^.^ 
And in a similar way it may be shown that f of ^ of if or any 
compound fraction whatever, may be reduced to a single fraction. 
Hence any compound fraction is reduced to a single one by multiply- 
ing the numerators of the several fractions for a new numerator, and. 
the denominlators for a new denominator. 

11. Pbop. 2b reduce fraetians to lower , and to their lowest terms.^ 
A fraction whose numerator and denominator are not prime to 



' The compound fraction f of f is of the same value as f of f , whatever be the value* 
of the unit. 

It has been shown above that f of ^ is equal to -fg. And ^ of f denotes that f is- 
to be divided into 5 equal parts, and 4 of them are to be taken, or that f is to be 
divided by 5 and the result multiplied by 4. 

Now i divided by 5 gives -^j, and -fg multiplied by 4 produces -fg. Therefore 
'^ of f is equal to yV Whence $ of | is equal to f of |. 

' For example, the fraction \l is reduced to laiaer terms, f , by dividing the 
numerator and denominator by 2, a divisor of 12 and 18 : and || is reduced to it» 
^^res^ terms, f , by dividing the numerator and denominator by 6, the greatest divisor 
of 12 and 18. 

It may happen that a fraction, after having been reduced to its lowest terms, 
may still be expressed by numbers too large and inconvenient for practical use ; a series 
of fractions nearly equivalent in value and in lower terms may be found by con- 
verting the given fraction into a continued fraction, and reducing one, two, or more 
terms of the continued fraction to a simple fraction. 

Def. — A continued fraction is one which has for its denominator an integer an<i 
a fraction ; arid which latter fraction has also for its denominator an integer and & 
fraction ; and so on till the series terminates. 

The following are examples of continued fractions, consisting of two, three» 
and four terms : — 

1 1 Is 1 1 

8+y , 2+T 6 . 5+y . 1 , » 

6 ^9+± 

The inconvenient manner in which the continued fraction runs across the page^ 
led the late Sir John W. Herschell to adopt a method of writing the continuecl 
fraction in one horizontal line. The sign + being placed below the lino whicb 
divides the terms of the fraction, indicates that the following fractional parts of 
the expression are each added to the denominators of the preceding fractions in tho 
series. Accordingly the continued fractions above may be thu3 written : — 

11136111 1 
8+f 2 + 4+6* 6 + 7 + 9 + U 
To convert the fraction ^ into a continued fraction : — 

Herel??=-1-=1 86 A=l=l 4 

443 443 2 + jyg 85 85 9+^, 

179 9 ^ 

„^,x 85 1 1 ^ 4 11 

next ~=— »•>=—=■. o _=-=s~ 1 

179 179 2+-1 9 9 2 + i 

IE- ^^ 4 ^ 

Hence by successive substitutions, 
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eacH other, can be expressed in lower terms by dividing the numerator 
and denominator by any oonunon divisor ; axMl into their lowest terms 
by diyiding them by the greatest common measure or divisor. 

12. Prop. To reduce two or more fractions having different denominators 
to other equivalent fractions, each having the same common denominator. 

It will be always found most convenient in practice to employ the 
least common denominator. 

1. Let the denominators be prime to each other and the fractions 
in their simplest form. 

If there be two fractions t 
Multiply the numerator and denominator of the first fraction by the 
denominator of the second; and the numerator and denominator 
of the second fraction by the denominator of the first. 

But, if there be more than two : 
Multiply the numerator and denominator of each fraction by the 
product of the denominators of the rest. 

2. If the denominators be not prime to each other : 



179 1 1 1 1 1 



the eqmralent contiutied fraction. 



443 2 + 2 + 9 + 2 + 4 
It will be obvious that the process above is the same as that of finding the 
greatest common divisor of the terms of the fraction, and that the successive 
quotients, 2, 2, 9, 2, 4, form the successive denominators of the continued fraction. 

Conversely, the continued fraction- - -x.^.-r may be reduced to a single 

fraction by reversing the process by which the continued fraction was found, be- 
gining with the last fraction in the series. 

The successive simple fractions found by taking one, two, &c., terms of a con- 
tinued fraction, form a series of fractions successively approximating to the value 
of the continued fraction. 

Find the series of fractions each of which converges to the value of the continued 

i. .. 1 1 1 1 1 
fraction - - - x t- 
2+2+9+2+4 

One term - differs from --r^ by -— - in excess. 

2 44o ooo 

Two terms i^i= | .. by ^ in defect 

Three terms -^-^5= 47 " ''^ 20821 "^ *"'^' 

1111 *0 V^l-Jfi. 

Four terms 2^^^^^2= 99 " ^^ 43857 * *^'^***- 

11111 179 
And the whole live terms - « :r « t"^tt^» the total value of the continued 

2 + 2 + 9 + 2 + 4 443 

li-action. 

The third converging fraction ^ may be found by a very simple process. Since 
19=9x2 + 1, and 47=9x5 + 2; it appears that 19, the namcrator of the third 
fraction, is equal to the product of 2, the numerator of the second fraction, and 9, 
the third quotient, added to 1, the numerator of the first fraction: and 47, the de- 
nominator of the third fraction, is equal to the product of 5, the denominator of the 
second fraction, and 9, the third quotient, added to 2, the denominator of the first 
fraction. And in a similar way may be found the foarth, ftc, converging fractiona. 



Find the least oomxnon midtiple of all the deaomiaatora. 

Divide thk number by eack of the denominatots respectively, 

and then mnliiplj the numerator and denommator of each of the 

fractions given by its corresponding quotient.^ 

An integer may be reduced to a fraction irith any given denomi- 
nator by writing the integer as a fraction with vnity for its denominator,' 
and then multiplying ^e numerator and duLominator by the given 
denominator. 

13. Prop. To find the sum of two or mors fractions.^ 

If the fractions have tiie same common denominator, their sum 
will be expressed by the sum of the numerators taken for a new 
numerator and placed over the common denominatcHr. 

When the fractions have not the same denonuBator, when reduced 
to their least common denominator their sum cofi. be found. 

In ease of mixed numbers, in practice, it will be found most con- 
venient first to find tha sum of the fractional, next of the integral 
parts, and then the sum of both will be the sum required. 

Instead of adding all the fractions together by one operatioUi it 
will sometimes be found convenient first to find the sum of two of the 
fractions, next to add a third fraction to this sum, and so on until all 
the fractions have been added. 

14. Prop. To find the difference of two fractions. 

If the fractions have a common denominator, their difference will 
be expressed by the difference of the numerators placed over the 
common denominator. 

If the fractions h&ve diffeorent denominators, they must be reduced 
to their least common denominator, and then their difference can be 
found. 

Instead of reducing mixed numbers to improper fractions, and 
then finding their difference, it will be found more convenient in 
practice to reduce the fractional parts only to a common denominator, 
and to find first the difference of the fractional parts, next of tho 
integral parts.' 



* Two or more fractions may be compared, or their relative values ascei"tained, 
by reducing ihem to the same common denominator. 

It may be shown, in general, that if any number be added to, or subtracted from, 
the numerator and denominator of a fraction, the value of the fraction is either in> 
creased or decreased in value. 

^ In the operations of addition and subtraction of integers, the nnits must all be 
ot the same magnitude, in order that the sum and difference of any given numbers 
may be expressed by one number : so also in fractioHS, the parts of the unit expressed 
by each fraction must be of the same magnitude before the sum or difference of any 
fractions can be expressed as one fraction. If each of the given fractions expresf 
different parts of Ihe unit, they must be converted to others of equivalent values, 
expressing the same parts of the unit ; or in other irords, be reduced to the same 
common denominator. 

^ If the numerator of t^ Pactional part to be subtaracted be greater than that 
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15. Prop. Ihjindtheproduct of two or more fractions.^ 
Def. To multiply one fraction by another, is to take such part or 
parts of one as are expressed by the other ; and this is effected by 
dividing the former fraction by the denominator, and multiplying it by 
the numerator of the latter fraction. 

To find the product of ihj^. 

Here the multiplication of ^ by |^ implies 

that f is to be divided by 7, and the result multij)lied by 4. 



3^ 
3 lAi^ir^J V— A ^ ^3 ^ 3X4 



Now § divided by 7 gives ^xt > 



and this result, j^, multiplied by 4, produces 3^7 , 
and, therefore, § x f = |^, or ^. 

Hence the product of two fractions is found by multiplying the 
two numerators for the numerator, and the denominators for the deno- 
minator of the product. 

In the same way it may be shewn that the product of more frac- 
tions than two is found by midtiplying all the numerators together, 
and all the denominators together, for the numerator and denominator 
of the product. 

16. Prop. To divide one fraction htf another.^ 

from which it is to be taken, the subtraction is not possible. But the subtraction 
can be made possible by increasing the latter by a fraction equal to unity, and tlie 
other by unity. Thus in finding the difference of 15^ and 8^ ; ^ cannot be taken 
from ^, but if ^ be added to 15f , and 1 to 8^, the subtraction then becomes possible, 
as '* the difference of t^vo numbers is not altered when each of the numbers is equally 
increased." 

1 In the multiplication and division of fractions, it will generally be found most 
convenient, first to reduce mixed numbers and compound fractions to simple 
fractions. 

There is an impropriety of language in the employment of the word multiply 
in reference to proper fractions. To multiply two proper fractions is to take of 
neither of them so much as once, but only that part of one fraction which is 
expressed by the other : since a proper fraction is always less than unity, it 
follows that the product of two proper fractions will be less than either of them, 
and the multiplication produces decrease and not increase of magnitude. 

In practice, however, it will be found more convenient in the multiplication of 
fractions to divide any factors of the numerator and denominator which are by 
the same numbers divisible, and to use the quotients instead of them, and the 
l>roduct will be expressed in its lowest terms. 

Thus to multiply -L, A, |., A together, 

herelxA X « x-^ - |-"4^ '^-^ - ^. 
3 6 7 20 1x1x7x4 28 

First, 3 in denominator and 9 in numerator ore divisible by 3 ; next, 5 in 
numerator and 20 in denominator are divisible by 5 ; thirdly, 6 in denominator and 
6 in numerator are divisible by 6, and the respective quotients ore used instead of 
the given numerators and denominators. I( however, the numerators are multiplied 
for the new numerator, and the denominators for the new denominator, the fraction is 
11%, which, when reduced by 90 the greatest common measure, becomes A* 

' The quotient of one fraction divided by another may be found by dividing the 
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Def. To divide one fraotion by onotlier is to find how many times 
or parts of a time the latter is contained in the former. 

Since the operation of division is the reverse of that of multiplica- 
tion, and it has been shown that the product of one fraction by another 
is effected by dividing the former fraction by the denominator and 
midtiplying it by the numerator of the latter, it follows that one 
fraction wiQ be divided by another by dividing the fonner fraction by 
the numerator and multiplying it by the denominator of the latter 
fraction. 

Thus, to divide J by ^, 
the fraction ^ must be divided by 5, and multiplied by 6. 

Now J divided by 5 gives y^, 
and 775 multiplied by 6 produces j^ ; 
therefore ^ -f- 1 = l^f, or^x^. 
That is, the quotient of one fraction divided by another is found by 
multiplying the dividend by the reciprocal of the divisor. 
Or the division of one fraction by another may be defined to be a 
method to find a third fraction, called the quotient, such that the pro- 
duct of the divisor and quotient shall be equal to the dividend. 
To divide i by f . 

From the nature of division, ^ 

the product of the divisor and quotient is equal to the dividend, 

and in this case f x quotient — f • 

Multiply those equals by i i 
, then f X f X quotient- 5 X y ; 

or f^ X quotient«f x ^ ; but |§= 1. 

I _ M m M £k 

\ Therefore the quotient, ory-^^^yx^; 

or the quotient is found by multiplying the dividend by the reciprocal 
I of the divisor. 

17. Peop. To find the value of a fraction of any concrete quantity^ and 
converseh/,^ 

If the units of the concrete quantity be divided by the denominator 
of the fraction, the quotient expresses one part of the fraction ; and 
if this quotient be multiplied by the numerator, the product will 
express the value of the fractional parts required. 



numerator and denominator of the dividend by the numerator and denominator of 
the divisor respectively. But this is very seldom possible so as to obtain a simple 
fraction in the quotient The difficulty may be obviated by first reducing the two 
fractions to a common denominator. 
Thus, to divide ^ by f , 

Herei=txt=Ji, andi=fx^=fj. 

ThenKi=M-M^=«. 
^ Any number of concrete units may be considered as a part of any other number 

of concrete units of the same kind : as 6 shillings may be considered as a part of 

12 shillings. Here the 12 shiUings is the unit divided into 12 parts, and 5 parts 
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Coiiversdt/, to reduce cov^ concrete qwm^ty cr fraction to tlie 
frcbction of any other unit} 

First : Any fraction of a less unit is reduced to the fraction of a 
greater unit by dividing the fraction of the less unit by the number of 
less units which make one of the greater units. 

Secondly : A fraction of a greater unit is reduced to one of a less 
unit by midtiphiing the fraction by the number of less units in the 
g^reater unit. 

18. Pkop. To find the sum or difference of eoncrete fractions. 

The sum or difference of any concrete fractions can be found by 
reducing the given fractions to fractions of the same unit, and then 
finding their sum or difference. 

Or the value of each of the concrete fractions may be first found in 
smaller units of the same kind, and then the sum or difference may be 
foimd of these units. 

19. Peop. To find the product or quotient of concrete fractions. 
The method of multiplication and division of concrete fractions 

differs not from that of abstract fractions. 

If a concrete fraction be multiplied or divided by an abstract 
fraction, the product or quotient will be parts of the same concrete 
unit as the multiplicand or dividend. 

If both fractions be concrete, the nature of the product or quotient 
will be determined by the consideration, whether the results of these 
operations do, or do not admit of any rational interpretation. 

are to be taken; it will then be clear that 6 shUlinga is -^ of the unit, or of 12: 
shillings. 

Find the value of J of one pound sterling. 

s. d, 
8 )20 « £1 

2 6 = i of £1 
6^ 

12 6 =» I of £1. 

* Conversely, what fraction of £1 is 12s. 6d. ? 

Here 12s. 6d. = 25 sixpences, 
and £1 =» 20s. = 40 „ 
It is obvious that 12s. 6d. will be the same part of £1 

as 25 sixpences is of 40 sixpences, 
that is, 123. 6d. = ^ J or | of £1. 
Reduce /y of one pound to the fraction of a shilling. 

Here 20 of the smaller units make one of the larger. 
Thus ^f of £1 = ^V X 20 = §^ of 1 shilling. '' 

Conversely, Reduce f^ of 1 shilling to the fraction of a i)ound. 

Here 1 larger unit is equal to 20 of the smaller. 
And f^^ of 1 shiUing = |? -i- 20 = |f x g^ =. ^^ of £K 






EXEECISE8. 

Abstract Fractions. 

I. 

1. Define a fraction, and explain the notation of fractions. 

2. What is meant by an improper fraction and a mixed number? 
How are improper fractions converted into mixed numbers, and 
conversely ? 

3. Convert the improper fractions f, -y-, V, ^j^, »?-3-».2 3^ ^q 
mixed numbers : and conversely ; reduce tha mixed numbers, 4^, 5f , 
7|^, 142^^ and 5784J^ to imj»roper fractions. 

4. Simplify ll±±t3. and U2^, and find what part the former 
is of the latter. 

5. "What are the advantages in arithmetical operations of employing 
fractions expressed by the smallest numbers possible? State how- 
fractions expressed by large numbera may be reduced to equivalent 
fractions expressed by smaller numbers. Is this always possible ? 

6. State the rules for changing any given fractions to others of equal 
value, but having the least common denominator. 

7. Explain why fractions having different denominators must be 
altered in form before their sum or difference can be expressed by one 
fraction. 

8. Define the multiplication of two integers and the multiplication 
of two fractions, and show how the midtiplication of two fractions is 
not inconsistent with the multiplication of two integers. 

9. How is it shown that the product of any two fractions as f and 
^ is equivalent to either of the compound fractions -| of ^ or f of f ? 

10. Explain how it is that the product of two proper fractions gives 
a fraction less than either of them : and the quotient, a fraction greater 
than either of them. 

11. Show how the rule for the division of one fraction by another 
may be deduced from the method of the multiplication of one fraction 
into another. 

12. Of the eleven numbers less than 12, which are aliquot parts of 
12 ? Show how those numbers which are not aliquot parts of 12, 
may be expressed as the sum of two or more aliquot parts. 

II. 

Eeduce the following fractions to equivalent fractions, each having 
Uie least possible numerator and denominator : — 

gO& 825 aie 11 »» 785 4 3 30 29ft3 11385 4 2 337 16037. 
t^f WSlTi "STTS"? TB~S > 7TF0> ¥^"ST> 3 32 ¥> ie33S> Tfi^yF3^> ^TT5T> 

14628 217800 243936 135 135 140971 8*7 9 6 8 294025 

ir&iTJ fl4&02Y > ai3e3a > -nzz^i^y tstb^tj srrrrrsi Tosoe??' 
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ni. 

Eeduce the following sets of fractions to equivalent fractions, each set 
Laying the least common denominator. 

1. i and i; f and |; i, ^ and |; f, ^ and ^%) f, |, $ and }J ; 
f , -I, ^ and ■^. 

2,% and^l; ^, f and A; ^, i, ^V and A; f, f, /tt and ^Virl 

3. ^ and ,V; A, is'ir and ^V; I, tV and \\ ; |, tV» J and ^ ; J, yVi 
■^y I and T^ff. 

Find the sums of the following twenty-three sets of fractions in 
their simplest forms : — 

1. f and f 2. f and f 3. 2| and 5|. 4. ^^ and 54^. 5. |, i| 
and 3^. 6. 1 J, 2 J and 3^. 7. | of f and ^ of 2 J. 8. ^, 4^ and f of 2. 
i^- fff» H» T^ir, H and ^. . 10. lOOf, 64f and f of 701. 11. f of 

^X -S- of 4 of 44: anrl ^nf4nf7 10 2 rtl 9C 105 «„/! n 1 
4ir> 7 "^ T "^ TT ana 3^ 01 y 01 ^. 1^. ^^j^, -j-y, i^^^, ^^g-j^ ana ^f^^cj^. 

13. 253 J, 47|, 5 J, and f 6f 7f 14. 387 J, 285 J, 394^ and f of 3704. 
15. 6^, 8|, 9xV and IOtV. 16. | of 5, f of 6 and A o^ 7- 17. J, J, 
f » f , *, f , i and |. 18. 10,^r, 20,^^^, 30/^ and 40J«S. 19- i 
of f of 52y*y, f of t of 506 J and :^ of 1^ of I of 1 864. 20. ^V* tV of 
iV» A of A of A, A of -A- of A off, and A of t\ of a of t of 8. 
21. T^of 2 ^ and yV of f of 12^- 22. ^^^^ and y^. 23. 13^, 
14^ a^d 15^. 

V. 

Find the differences between each of the following two fraxjtions : — 
1. I and A. 2. 3-J^ and 5J. 3. 3J- and 5^^. 4. 2|^ and 12|. 
5. I- of 140J and ^ of 1000. 6. f of f of 1\ and f of 200. 7. i of yV 
of 1^ and f of f of ^. 8. 101^^ and f of A of 999. 9. f of y^ 
and J of ijV 10- i of -,2^ of 25 and 10. 11. f of f of 16f and 49^. 
12. I of ^ of 2509 and ^ of i of 10000. 13. 4^ of 5| and 2| of ||. 

14. ^ of 9999 and ^ of 10000. 15. | of ^^ of 7874 and f of 5896|. 

VI. 

Find the products of the following sets of fractions in their simplest 
form: — 

1. ^ and ^. 2. ^ and ^, 3. § and f . 4. f and f . 5. |^ and -]^. 



1000. 16.' f of 'f of 23tV and A of f 6f 290^. 17. | of ^ of 1864 
and I of f of 11. 18. 1^, 2^, 3:^, 4^ and 5f 19. ^ of MIMi and 
A of Ifmf . 20. if, i^, H, ^, and f t. 21. 7^, 5^, 2^, and «. 
^2. H, «, 1^, ti and If. 23. lOOOyJ^y and lOOy^. 24. 1^ of 
1000 and 6i of 10000. 



13 



VIL 

Find the respective quotients arising from the following dividends 
and divisors : — 

1. f byf 2. 8by2i. 3. 3J by 4J. 4. 2ibyiof 6|. 5. ^ of 
f by f of an. 6. iof^bylofVr. 7. ^ of i of i by * of * of i- 
8. t of 21 by i of 15. 9. fofiofSibyf of f of 4i. 10. ^V of A 
l>y A of 3&. 11. 1215^ by 612f 12. i^r of t^j^ of 10000 by ^U of 
3f 

vin. 

1. How may the relative magnitudes of two or more fractions be 
compared ? Express by the least integers the relative magnitudes of 
the fractions \^, ^, and ff . 

2. Express 11^ 13, 17, as fractions, each with the same denomina- 
tor, 23. 

3. What part of 15 is ^ of 4^? 

4. Arrange the fractions t^, ^, Jf, ff, in order of magnitude. 

5. Change the fraction ^f into one whose numerator is 209 ; and 
ff into one whose denominator shall be 729, so that the values of 
the two fractions may retain the same value. 

6. Which is the greater of the two of the following sets of 
fractions— fi or 14; Jof f orfof |; #of Ijorf of 1^, andf of^V 
or^ofli? 

7. Find the alteration produced in the value of a proper fraction 
-^, first by adding, next by subtracting, the same number 3 from the 
numerator and denominator. 

8. If the number 5 be added to the numerator and denominator 
of any improper fraction -j[^, or taken from it, when is the value 
of the fraction increased or diminished ? 

9. Show that the fraction ^44 lies between i and ^. 

A 6 + 7 ** * 

10. Show that the fractions 144^ and t?~^ > aro equal to each ot 

64 + 9 64 — 9' * 

ihe fractions ^ or ^, and explain the reason. 

11. The fraction ^;|;^;|;^ lies between the greatest and least of 

the fractions f , ^, f. 

12. If any number of fractions be equal, then any one of them is 
•equal to the fraction whose numerator is equal to the sum of all the 
numerators, and whose denominator is equal to the sum of all the 
denominators. Exemplify this in the case of six equal fractions. 

IX. 

1. Show that the simi of ^ of 3f , and % of 1|^ is equal to 1. 

2. To 479 add If^^ and repeat the addition six times. 

3. Add together the greatest and least of the fractions f , ^, |-^-, l^, 
and subtract this sum from the sum of the other two fractions. 

4. Change the fractions ^, if, and ]^, into fractions having a 
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common denominator : and express the difference of tlie first two as a 
fraction of the difference of the second two. 

5. Add together ^, ^, and -j-l^j and find what is the least frac- 
tion with denominator 1000, which must be added in order that the 
sum may be greater than unity. 

6. Show that the sum off and f is 13 times their difference. 

7. What fraction subtracted from the sum of ^ and f will hav^ 
uni(y for the remainder? 

8. Subtract the sum of f of -^y 4^, and J of If from 12. 

9. By how much does the siub of It^V and -^ exceed the differ- 
ence ? What fraction of 7 is the excess ? 

10. What is that number of which the sum of one-third, one- 
fourth, and one-fifth, is equal to 235 ? 

11. Subtract ^^ four times from ^^, and state how m.any times 
it may be subtracted, and what is the last remainder. 

12. Find three fractions whose numerators shall be 3, 5, 7 ro- 
spectively, and their sum equal to unity, 

X. 

1 . Show that the quotient of ^ divided by J, is 9 times their pro- 
duct. 

2. What is the difference and the product of the quotients of ^ 
divided by f , and f divided by f ? 

5. What fractioa divided by f of J- of 1^ will give the quotient 
unity ? 

4. What fraction multiplied by f of y\ will malre the product equal 
to 2? 

5. How ^ften does yV of the sum of -^ and y* diminished by ^^ 
contain -^ ? 

6. Multiply the sum of f and ^"'.j by their difference, and find how 
much the product is less than unity. 

7. Find the product and the quotient of the sum of f and ^ and the 
difference of unity and ^.j ; and ascertain which result is the greater. 

8. What is the quotient which arises from dividing the difference 
between the first and second, by the sum of the second and third of the 
fractions -^, ^, f f . 

9. The sum of f and j^- is diminished by ^^; how often does the 
difference contain -i\ of the sum of -g, ^ and y^ ? 

10. Add together ^, J, ^ and J, and subtract the sum from 2, 
multiply the difference by ^ of f ^ of 88, and find what fraction the 
product is of 999. 

1 1 . From the sum of 3f and 4| subtract 6f , multiply the difBerence 
by 2f , and divide the product by 4J-. 

12. Convert ^f|- into a continued fraction, and find ilie first six 
converging fractions. 
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XI. 

Ecduco the following expressions to their simplest forms:— 

(6 15 "^14 12) (.12"^16"^2l"^60i 

« CI 1 1) CI . 1 . 11 P I'i V. fl . 1^ 
^' l2 + 8 + li^li-*-6 + 85~U-5i''U + 6> 

4 [11^1^ J. ^^ ^* ^^)-i^ la.? 5-L.A) 
h2"'"5""^15'"U*" 5 > (7"'6'^5"8'^10> 

K J 816 M- -fl4. — V 81^ ^ 

1 166463 "" 1393 3 • 1 "^ 1393 ^166463 5 

19^10^11^12 3 (2^3^4^5^6^8^9> 

^- l3 + 5 + 6i''^^35 + 36J''l2'"li5l-4) 

XII. 

Prove the truth of the following equivalent expressions : 

1 i.l, l-f31 + 3 + 5 1 + 34-5-f7 14-.3-f5 + 7 + 9 _, 

2"^2 + 4"^24-4 + 6"^2+4 + 6 + 8"^2 + 44-6 + 8 + 10 -* 

2 1-1.11-3 1.3.5 1.3.5.7 1.3.5.7.9 _ 

2"^2. 4"^2. 4. 6"^2. 4. 6. 8'^2. 4. 6. 8. 10" *^"^ . 

3. h + l.l.l.l.l]^<l-l + l_i + l«iU 

2 7-2.4 1.3tl 11) 3 r2 4) 

^5'l0 + 5 {2 + 14$ +70l7 + 5i-^ 






7 14 

C 26 
1 333 



333 23 29i'^lll^7 4) ll0^13) 4 3.5.7.11 

148 148 148 148 151 

'— X3. y=^, — +8.-J=^_-+ '— - '— 



6. 



I23X |35 L1?X 1^ lilX !^ 1^0 X 138^ |_13 X |38 

24 6 811111111 



34-5 + 7 + »"" 1 + 1 + 54-1 + 1 + 5 + 5 + 2 

^ The notation |10 moans 1x2x3x4x5x6x7^8x^x10 oi 
1.2. 3. 4.5. 6. 7. 879. 10. 
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COKOKBTE FRAOnONS. 

xni. 

1. How may any fractional parts of a given concrete number be 

found ? 

2. What is meant by reducing one concrete number to the fraction 
of another ? Give examples. 

8. Explain how a concrete fraction of one denomination is changed 
to an equivalent fraction of another denomination. 

4. What is the value of f of one guinea ? and what fraction of ono 
guinea is 13s. l^d. P 

5. What is the value of J of | of § of £12 12s. 6d. ? 

6. What part of £9 8s. 9d. is £8 13s. OJd. ? 

7. Express 3s. S^d. as the fraction of Is. 6|d. ; and Is. 6fd. as 
the fraction of Ss. 8|d. 

8. What part of 2s. 6d. is equal to f of Is. 4id. P 

9. What fraction of one pound is ^ of f of 18s. 6Jd. ? 

10. Which is the greater, -^ of one pound or ^ of one guinea ? 

11. What fraction of a pound is 4s. 9fd. ? How many shillings is 
the same fraction of a guinea P 

12. Beduce 16s. 4fd. to the fraction of a guinea. 

13. Beduce f^ of a pound to the fraction of a guinea; and con- 
versely) ^ of a guinea to the fraction of a pound. 

14. If ^ of an estate be worth £1,003 I7s. 6d., what is the value 
of the whole estate ? 

XIV. 

1. Explain the method of adding and subtracting concrete fractional 
numbers. 

2. Add i of 68. 8d., ^ of £2 3s. 9d., and ^ of £4 14s. 5d. 

3. Eind the sum of f of f of £7^, and f of £5 16s. 7Jd. 

4. Add together £lO0f, ^ of 100 guineas, and | of ^V of 1,000 

crowns. 

5. Add together i of 50 guineas, ^ of f of 13^^ moidores, and f of 
11 J crowns. 

6. Express the sum of f of a guinea, -]^ of a pound, and ^j^ of a 
crown in the fraction of a guinea. 

7. Add £1|^, 9j^s., and 6|d., expressing the sum in the fraction of 
£100. 

8. Take /^ of £6 6s. 9d. from H of £10 16s. 9d. 

9. Find the difiESrence of f of one guinea and f of a pound in 
terms of ^e fraction of half a sovereign. 
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10. "What fraction of £1 must be added to ^ of | of one guinea, in 
order that the sum may be one pound ? 

11. Express the difference of |^ of £1 and ^ of a guinea in the 
fraction of a crown. 

12. What fraction of a crown is the difference between | of ^ of 
one guinea and | of f of £1 ? 

13. A ship is worth £18,000, and a person who owns ^ of it seller 
Z^- of his share. What is the value of his remaining share ? 

14. Out of £4 7s. 6d. one third is paid to A and one seventh tO' 
B; after this four elevenths of the remainder is paid to A^ and the- 
rest to B : find the sums respectively received by A and B. 

XV. 

1. Explain how the products and quotients of concrete fractions 
are to be interpreted. 

2. Multiply T^r of ^ of £3 by f of 2^, and find its exact value. 
8. Multiply £6 lis. Sfd. by 13J. 

4. By what number must one ten-millionth of one pound be mul- 
tiplied, in order that the product may be equal to one farthing ? 

5. Multiply 48. 7}d. by 3^, and express the result in the fi*actioik 
of a pound. 

6. Divide £99 17s. O^d. by 19J. 

7. Divide f of | of 12s. by f of f 

8. Divide £7f by 15|s. and state the nature of the quotient. 

9. Divide the sum of ^ of one pound and f of one guinea by the- 
difference of f of a crown and ^ of one shilling. 

10. Add \ to \y subtract the sum from f , multiply this difference 
by I, divide the product by ^, and supposing the original unity to- 
have been one guinea, find the value of the resulting fraction in 
pounds, shillings, and pence. 

11. Express £3,893 15s. 6d. and £3 l7s. lljd. in the denomina- 
tion of pounds, and find the quotient of the former divided by the 
latter, and state its nature. 

12. In the new metric system of money, it has been proposed that 
the sixpence shall consist of 25 instead of 24 farthings. If a working^ 
man receive for his wages I7s. 6d. a week, show whether the change 
will be a gain or loss to him weekly, and how much in the year. 

XVI. 

1. Any sum of money can be expressed in pounds, twelfths of a 
pound, and a proper fraction of a twelfth ; and five per cent, on tho^ 
same may be immediately obtained by considering the pounds as 
shillings, the twelfths as pence, and the fraction of a twelfth as the. 
same fraction of a penny. Explain the reason^ of this. Hence find 
5 per cent, on £688 7s. 6d. 

2. How much per cent, is Is. 2d. in the pound? 
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3. What is the difflerence in the gain per cent, between selling goods 
at 2d. which cost 1^., and selling goods at 2^. which cost 2d. ? 

4. What sum must A bequeath to ^ so that B mxy receive £.1,000 
after a legacy duty of £10 per cent, has been deducted? 

5. If an article was bought for 3s. 6d. and sold for Ss. 10^., what 
was the gain per cent. ? Find also the loss per cent, if the artide was 
bought for 3s. 10^. and sold for 3s. 6d. 

6. A merchant sold goods for £75, and by doing so lost 10 per 
cent., whereas in the regular course of trade he should have gained 
30 per cent. How much were they sold under their proper value ? 

7. If 7 per cent, be gained by selling goods for £69 lis., what per- 
centage would be lost by selling them for £61 15s. ? 

8. If an article be sold for 12s. 6d. there is a gain of 25 per cent. ; 
what would be the loss or gain if it were sold for 10s. ? 

9. By selling at 4^ per cent, profit a tradesman g^ins £47 14s. ; 
what was the prime cost of his goods ? 

10. If a tradesman mark his goods on credit 20 per eeait above 
cash price, what ready money will he take for an article marked 26s. ? 

11. If 10 per cent, be gained on the wholesale price of an articlo 
whose first cost is 5s. 6d.y and 40 per cent, on the retail price, how 
much does the purchaser of such an article pay for profits to the whale- 
sale and retail dealers ? 

12. The manufacturer of an article makes a profit of 10 per cent., 
the wholesale dealer a profit of 15 per cent., and the retailer makes a 
profit of 25 per cent. What is the cost to the manufacturer of an 
article which is retailed for 16 shillings ? 

XVIL 

1. What fraction of a shilling, a pound, and a guinea is a franc ? 

2. Supposing the value of a franc to be 9^., and that a commis- 
sion of 3d. is charged on every sovereign exchanged ; find the least 
number of sovereigns that can be changed with an exact number of 
francs. 

3. If £1,000 be due from London to Paris when £1 is worth 25 
francs, how much must be remitted when a pound is worth 27 francs ? 

4. If an Indian rupee be worth 29* 4d., how many rupees aro 
equal in value to £1,000 sterling? 

5. If 10 scudi be worth 52 J francs, 16s. worth 20 francs, and 12 
carlini worth 4s 2d., how many carlini are equivalent to 500 scudi ? 

6. If 12 carlini be worth 4s. Id., and a Napoleon be worth 16s. 
how many carlini ought to be received for 15 Napoleona ? 

7. If 100 francs make £4, and 193 thalers make 19 guineas, how 
many thalers are there in 375 francs ? 

8. If 10 francs be worth 6 florins, and 15 fionna be worth 4 moidores» 
how many francs must be given for 16 moidores? 

9. The exchange between London and Paris ia 25^ francs for one 
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pound sterling; between Paris and Amsterdam 117 francs for 55 
florins; between Amsterdam and Hamburg 11 florins for 13 marks : 
required the exchajige between London and Hamburg. 

XVIII. 

1. A bantrupt^s debts amount to £4,586 5s., and bis effects to 
£4,01&2s. ; how much in the pound will his creditors receive, and 
what fractional part of the debt do thej lose ? 

2. How much will a creditor lose on a debt of £5,342 5s. if he 
receive only 13s. 6d. in the pound ? 

3. A creditor receives 7s. 6d. in the pound of what was due to him, 
and thereby loses £75 5s. 3d. What was the sum due? 

4. A bankrupt pays four dividends of Is. 4d., 2s. 5^d., 3s. 6^d., 
and 4s. 7Jd. respectivedy in the pound, and his creditors lose £965. 
What was the whole of his debt ? 

5. A creditor receives upon a debt of £272 a dividend of lis. 6d. 
in the pounds and he receives a further dividend upon the deficiency 
of 3s. 9d. in the pound. What does the creditor receive on the whole 
debt? 

6. A bankrupt's estate is worth £2,160. A has a claim for £1,200, 
B for £920, and C for £1,080. How much should each creditor 

receive ? 

7. A bankrupt owes three creditors £150, £200, and £350 respec- 
tively, and his whole property is worth only £275. How much will 
each creditor receive, and how much per cent, of their respective 
debts ? 

8. A house was to cost a builder £664, for which he was to receive 
£830. What would be his gain per cent. ? But on becoming bankrupt 
the completion of the house cost £830, and was sold for £664. What 
was the loss per cent. ? Explain why the rates per cent, diffbr. 

9. Aj B, C contribute respectively to an undertaking £105, £165, 
and £285, and gain £195. How shall they divide it equitably ? 

10. Three persons enter into a speculation and adventure £600, 
£800, and £1,000 respectively: they gain £1,000. Divide it among 
them so that they may have at the rate of 3, 4, and 5 per cent, respec- 
tively on the capital each advanced. 

11. Three merchants oontnbnted ^, \^ and \ respM^ively of the 
capital for a commercial adventure, on the condition that the gains 
i^hould be divided at the rates of 7, 5, and 3 p^ cent, respectively on 
the sums each had co&tnbuted. If the gains were 1,500, what was 
the share of each? 

12. Foxir merchants, A, B, C, D, trading mih a capital of £36,000, 
And after a certain time their respective shares increased by £26 6s. 8d., 
£37 3s. 4d, £53 53. 6d., and £63 48. 6d. How much had they severally 
sabscribed to the original capital ? 
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XIX, 

1. How many ounces, pennyweights, and grains are there in|5 
of a pound Troy? What fraction of a pound Troy is 6oz. 12dwts. 
12grs. ? 

2. What is the value of a bar of gold weighing 87oz. 2dwts. 20grs. 
at £3 17s. lO^d. per ounce ? 

3. Standard gold contains 22 parts of pure gold to two of alloy ; 
if 201b. Troy is coined into 934 sovereigns and one half-sovereign, 
find the weight of ptire gold in a sovereign. 

4. If a grain of pure gold be worth 2|d., what should be the 
weight of a sovereign P 

5. In standard gold how much per cent, is alloy? 

6. If a sovereign by wear become one grain Hghter than it ought 
to be, what loss will be sustained by selling 100 light sovereigns as 
bullion to the Bank of England at £3 17s. 9d. per ounce? 

7. The English mint formerly coined 44^ guineas out of one pound 
Troy of standard gold ; it now makes 46|^ sovereigns out of the same 
quantity of gold. Is there any gain or loss by the change ? 

8. If an ounce of standard gold be worth £3 17s. 10^., what is the 
value of lOlb. of jewellers' gold in which the weight of aUoy is 5 
parts out of 12, the value of the alloy being neglected? 

9. If 4oz. of gold, 17 carats fine, are mixed with 3oz., 13 carats 
fine, how much pure gold will there be in a gold ornament weighing 
3^z. of the compoimd ? 

10. From 1797 to 1821 cash payments were suspended. Before 
that time the value of gold was £3 17s. 10^. per oz., but in 1815 it 
rose to £4 13s. 6d. per oz. How much per cent, had the currency 
depreciated ? 

11. How many sovereigns will weigh one ounce avoirdupois if 
1869 weigh 40 pounds Troy ? 

12. In standard gold, if the alloy be silver at 5s. 6d. an ounce 
Troy, or copper at Is. 6d. a pound avoirdupois, what is the difference 
in value of the sovereign when alloyed with copper and when alloyed 
with silver ? 



1. If 6 grains of silver are worth 5 farthings, what should be th© 
weight of a crown ? 

2. Suppose the alloy in silver coin to be -jV o^ *^® mass, what 
would a crown piece be worth if it were all silver ? 

3. A shilling weighs 3dwts. 15grs., of which 3 parts out of 40 are 
alloy, and the rest pure silver. What is the weight of alloy and of pure 
silver in a half-crown ? 

4. Supposing the alloy in a shilling to be -j^ of its mass, and the 
coin to be worth a farthing if it were all alloy, what would be ite 
exact value if it were all pure silver? 
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5. If pure gold be worth £4 per ounce and pure sflver 5s., wliat 
percentage of copper must be mixed with pure gold in order that the 
value of a given quantity of the compound metal may be 15 times 
that of an equal weight of a mixed metal containing 80 per cent, of 
pure silver ? 

6. Thedenariusof thetimesof theBoman republic weighed 60 grains 
of silver %^ fine. Supposing a sestertium to be equivalent to 250 denarii, 
and standard silver which is Imparts £ne to be worth 5s. 2d. per ounce, 
how much was a sestertium worth of our money ? 

7. A poimd of silver is coined into 66 shiUings, of which 62 only 
are issued. If nineteen half-crowns and fifteen sixpences are melted 
into bullion, and sent to the mint to be recoined, what sum wiU be 
reissued ? 

8. A mass of metal being composed of fine gold 15 parts, silver 4 
parts, and copper 3 parts, find how much of each is required in 
making 18 cwt. of the composition. 

9. The values of equal weights of gold and silver being £23 3s. lOd. 
and £1 13s. respectively, compare the weights of a sovereign and of a 
half-crown, if gold be valued at £3 17s. lO^d. per ounce. 

10. If 66 shillings weigh one pound Troy, how many shillings are 
contained in one pound avoirdupois ? 

11. Allowing 44^ guineas to weigh one pound Troy, and 32 half- 
pence to weigh one pound avoirdupois^ what is the difference in grains 
between the weights of a guinea and a hali^enny ? 

1. Find the value of 14 ^^ ^^^ pound avoirdupois; and reduce 
12oz. 8 drams to the fraction of a pound. 

2. Eeduce |- of f of 15 cwt. to the fraction of -^ of a ton. 

3. How much ironstone ore must be raised from a mine, that on 
losing a in roasting, and ^ of the remainder in smelting, there may 
result 506 tons of pure metal ? 

4. If a shekel contained 240 grains, what was the weight in 
pounds avoirdupois of the head of Gtoliath's spear, which was 600 
shekels of iron, and of his coat of mail, which consisted of 5,000 shekels 
of brass (1 Sam. xvii. 5, 7) P 

5. Find a sum of money which shall be the same part of £61 9s. Id. 
that 2cwt. 2qrs. lOlb. is of 36cwt. Iqr. 

6. Show that 2 j- times the price of one hundred weight in pounds 
sterling is the price of one pound in pence. Ex. Let the price of one 
hundred weight be £14. 

7. If a pound avoirdupois of copper is coined into 24 penny pieces, 
and a pound Troy of standard silver into 66 shillings, standard silver 
being a metal of which |^ are pure silver and ^ copper, find the 
value of one ounce of pure silver, if a pound avoirdupois contain 7,000 
grains Troy. 
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8. If a mixed metal be composed of 11 parts of tin to 100 parte of 
copper, how mueK copper and how much tin will be required to make 
24 cwt. of this metal ? 

9. Bronze contains 91 per cent, of copper, 6 of zinc, and 3 of tin. 
A mass of bell-metal (consisting of copper and tin only) and bronze 
fused together is found to contain 88 per cent of copper, 4|- of zinc, 
and 7| of tin. Find how much copper and how mnch tin are in bell- 
metal- 

10. Sugar being composed of 49^ per c«Eit. of oxygen, 43^^ per 
cent, of carbon, and the remainder hydrogen, find how many pounds 
of each of theee materials are oiHitained in 1121b. of sugar. 

1 1 . Sulphate of lime consists of oxygen 32 ports, sulphur 1 6^ parts, 
and calcium 20 J- parts ; find the weight of each element in one pound 
of sulphate of lime. 

12. In English gunpowder, 15 parts by weight are nitre, 2 parts 
sulphur, and 3 parts charcoal. How many pounds of each ingredient 
are required in making a ton of gunpowder ? 

xxn. 

1. Multiply 7 J Hnoal inches by 5|^, and by 5 J lineal inches respec- 
tively. 

2. Multiply 7f square inches by 5| lineal inches, and 5^ square 
inches by 7^ lineal inches. 

3. Divide 7f square inches by 5|^, by 5 J Hneal inches, and by 5 J 
square inches respectively. 

4. Divide 7^ cubic inches by 5f , by 5| lineal inches, by 5^ square 
inches, and by 5J cubic inches respectively. 

5. Divide 3 lineal feet 8 inches by 1 lineal foot 10 inches. 

6. Divide 8 square feet 48 inches by 3 lineal feet 4 inches. 

7. Divide 3 cubic feet 192 inches by 18 square feet 48 inches. 

8. Divide a cubic foot by 9, by 9 lineal inches, by 9 square inches 
and by 9 cubic inches respectively. 

9. Explain ifthere be any difiFerence between 30^ square yards and 
30J yards square ; and if any, how much. 

10. Multiply and divide 52 feet 6 inches by 5 feet 10 inches, and 
explain the results. 

11. What length must be cut off a board which is 6f inches broad, 
60 that the area may contain a square foot ? 

12. How many superficial feet of inch plank can be sawn out of a 
log of timber 20 feet 7 inches long, 1 foot 10 inches wide, and 1 foot 8 
inches thick, supposing no waste in the sawing? 

13. Of a field ^ is meadow, f is arable, and the remainder is 
1 acre, 3 roods, 26 poles ; find the quantities of meadow and arable 
land. 

14. A piece of land of 200 acres is to be divided among 4 per- 
sons in proportion to their rentals from surrounding property. Sup- 



23 

posing these rents to be £500^ £350, £S00, and £160, how many 
ncTGs must be allotted to each ? 

xxm. 

1. On measuring a distance of 3^ yards with a rod of a certain 
length, it was found that the rod was contained 41 times with half an 
inch over. What is the distanee approaching nearest to 77 yards 
which can be measured exactly by the same rod ? 

2. If f of an inch on a map corree^onds to 7 miles of a coimtry, 
what distance ob the map represents 20 miles? 

3. Two scales 9 and 10 inches long respectively are each divided 
into 10 equal parts ; ^e points of division being marked 1, 2, 3 ... 10 ; 
if the scales are applied to one anothw so that the points marked 
'2 coincide, what is the distance between the points marked 9 ? 

4. If 35 metres are equal to 39 yards, 17 nietres to 9 toises, and 5 
3)lethra to 124 toises, how many yards are there in 1,575 plethra? 

5. The relative distances of three trees are 3, 4, and 5, and a rope 
492 feet long just goes round them ; find the respective distances. 

6. K a yard measure be incorrect by one-eighth of an inch, find 
the error in measuring a distance of 500 yards 2 feet 6 inches. Explain, 
if there is any difference, whether the error be in excess or defect. 

7. What fraction of the Earth's diameter is a mountain 5J- miles 
liigh, if the radius of the Earth be 3,963 miles ? Detennino by what 
fractional parts of an inch could be represented (1) the highest point 
of Mont Blanc, which is about 15,700 feet above the level of the sea, 
-on a globe of 16 inches in diameter; and (2) the highest peak of the 
Himalayas, Kunchinjunga, 28,178 feet above the level of the sea, on 
41 globe of 30 inches diameter. 

XXIV. 

1. How many square yards, square feet, and square inches are 
there in a rectangle 34 yards 2 feet 11 inches long and 29 yards 1 foot 
10 inches wide ? 

2. The length of one side of a rectangular field is 572 yards, and 
its area 50 acres, 2 roods, 32 poles ; find the length of the other side. 

3. How many yards of stuff S quarters broad will line a cloak 
S^ yards long and H yards broad ? 

4. What must be the width of a floor which is 17 feet 7 inches 
long, in order that it may contain the same area as another of 13 feet 
4 inches by 22 feet 11 inches ? 

5. How many plots of ground containing 33| square yards can be 
out off from a field containing 4 acres, 3 roods, 9 poles, 19|^ square 
jards, whose breadth is 135 yards ; and what will be the width of the 
remaining strip, after the plots are marked off? 

6. A piece of land whose length is 151 yards 1 J feel, and breadth 
25 yards, is to be exchanged for part of a strip of land of the same 
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quality whose l)r(^adth is 15 yards 2^ feet. Find the length of the 
equivalent strip. 

7. Eind the whole surface of a room 22 feet 5 inches long, 18 feet 
4 inches broad, and 11 feet 8 inches high. 

8. The flooring of a room 14 feet 3 inches long, and 13 feet 4 inches 
broad, is composed of half-inch planks, each 8 inches wide and 10 
feet long. What is the number of planks ? 

9. What length of carpet f yard wide will cover a room whose 
length is 42 feet 6 inches, and breadth 31f feet? 

10. If 30 yards of carpet f yard wide cover the floor of a room, 
how many yards f yard wide will answer the same puipose ? 

11. How many paving stones, each of them a foot long and -^ of 
a foot wide, will be required for paving a street half a mile long and 
45 feet wide ? 

12. Find the length of paper |- yard wide required to cover the 
walls of a room whose length is 27 feet 5 inches, breadth 14 feet 
7 inches, and height 12 feet 10 inches. 

XXV. 

1. In a rectangular court which measures 96 feet by 84 feet there 
ore four rectangular grass-plots, each measuring 22^ feet by 18 feet. 
Find the cost of paving the remaining part of the court at 8^. per 
square yard. 

2. Wbat must be g^ven per yard for carpet 27 inches wide, that 
the carpeting of a room 26 feet long and 15 feet 8 inches broad may 
cost £45 ? 

3. The cost of carpeting a room whose length is 18 feet, at 3s. 6d. 
a square yard, is £5 12s. ; and the cost of painting the walls, at 4s. 6d> 
a square yard, is £17. Find the height and breadth. 

4. The expense of carpeting a room 18 feet long was £7^, but if 
the breadth of the room had been 4 feet less than it was, the expense 
would have been £5^. What was the breadth of the room ? 

5. What is the cost of papering the walls of a room 12 feet 4 inches 
high, 16 feet 6 inches long, and 14 feet 3 inches wide, the paper being 
2 feet 6 inches wide, and costing 3s. 6d. a yard, the workman alsa 
charging a farthing for every square foot ? 

6. If the painting of the walls of a room 20 feet 3 inches long and 
4 feet 8 inches broad cost £2 3s. 7|d. at 7^d. per square yard, what 
is the height of the room ? 

7. A room is 14 feet 6 inches high, 20 feet wide, and 22 feet long. 
What will be the cost to cover it with paper 2 feet 6 inches wide, 
whose price is lO^d. a yard? Allow 8 feet by 5 feet 3 inches for each 
of two doors, 6 feet 6 inches by 6 feet for a fireplace, and 12 feet by 
§ feet 7 inches for one window. 

XXVI 

1. What is the solid content of a cube whose edge is 6 feet 6 inches ? 
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2. How many cubes of 2^ inolies in the edge can be cut from a 
cube of which the edge is 27 inches ? 

3. How many cubes whose edges are f inch long can be contained 
in a box of which the base is 18 square inches, and the depth 7-^ 
inches ? 

4. What length must that solid be to contain a cubic foot which is 

8 inches broad and 3 inches wide ? 

5. If a solid parallelepiped contain 100 cubic yards, and its base 
contain 100 square feet, find its height. 

6. How many cubic yards of earth were dug from an excavation a 
mile and a half long, 30 yards wide, and 24 feet deep ? 

7. What is the number of cubic feet and inches in a piece of 
masonry 9 feet 3 inches long, 11 feet 5 inches high, and 3 feet 2 inches 
thick ? 

8. Find the length of a solid whose thickness is 1 foot, breadth 
18 inches, and solid contents 3 cubic feet 216 inches. 

9. What must be the length of a trench which is 5^ feet deep and 
9^ feet wide, in order that the entire excavation may contain 7,040 
cubic feet ? 

10. A rectangular cistern whose length is 13|^ feet, and breadth 
6 feet, contains 294? cubic feet. What is the depth ? 

11. How many bricks will be required to build a wall 20 yards long, 
7^ feet high, and 13 inches thick, supposing a brick to be 9 inches 
long, 4 wide, and 3 thick ? If there be in the wall a doorway 6 feet 
4 inches high and 4 feet wide, how many bricks less would be 
required ? 

12. A chest is 6 feet 2 inches long, 3 feet 4 inches wide, and 2 feet 

9 inches deep, and is composed of boards 1^ inch thick. Find the 
quantity of wood used, the contents of the chest, aiid the difference 
between its external and internal surfaces. 

XXVIL 

1. If a cubic foot of wood weigh 121b., what is the weight of a 
beam whose length, width, and depth are 24, 2f , and 2^ feet ? 

2. The weight of a cubic foot of Portland stone is 156 pounds ; 
find the weight of the first stone of the Fitzwilliam Museum, at 
Cambridge, the mean dimensions of it being: length 7 feet, breadth 
3 feet 9 inches, and thickness 2 feet. 

3. What is the weight of a block of stone 12 feet 6 inches long, 
C feet 6 inches broad, and 8 feet 3 inches thick, when a block of the 
same stone 5 feet long, 3 feet 9 inches broad, and 2 feet 6 inches thick, 
weighs 7,5001b. ? 

4. Find the weight of a rectangular vessel of iron an inch and 
a haK thick without a top, the vessel being 10 feet 8 inches long, 8 
feet 4 inches broad, and 5 feet deep, supposing a pound weight of iron 
to have a bulk of 4 cubic inches. 
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5. How many cubic feet of lead one^eighth of an inch thick would 
be required to line a cistern whose length, breadth, and depth are 7 
feet 10 inches, 6 feet 3 inches, 3 feet 4 inches ? 

6. A cubic foot of copper weighs 4cwt. 3qrs. 241b. 4oz., and can 
be drawn into a wire 1 mile 3 furlongs 5 poles long. Find the weight of 
copper requisite for a single wire of 50 miles. Find also the area of 
a section of the wire. 

7. How long is an iron bar that contains a oubic foot of iron when 
its breadth is ^ of an inch, and thickness is ^ an inch ? 

8. Find how many square yards a cubic foot of gold would cover 
when beaten out y^^g^^ of an inch thick, and show that its extent 
is greater than ^-7, but less than ^y of a square mile. 

9. If gold can be beaten out so thin that a grain will form a leaf 
of 56 square inches, how many of these leaves will make an inch 
thick, the weight of a cubic foot of gold being lOcwt. 95lb. Avoir- 
dupois ? 

XXVIIL 

1. If 6 men earn £7 6s. 3d. in 7^ days, how much will 10 men 
earn in llf days? 

2. If 4 men earn £4 7s. 6d. by working 5 days of 10 hours each, 
how much would 7 men earn in 3 weeks working 8 hours a day ? 

3. If 7 men and 10 boys earn £6 a week, and 3 men and 5 boys 
earn £11 in 4 weeks, in what time will 5 men and 4 boys earn £14 ? 

4. The wages of A and JB together for 7^ days amount to the same 
sum as the wages of A alone for 12^ days. For how many days will 
the sum pay the wages of B alone ? 

5. If 3 men do as much work as 5 women, and 2 women as much 
as 5 children ; divide between 9 men, 1 1 women, and 6 children a day's 
wages amoQBting altogether to £3 5s. Id. 

6. The wages of one man, one woman, and three children amount 
to 30s. per week. The man and one child earn together 4 times as much 
as the woman. The man and three children earn 5 times as much as the 
woman. Find Ihe wages of each. 

7. If 20 men, 40 women, and 50 ofaildren receive among them £350 
for 7 weeks' work, and 2 men receive as much as 3 women or 5 
children, what sum does a man, a woman, and a child receive 
weekly? 

8. Three men are employed on a wwk, working respectively 8, 9, 
10 hours a day, and receiving the same daily wages. After 3 days 
each works one hour a day mere, and the work is finished in 3 days 
more. If the total sum paid for wages be £2 7s. 6^., how much of it 
should each receive ? 



1. If 100 men can perform a piece of work in 30 days, how many 
men can perform anothw piece of work thrice as large in one-fourth 
part of the time ? 



2. If 5 men or 7 women can do a piece of work in 37 days, how 
long will a piece of work twice as great occupy 7 men and 5 women ? 

3. If 12 men and 9 boys do a piece of work in 25 days, find how 
many men, assisted by an equal number of boys, would be required to 
do the same in 9 days, supposing 2 men to do as much as 3 boys. 

4. If 3 men, 4 women, 5 boys, or 6 girls can perform a piece of 
work in 60 days, how long will it take 1 man, 2 women, 3 boys, and 
4 girls, working together ? 

5. Men, women, and children are employed to do a piece of work. 
A man can do twice as much as a woman, and 6 times that a child ; 
8 women and 18 children can do the work in 40 days. How long 
would it take 10 men to do it ? 

6. Three men and two women take three days to do a piece of 
work which four women and three boys can do in 5 days, and one man 
does as much as three women in the same time. How long would it 
take a man, a woman, or a boy to do^e work alone? 

7. If 5 men and 2 boys can complete a piece of work in 6 days 
which 5 boys and 2 men will complete in 12 days, how long would a 
single man or boy take to complete it by himself ? 

8. If €L man can do treble, and a woman double the work of a 
boy in the same time, how long would 9 men, 15 women, and 18 boys 
take to do double the work which 7 men, 12 women, and 9 boys corn* 
plete in 250 days ? 

9. K 6 men and 2 boys can reap 13 acres in 2 days, and 7 men 
and 5 boys can reap 33 acres in 4 days, how long will it take 2 men 
and 2 boys to reap 10 acres ? 



1. Two persons, A and B, finish a work in 20 days, which B by 
himself could do in 50 days. In what time could A finish it by him- 
self? How much more of the work is done by A than by B ?. 

2. A alone can do a pieoe of work in 11 days, and B alone can da 
it in 17 days. How long would they take to do it together ? 

3. A and B dosL pieoe of work togeihex in 6 days, and B can do a 
fifth of the same in a day and a half. How long would each be in doings 
it alone ? 

4. A and B can build a wall togedior in 12 days, A and C in 15,. 
j5and<7in20. In how many days can they do it (1) working all together; 
(2) each workihg separately ? 

5. A and B can do a pieoe of work alone in 35 and 18 days respec-^ 
tively ; they work togedier at it for 3 dajrs, when B leayes, but A con- 
tinues, and after 3 days is joined by (7, and they finish it together 
in 4 days. In what time would C do the work by himself? 

6. A and B can perform a work in 7 days, A and (7 in 8 days, 
and A,By and Cm 5 days. In what time can B and C perform it ? 

7. A does f of a piece of work in 4 hours, B does f of what remain* 
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in 1 hour, and C finishes it in 20 minutes. How long would they 
have been in doing the whole if they had worked together ? 

8. If A can perform a work in 9 days, B in 10, and (7 in 11, in 
what times could A and B^ A and (7, and B and O respectively com- 
plete the work ? 

9. A^ Bf and C can each complete a certain work in 9, 12, and 18 
days respectively. If A and B work together for 2 days, and A and 
C afterwards for 2 more, how long will ^ and C working together take 
to finish the work ? 

10. If ^ can do as much work in 5 hours as B can do in 6 hours, or 
as C can do in 9 hours, how long will it take A to complete a piece of 
work, one half of which has been done by B working 12 hours, and G 
working 24 hours ? 

11. If ^ in 2 days can do as much work as Cm 3 days, and^in 5 
days as much as (7 in 4 days, how long will B require to execute a piece 
of work which A can accomplish in 6 weeks ? 

12. Aia twice, and B is just one and a half times as good a work- 
man as C, The three work together for two days, and then A works 
on alone for half a day, and B for one day. How long would it havo 
taken A and C together to complete as much as the three will have 
thus performed ? 

13. If ^ can by himself perform a certain quantity of work in 5 
days, B twice as much in 7, and C 4 times as much in 11 days, 
in what time can A^ B, and C together perform 3 times the original 
quantity ? 

14. A can do as much work in 2 days as ^ in 3 days, and B 
as much in 4 days as (7 in 5 days. In what time could A, B, 
and C together do a piece of work which A can do in 11 days? 

XXXI. 

1. If a cubic foot of water weigh 1,000 ounces avoirdupois, find the 
number of grains Troy in a cubic inch of water. 

2. A rectangular tank is 13 feet 6 inches long by 9 feet 9 inches 
wide. How many cubic yards of water must be drawn off to make tho 
surface sink 1 foot ? 

3. How many tons of water will a cistern contain whose length, 
breadth, and depth are respectively 18 feet 8 inches, 10 feet 4 inches, 
and 6 feet 9 inches ? What is the amount of pressure of the wator on 
the bottom of the cistern ? 

4. If 13 cubic feet make 81 gallons, how many hogsheads will 
be contained in a cistern 42 feet long, 39 feet broad, and 10^ feet 
deep? 

5. A cistern is f full of water, and after 85 gallons are drawn 
off it is found to be f fall. How many gallons does it contain ? 

6. Two equal wine-glasses are filled with a mixture of spirit and 
water, one containing 3 parts of water and one part of spirit, and tho 
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oilier 4 parts of water and 3 parts of spiiit. When the contents of the 
two glasses are mixed in a tumbler, find how many parts of the whole 
mixture are wine and water. 

7. Four gallons of wine and one of water are poured into a 
vessely and one gallon of the mixture is poured out into a second vessel; 
then one gallon of water is poured into the first vessel, and the process is 
performed four times. Determine the quantity of wine in each vessel. 

8. If a cubic foot of atmospheric air weigh an ounce and a 
quarter under the ordinaxy pressure, what would be the weight of 
-air contained in a room 30^ feet long, 20^ wide, and 1(4- high ? 

9. If the pressure of the atmosphere on a square inch at the sur- 
face of the earth be about 14 pounds 11 ounces avoirdupois, what is 
the pressure on a square foot and on a square yard ? 

10. What is the pressure on a square foot at the bottom of a 
pond 20 feet deep, if the weight of a cubic foot of water be 1,000 
ounces ? If the pressiire of the atmosphere be taken into account, 
what is the total pressure ? 

11. If the weight of a cubic foot of water be 1,000 ounces avoir- 
dupois, and mercury be 13^ times as heavy as water, find the height 
of a column of water which shall be equal to the pressure of mercui*y 
in the barometer when it stands at 30^ inches. 

xxxn. 

1. If a vessel of water be emptied in 5 hours through a spout A, 
and in 3 hours through a spout £, in what time will it be emptied 
through both spouts together ? 

2. If a cistern when full of water can be emptied in 15 minutes by 
a pipe, and when empty can be filled by another in 20 minutes ; if the 
cistern be full, in what time can it be emptied by both pipes being opened 
at the same time? 

3. If a pipe which conveys If gallons in a minute, lower the sur- 
face of water in a tank 1^ inches in 45 minutes, in what time will 
a pipe which conveys 4 gallons in a minute lower the surface 5 
inches ? 

4. A cistern is filled by two spouts in 20 minutes and in 24 minutes 
respectively, and emptied by a tap in 30 minutes; if the cistern be empty, 
what portion of the cistern will be filled in 15 minutes, when all three 
are opened together? 

5. A cistern has 3 pipes, A, £, C; A will fill it in 3 hours, B will 
fill it in 4, and C will empty it in 1 hour. The cistern being empty, 
these pipes are opened at 1, 2, and 3 o'clock respectively. At what time 
will the cistern be full or empty, and which ? 

6. In what part of a day will four fountains, being opened to- 
gether, fill a cistern, which if severally opened, they would each fill it 
in one day, half a day, the third and the sixth part respectively ? — 
(Zilavati). 
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7. Translate and solve the problem : — 

Ka2 (rr6fJLaf kolL rh Bivap h^^irtpQ^ ir^^f* 
WJi^ tk Mpin^a Iv* ^^<r% h^iw SfAfia, 

KaL Afti^ TfiWffots, Kai vtcrvip€ir(n $4ifap : 
"Apicioi^ c| &pcus w\^(rat ffrS/jLo, ^i 8'&/ia irdifTa, 

Kal ffrdfia, koX yX^vcu ical Bivap, hvl vSirots* 

TCXXTTT. 

1. If one person take steps of 29 incites eaek and anoilier persos 
steps of 31 inches ; if the latter take 59, and the former 61 in a minxite ;' 
what is the difference of time between each person walking a mile? 

2. A and B walk to meet each other from two places 100 miles 
distant. A walks 6 miles an hour and B 4 miles an hotxr. At what 
point on the road do they meet, and at what two. tiaaes are thej 50 
miles apart from each other ? 

3. How long will a column of 10,000 men, 4 deep^ require to march 
through a defile of 5 miles at the rate of 75 paces of 2 feet eaeh in one 
minute, supposing each rank of 4 men to oceupy 20 inches in depth ? 

4. If two trains be moving in cc^nlarary directions at t^e rate of 30 
miles an hour, and each of than be 88 yards long, how long will they 
take to pass each other ? But if one of the trains 88 yards long was 
moving 30 miles an hour, and the other 120 yards long was moving* 
40 miles an hour, find the time in which they would pass one another. 

5. Two trains 100 yards and 150 yards long respectively, are 
moving in the same direction at the rates of 30 and 40 miles an hour. 
In what time will one pass the other ? 

6. If sound travel through air at the rate of 1,130 feet per seeond^ 
through water at 4,700 feet per second, and through land at 7,000 feot 
per second, in what times could sound be transmitted a distance of 6 
miles through each of thoso media ? 

7. A person saw the flash of a gun fired from a ship at sea distant 
a mile and 480 yards, and 5 seconds afterwards saw the flash of another 
gun fired from another ship in a line between the first ship and him* 
self, and two seconds still later heard two reports simultaneously. Find 
the distance between the ships. 

8. A person shooting at a target at a distance of 500 yards hears 
the bullet strike the target 4 seconds after he fired. A spectator equally 
distant from the target and the shooting station hears the shot strike 
2J seconds after he heard the report. Find the velocity of sound. 

9. If the velocity of electricity be 288,000 miles per second, what 
time would it take to travel round the earth, whose eiroumference is 
about 24,900 miles? 

10. While Eoemer was engaged in obserring the eclipses of Jupi- 
ter's satellites, he found that when Jupiter was in opposition the 
eclipses happened 8' 13" earlier than they should according to the 
astronomical tables, and when Jupiter was in conjunction these eclipses 
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happened 8' IS'' later. Find flie velocity of liglit if the radius of the- 
earth's orbit he 93,000,000 miles. 

11. Two cogged wheels, of which one has 16 cogs and the other 
30, work in each other. If the first wheel turn 18 times in 10 seconds,, 
how many times will the other tnzn in 25 seconds? 

12. If two bodies move in the circumference of a circle, the swifter 
making a* revolution in 5 hours and the slower in 9, supposing they 
start from the some point, when wiB one overtake the other ? 

13. The periodic times of four bodies being 24, 22, 20, and 1^ 
days respectively, in what times after leaving a conjuBctioxi will they 
all be again in conjunction, and what number of revolutions will each 
have performed ? 

XXXIV. 

1. A clock is set at 12 o'clock on Saturday night, and at noon on 
Tuesday it is 3 minutes too fast. Supposing its rate regular, what will 
be the true time when the clock strikes 4 on Thursday afternoon ? 

2. Find the different times at which the hour and minute hand 
of a clock are in conjunction, in opposition, and at right angles to 
one another, between noon and midnight.. If the hands were alike, 
at what times of the day might they be mistaken the one for the 
other ? 

3. The seconds hand of a watch revolves about the same axis as 
the hour and minute hands. Determine all the positions in which 
the three hands are together, in the same straight line, and at right 
angles, daring one revolution of the hour hand* 

4. If a watch be 4 min. 8 ^ sec. too slow at 9 hrs. 30 min. a.m. 
on Tuesday, and loses 2 min. 45 sec. daily, what will be the time 
indicated at 5 hrs. 15 min. p.m. on the following Friday ? 

5. A watch which is 10 minutes too fast at noon on Monday 
loses 3 min. 10 sec. daily. What will be the time indicated by tbo 
watch at a quarter past 10 on the morning of the following Saturday ? 

6. What is the magnitude of the angle between the hour and 
minute hand o£ a clock at i past 11 ? 

7. It is between 2 and 3 o'clock, and the hands of the clock aro 
equally inclined to the vertical on opposite sides. In what time will 
they be inclined to the vertical again on opposite sides ? 

8. A watch set accurately at 12 o'clock indicates 10 minutes to 5 
at 5 o'clock. What is the exact time when the watch indicates 5 o'clock ? 
If it indicated 10 minutes past 5 at 6^ o'clock, what would be the exact 
time when the hands indicated 5 o'clock ? 

9. One clock gains 2 minutes in 3 days, and another loses 6 
minutes in 7 days ; if they were set right at 12. noon to-day, when will 
their times differ by a quarter of an hour ? 

10. Two clocks begin to strike 12 together; one strikes in 35 
seconds the other in 25. What fraction of a minute is there between 
their seventh strokes ? . 



RESULTS, HINTS, ETC., FOE THE EXEECISES. 

Abstkact Fractions. 
I. 

1. Art 1. 2. Arts. 1, 9. 3. The improper fractions are given. 4. 
i?i^±5 « 4+3+2 - 9, I?21?2ii=4x9x6 = 216, and 9 = JL of 216. 6. Art. 

11 and note. 6. Art. 12. 7. Art 13, note. 8. Art. 15 and note. 9. Art. 10 
and note. 10. Arts. 15, 16, and note. 11. Art. 16. 

12. The numbers which are aliquot parts of 12 are 1, 2, 8, 4, 6. Thus 1 is -^ of 
12, 2 is ^ of 12, 3 is i of 12, 4 is } of 12, 6 is i of 12. The other numbers less than 
12, namely, 5, 7, 8, 9, 10, 11, can be divided into two or more aliquot parts. 



Thus, A„±4.1.«l4.1ofl. 
12 12^12 3^4 3 

12 12^12 2^6®' 2 

12 12'^12"2'^3 2' 



12 12^12 2^2^^ 2 
10 ±,± 1,1 
12"l2"^12"2"^3' 

12 12^12^12 2^4^6 



It may also be noted that the aliquot parts of 20 and of 100 are much employed 
in calculations connected with mercantile transactions. 

II. 

The following are the fractions in the lowest terms found by dividing the 
numerator and denominator of each fraction by their greatest common measure 
respectively : — 

11 55 4^ 65 1809 60 2993 23 19 131 276 8 7 18 ^ 10996 , 
20* 64' 69' T "360^ 77* 332l' 33* 84* 191* 397* 9' 9* 14* 211* 34661 
11761 

122387* 

III. 
The following are the fractions as required: — 

16 16 12 12 10? 106 105 420^ 420 . 420 

4680 2457 2912 ^^^ 5544 . 2376 2475 1760 ^ , 2880 
6562' 6662' 6662 6662* 3960' 3960' 3960 3960 

2. ?andl: A.l?andl: ??.l?. AandA; ±0 1^, iL and il : 
9 9 18' 18 18 36* 36' 36 ^86 100' 100' 100 100 

160 375 175 16 ^^ 8 



1000' 1000' 1000' 1000 1000 

8. iland-2?_: i^^and^: ^ i?andii: 1^ ii ^ and -5?- 
100 100 60a 600 600 72' 72 72 168' 168' 168 168 

120 100 82 210 ^^ 75 



240' 240' 240. 240 240 



f 



IV. 

1. ^. 2. 1^. 3. 7J?. 4. 65t%. 5. 1^1- 6- 7^. 7. 2|. 8. 5^^. 9. 
H^. 10. 466Hi. 11. 1«. 12. 4y^.. 13. 306H. 14. 8586iV 15. 33JH. 
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10. tm- 17- Cim- 18. 1. 19. 261f 20. H. 21. 1^. 22, _115ilSU_. 
23. 4S^. 

Note. — ^The four fractions in example 18 may be more readily added together by 
resolving the denominators of the fractions into their prime factors. 

Here -I-+-|?-=_l« 1 1+2? | 626 ^ 

2431^2717 11X13 U7^19/ 11x13x17x19 

And _^ , ?li? 1 \ 589 8U6 ) 45563 

3563"*"4199'' 17X19 ( 11 "*" 18 i "llXl8Xl7Xl9' 

Sum of the four fractions ■■ » a 1 

11X18X17X19 46189 ^* 

V. 

1. H. 2. 2^. 3. 1§4. 4. lOA. 5. 12*. 6. 122. 7. ^. 8. 238^- »• 
T^r. 10. 7A. 11. 42^. 12. 346^. 18. 21^. 14. 234^. 15. 1969^*. 

VI. 

1. f 2. ^. 3. }. 4. f 5. 1^. 6. 3i. 7. 252. 8. ^ir. 9. 17133795V. 10: 

^. 11. ^^. 12. VV. 18. 4^*^ 14. 1. 15. 4H. 16. 193^. 17. 3460^. 18. 

115*^. 19. A. 20. :^. 21. 1788*. 22. liM»5 ^. 23. 100002^^^- 24. 
90909090 ^f. 

VII. 

1. ^. 2. 3f . 3. ^. 4. IJ. 6. A. e. 1}*. 7. 2tV 8. If. 9. 1. 10. %j\. 

ll-2mii. 12. 8fH. 

VIII. 

1. Art. 12, note, ^ is greater than ^|, and f| is greater than {I. 

2. W, Vt', W. 8. Atlipart. 

4. Their relative magnitudes will be obvious when the fractions are reduced ti 
the same denominator. 5. Art. 7. 6. Art. 12, note. 

7. If 3 be added to the numerator and denominator of the proper fraction j\ 

It becomes -lit— or — or -t 
12+3 15 3 

And I is greater or less than ^ 

According as -^ is greater or less than •^. Art. 12. 

But -^ is obviously greater than •^. 

It follows that "^ is greater than 1, 
12+3 ® 12 

or that the proper fraction ^ is increased by adding the same number 3 to its- 
numerator and denominator. 

In a similar way it may be shewn that the proper fraction ^ is diminished by^ 
subtracting the same number 3 from its numerator and denominator. 

The remaining examples 8, 9, 10, 11, 12, offer no difficulties. . 

With respect to Ex. 12 see Art 7. 

IX. 

1. Reduce to single fractions and find the sum. 2. The result is 484|^. 3. 
-Ns' ^. Tii?. ^. ^® ^^ of ^® fractions is ^ : and the lowest fraction required 
with denominator 1000, will be next greater than -fr, which will be found to be -^^. 
7. a. 8. 6f^. 9. \% excess, |f of 7. 10. 300. 11.^ can be subtracted 11 time& 

A K ^ 

from }JJ, and leaves a remainder ^. 12. 3+5+7"»15, and 77+77+?5 '■^' 
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X. 

I 

1. V^^XA- 2. The difference is ^^; the product 1. 3. J. 4. lOyV 5. 
-if 1^1- 6- tt» 7. The quotient is greater than the product. 8. ■^, 9. 99^^, 
10. Tii^. 11.1. 

' 2448"'l+I+3+l+l+3+3+-13 ' ' 8' 7* 9» 16» 67* 

XI. 
i. 2HI^. 2.11830. 3. IJ^. 4. 2|^ 6. ^J^,. 6. ««. 7. AU- 

XII. 

The operations indicated in the first four expressions offer no difficulty. 

^ rrn. . . . 1 *4. 2.13 23.29 3.37 

5. The expression is equivalent to ■ • x 



3.3.37.28.29^4.11.7^2.6.13. 
6. Tlie left side of the expression can he put under the form — 

Ijg. } 1 3 8 1 ) 

[10.IJ5 (ll.Z2.18'^11.12.36 11. 3a. 37 36.37.38 i 

And _JL_+_J ^[^+^] ?^— . 

11.12.13^11.12.36 11.12 ilS 12) 11.12.13.12 

25 3 _ 1 (• 25 1 •) 1081 

11 . 12. 13. 12"*"ll. 36. 37 11. 12 C 18. 12"^37 i 11 . 12. 13. 12. 37* 



1081 



1 C 3243 1 ] _ 124950 

1. 37 Ul . 12. 13 38 i 11. 12. 13. 36. 37. 



11.12.13.12.37 '36.37.38 36.37^11.12.13 38) 11.12.13.36.37.38 

49.50.51 
""11.12.13.36.37.38 

Therefore J^ 49.60.51 ^J51_ 

[10. |35 11.12.13.36.37.38 U3.|38 
7. See Art 11, note. 



OONCBETE FbACTIONB. 



XIII. 
1, 2, 3. Art. 17, and note. 4. The direct and converse. 6. £2 IDs. 5^fd. 6, 
1^§. 7. « andji. 8. «. 9. JM- 10- A of 1 guinea. 11. £f , and 3^^. 
12. m. 13. The direct and converse. 14. ^ of estate —£1003 178. 6d.: 
ii^»£200 158. 6d., and 1^ or whole estate =£3413 3s. 6d. 

XIV. 

1. Art. 18. 2. £5 128. 4Jd. 8. £7 14s. 5Jd. 4. £140 lOs. IIH^ 5. 
£54 2s. 24d. 6. HI of 1 guinea. 7. VtIM^ of £100. 8. £1 10s. 6d. 9. i^ of half 
a sovereign. 10. i\ of £1. 11. ff^ of a crown. 12. ^ of a crown. 13. Re- 
jimiuing share -^ and its value £3080. A received £2 6s. lOd., and B £2 Is. 8d. 

XV. 

1. See on Multiplication and Division of Concrete integers. 2. ^ of £la> 
£1 12s. ll-fr<^. 3. The shorter course is to add i of the sum to tliirteen times the 
sum. The result is £89 6s. l^d. 4. 164083i. 6. Hl§ of £1. 6. £5 Is. l^^d. 7. 
26^i^s. 8. The quotient 9|^| indicates the number of times the latter sum is con- 
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tallied in tbe former, ^en hoQi sums are expressed in tihe smm nnits. 9. The 
difference is contained 4fff times in the sam. 10. ^V of 1 guinea is equal to Is. 7^^ 
11. 998^^^, on ai»tract number denoting the number of times the less sum is con* 
tained in the greater. 

12. Here 17s. 6d. is equivalent to 840 farthings, and 25 new to 24 old farthings, 
and 1 new is f| of one old farthing: 840 new«f^x840«806f old farthings. 
840-806|=33f old farthings loss per week. And 83^X52=1747^ farthings ■= 
£1 163. 4^. loss yearly. 

XVI. 

7 

1. £34 8s. 4}d. 2. £1 gives Is. 2d. «r^ ^^ ^' ^^ f^^^ ^V» or 5^ per 

v X ^ 

cent. 3. First one halfpenny is the gain on three halfpence, the gain is J of the 
capital, and the gain on £100 is £33^, or 13 J per cent. 

Secondly, one halfpenny is the gain on four halfpence, the gain is \ of the capital, 
and the gain on £100 is £25, or 25 per cent. The difference is 8^ per cent. 

4. £100 bequeathed gives £90 to legatee, or he receives £90 for 100 bequeathed, 
and £1 for ^, and therefore, £1000 for 105^22, or £1111^ the sum to be bequeathed. 

5. First prime cost 8s. 6d. or £^ gives 4id. gain : £1 gives ^fs, gain, and 

£100 gives -- — ~ or £10^ gain, or lOiJ^ per cent. 

/ X Zv 

Secondly, 3s. lOid., or £^, gives i^(L loss, and £1 gives ^^. loss, and therefore 
£100 gives ^f^ or £9f t loss, or 9^\ per cent. 

6. 33^ per cent 7. ^ of £1. 8. Neither gain nor loss. 9. With £4J gain, 
the prime cost is 100, and £4i is contained ^ times in £47 14s. Hence £47 14sw 
^ves 4^X100=£530, the prime cost 10. 21|s. 11. 2s. llHd. 12. 10,^s. 

12. Let 1 denote wholesale price to the retailer, who makes a profit of 25 per 

<5ent 

Then 1+4^.-1 + t or 5 -ifls. 
100 4 4 

therefore l«5^«12^s. 

Next, let 1 denote the maimfaotiirer's price to the wholesale dealer, who makes 

a profit of 15 per cent, 

Then l4-i^ =l4-Aor ??=12^. 
^100 ^20 20 ^ 

therefore 1 =?i^«llAs. 
23 ^ 

Thirdly, let 1 denote the original cost of the article to the manufacturer, who 
makes a profit of 10 per cent. 

thereforel=fxl?-^=10/As. 

Or the cost to the manufacturer is lO^s. 

XVII. 
1. A franc, lOd. -|s. =£A*tt^ of 1 guinea. 2. 1 guinea «604- 6 =498 half, 
pence : and 1 franco 19 halfpence. As 498 and 19 are prime to each other. The 
L.C.M.« 19x498. Hence 19 sovereigns, or 498 francs, are the least numbers of 
these coins that can be exchanged. 8. 25714^ francs. 4. 857 If rupees. 5. 
10 scudi=52i francs, and 1 scudi- V of 1 franc ; 20 francs « 16s., and 1 franc = J of 
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Is.; 4|s. =-12 carlini, and Is. — H^^ 1 carlini. Hence 1 ftcudi—V o^ i^^ H^^ 
1 carlini, and therefore 600 scudi«500X V X|XH-^048 carlini. 6. 705^^ carlini. 
7. 620^ thalers. 8. 100 francs. 9. £6 in London is equivalent to 85 marks ii» 
Hamburgh. 

XVIII. 

1. 17s. 6^^^%d. in the pound, and they lose iHti of t^^ir debt. 2. He losea 
ii of £5342 5s. 8. i lost, whole debt £120 8s. 4^. 4. The creditors lose ff^ part. 

The whole debt was £2440. 6. £178 Is. 6d. 6. £810, £621, £729. 7. £^^J*' 

o 

£i3, £rril. Each receires Z9^ per cent, of hia debt. 8. First, £664 was to gain 

£166, or i of the capital ewployed, which is £25 in the £100, or 25 per cent. 
Secondly, £830 lost £166, or i of the capital employed, or 20 per cent. 9. By 
dividing £195 into three parts, ^\, ^^, and ^|. 10. £180, £320, £500. 11. 
Heie i+J+^«Vir+-^+A"*iiof the whole, of which -^ share is not assigned. 
The gain £125 for their share must be deducted from £1,500, which leaves £1,375 to 
be divided. Their three capitals are denoted by 6, 3, 2, and the first takes 7. per 
cent, on his 6, the second 5 ])er cent, on his 8, and the third 3 per cent, on his 2 ; 
and the sums of these 42+15+6 = 63, orf+y\+^=l, which gives the shares of 
the gains £916J, £327^, £130|^. 12. £200x16^, £200X37i, £200x53^^, 
£200X63J^. 

XIX. 

1. The questions are one the reverse of the other. 2. £333 6s. 2^. 3. 5/^dwts. 
of pure gold. 4. The supposition gives 96 grains of pure gold, neglecting the alloy. 
5. 8J out of 100 parts, or 8J per cent. 6. The true weight of a sovereign is 5dwts. 
2igrs. The loss on 100 light sovereigns is to be calculated on the supposition of a 
loss of IJd. on £3 17s. lOJd., the value of one ounce of standard gold. 7. Neither 
gain nor loss. 8. lOlbs. of jewellers* gold consists of 5§lbs. of pure gold, and 4|lbs. 
of alloy, of which alloy |^ of lib. added to 5^1bs. jrare gold, makes 6^1bs. standard 
gold ; the rest of the alloy, 3-]^lbs., is neglected. The question now requires the 
price of 6^1bs. of standard gold at £3 17s. lO^d. per ounce. 9. 17 carats pure gold 
implies 7 carats alloy, 2iJ ounces of pure gold. 10. The sum of £3 17s. lOJd. 
could have paid £4 13s. 6d. in 1815 ; but in 1821 the depreciation was 15s. 7id. on 
£4 13s. 6d., or ^ of £4 13s. 6d. Hence the depreciation on £100 will be £16|, or 
16§ per cent. 11. If the number of grains in one ounce Avoirdupois be divided by 
the number of grains in the weight of one sovereign, the quotient will give the 
number of sovereigns required. 12. The alloy in a sovereign is 10-^ grains. The 
difference wUl be the excess in value of 10f\ grains of silver at 5s. 6d. an ounce, and 
10 jV grains of copper at Is. 6d. a pound Avoirdupois of 7,000 grains. 

XX. 

1. 12dwts. 2. 5s. 3|d. 3. 8dwts. 11^1 giains of pure silver, and 1Z\^ grains 
alloy. 4. 51f ^ farthings. 

6. Supposing the value of the alloy neglected. 80 per cent of pure silver 
implies 20 per cent, of alloy, so that ■^+-^«»1> or ^+^=1. And if the unit be 
taken as one ounce, one ounce of alloyed silver is in value ^ of an ounce of pure 
silver, or 4s. And 15 times the value of one ounce of alloyed silver is £3, and £3 
is } of the value of 1 ounce of pure gold. But three parts of pure gold and one part 
of copper make up the ounce of alloyed gold. } of an ounce of copper, or 25 per 
cent., must be mixed with 75 per cent of pure gold. 

6. Estimating the coins by the pure silver in them, 1 sestertium>B250x 54 grains 
of pure silver, and )^ of 20 X 24 grains » 37 X 12 grains, which are worth 58. 2d. The 
sestertium is worth £7 I7s. l^^d. 
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7. 61 § issued. 8. 12TVwt- o^ goW» 3^ of silver, aud 2^\ of copper. 9. "VN^eight 
of the sovereign 123J|^ grains, of the half-crown '215^^^ grains. 10. 80 shillings 
iind 5 grains over. 11. 88ff| grains. 

XXI. 
2. U of 18cwt. or ^ of one ton. 3. 1520 tons of ore. 4. 20i^lbs. and I7l|llis. 
5. £8607s. 2d. 7. 7liHi pence. 8. 11+100 -lll.-.-rVr + i^^l. The nnit is 
24cwt., of which 2^fcwt. is tin, and 21|^cwt. copper. 9. 75 per cent, of copper 
and 25 per cent, of tin. 10. 65|§^Ibs. of oxygen, 48TVWhs. of carbon, and 
T-i^^lbs. of hydrogen. 11. 7}^^ ounces of oxygen, 3^^ ounces of sulphur, and 
4^f^ ounces of calcium. 12. 15cwt. of nitre, 2c wt. of sulphur, and 3cwt. of 
charcoal. 

XXII. 

1. 44^ lineal inches, 44^ square inches. 2. 44^ cubic inches. 8. 1^ lineal 
inches ; 1^^ an abstract number. 4^ 1^ square inches ; 1^ lineal inches ; l/i/'- 
an abstract number. 5. The former is double of the latter. 6. 2J lineal feet. 7. 
-^ lineal foot. 8. The first quotient is 192 cubic inches, the second 192 square 
inches, the third 192 lineal inches, and the fourth indicates that 9 cubic inches is 
contained 192 times in a cubic foot. 9. The difference is 884|f square yards. 10. 
306i square feet. The quotient 9 gives the number of times the latter length is con- 
tained in the former. 11. 21^ inches. 12. 452f square feet. 13. Meadow and 
arable is i+i«^, the rest i^=l acre, 3 roods, 26 poles =306 poles, and ^=18 
poles. . *. ^ or i=144 poles, meadow : and ^ or | = 270 poles, arable. 

14. Here 600+350+800+160-1810 .-. tyV+A\+TA+T¥r=l. In this case 
the unit is 200 acres, .*. -ff^ •f 200 acres — SS-iVyj the allotment to the possessor of 
the rental of £500 a year. In a similar way the rest of the allotments may be found. 

XXIII. 

1. The length of the measuring rod is 28^ inches, and is contained 98^^ times 
in 77 yards, which is not so near 99 times as by ^^ in defect. The distance, there- 
fore, which approaches nearest to 77 yards is 99 times the length of the measuring 
rod. 2. 1^ inch. 3. -^ of an inch. 

4. 5 plethra=124 toises, 1 plethi-a=-2.f^ toises. 
9 toises =17 metres, 1 toise =-'9^ metres. 

35 metres = 39 yards, 1 metre «ff of 1 yard. 

Hence 1 plethra=i|i of ^ of || of 1 yard. 
1575 plethra=i-\^iXJ^XY^XH=82212 yards. 

5. 34.44.5«i2, i+i+iV = l- The unit is 492 yards. Hence J, J, and -jt of 
492 yards are respectively 123, 164, and 205 yards, 6. If the error be in defect, the 
apparent length is 502 yards, and 24 J inches over. If the error be in excess, the 
apparent length is 499 yards and 3| inches over. 7. 5 J miles is t^Vt of the earth's 
diameter. The height of Mont Blanc above the surface of a globe of 16 inches 
diameter is represented by ttWt? ^^ ^^ ^^^^f ^^ between ^ and -j^t of an inch. 
The height of Kunchingunga above the surface of a globe of 30 inches diameter, is 
represented by ttVTWV ^f an inch, or between -^^ and -j^ of an inch. 

XXIV. 

1. 94^\: square yards, 847| square feet, 10174 square inches. 2. 429 yards. 3. 
9 J yards. 4. 10/^"j feet wide. 5. 280 plots each l|f foot wide. 6. 266 J 
yards. 7. 1772J square yards. 8. 28i planks. 9. 199^§i yards. 10. 25 yards. 
11. 1036500 stones. 12. 136| yards of paper. 

XXV. 
1. £30 2s. 9id. 2. 14s. lO^^^d. per yard. 3, 10 feet high and 16 feet broad. 
4. 16 feet broad. 5. £15 14s. 3Hd. 6. 6t% feet high. 7. £5 17s. O^d. 
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XXVI. 

1. 366i cubic feet. 2. 1728 cubes. 3. 320 cubes. 4. 6 feet long. 6 16 yard»- 
6. 633600 cubic yards. 7. 334^ cubic feet. 8. 2tV feet long. 9. 960 feet long. 
10. 3| feet deep. 11. 7,800 bricks. 12. The content of the chest is 56^ cubic feet- 
Quantity of wood used 8^ cubic feet Difference between the external and internal 
surfaces of the chest 8^ square feet. 

XXVII. 
1. 19801bs. 2. 8190lbs. 3. The weight of a cubic foot of the stone is 160lbfi. 
The weight of the block 235,9601bs. 4. Supposing the internal dimensions given, 
the external dimensions will be 10ft. llin., 8ft. 7in., and 5ft. IJin. The vessc-l 
consists of 35fTVT ci^^^e feet of iron, of which 4 cubic inches weigh one pound Avoir- 
dupois. 6. The internal surfaee of the cistern is 143|^ square feet, and 17 JH eubit? 
fi:et of lead are required to line it. 6. 1 yard of wire requires /^ of lib. of coppeiv 
nnd 50 miles require 4,0001bs. The area of a section of the wire can be found by 
dividing the number of cubic inches of copper in the wire by its length. 7. 384 fret. 
8. 7617 5T square yards. * 9. 275625 leaves. 

XXVIII. 
1. Since six men earn £7 6s. 3d. in 7 J days, they earn 19s. 6d. in one day, an<l 
one man earns 3s. 6d. in one day. The 10 men will earn £1 15s. in one day, and ii* 
11 J days they will earn £20 lis. 3d. 2. Take an hour as the unit of time. 

3. Here 3 men and 5 boys in 4 weeks cam £11: 

therefore 3 men and 5 boys in 1 week earn £2}, 

and 6 men and 10 boys in 1 week earn £5-^. 

But 7 men and 10 boys in 1 week earn £6 : 

therefore 1 man in 1 week earns £i, 

and 3 men in 1 week earn £14. 

Whence 5 boys in 1 week cam £1|, 

and 1 boy in 1 week earns £\. 

AV^herefore 5 men and 4 boys earn in 1 week £3 J. 

But 5 men and 4 boys earn in some number of weeks, £14. 

The time required is 14-i-3J = 4 weeks. 

4. 18 days. 5. Let the work of one child be taken as the unit. Then the work 
of 9 men, 11 women, and 9 children is equivalent to the work of 71 children. Th& 
men receive £1 14s. 4id , the women £1 5s. 24d., and the children 5s. 6d. 

6. Let the wages of 1 child be taken as the unit. 

Wages of 1 man and one child are equivalent to the wages of 4 women. 

Wages of 1 man and 3 children are equivalent to the wages of 5 women. 

Hence the wages of 2 children arc equivalent to the wages of 1 woman, 

and the wages of 1 man is equivalent to the wages of 3^ women or 7 children. 

Therefore the wages of 1 man, 1 woman, and 3 children, are equivalent to the sum of 

the w^ages of 7 children, 2 children, and 3 children, or 12 children. 

But the amount of these wages of 12 children is 30s. 

The man's wages are I7s. 6d., the woman's 5s., the 3 children 2s. 6d. each. 

7. £350 for 7 weeks* work gives £50 weekly. 2 men or three women receive as. 
much as 5 children, therefore 1 man receives as much as f children, and 1 woman as. 
^ children. And 20 men receive as much as 50 children, 40 women as 66f children, 
and consequently 20 men, 40 women, and 50 children receive together as much as. 
166^ children in 1 week. £ach child receives £50-rl66}»6s. weekly. 1 woman 
^X6»10s., and 1 man ^X6 = 15s. 

XXIX. 

« 1. Here 1 man performs -g^^^ of the work in 1 day, and a certain number of men 
perform f in one day. Hence f-f-^^ij — 1200, the number of men. 
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2. Since the work of 5 men is equivalent to that of 7 women, the work of \ 
woman is denoted by ^ that of a man ; and the work of 7 men and 5 women will b« 
flenoted hy ^ip- work of a man. The number of days is 34-/^. 

3. The work of two men is equivalent to, that of 3 boys, and the work of 9 boys 
will be equal to that of 6 men, and therefore the work of 12 men and 9 boys vnXi be 
the same as that of 18 men. 1 man can perform ^^ of the work in 1 day, and the 
wofk of a boy as § of that of a man, or ^y in 1 day. Hence the work of 1 man and 
1 boy in 1 day is denoted by ^hi* The number of days is 80. 

4* 30^ days. 5. 28 days. 6. A man in 11 days, a woman in 33 days, nnd a 
boy in 38y*g days. 7. A man in 31 J days, and a boy in 252 days. 8. 360 days. 
9. 4 days. 

XXX. 

1. If the work be denoted by 1. Then A and P do 1 in 20 days, or ^ in 1 day. 
B does 1 in 50 days, or ^ in 1 day. Hence A does a\j~T^*'T^ ^ o^® ^^y» ^^^ 
l-rTOo=-^=33i days in which A could finish the work by himself. 

1 20 2 

And A does — in 1 dav, or in 20 days he does — or - of the work. 

60 " 50 6 

^does-i „ „ ^><^or? „ 

100 * 100 6 

2. A docs 1 in 11 days, therefore -^ in 1 daj^ B does 1 in 17 days, therefore 
■^ in 1 day. 

Then J+tV=tVt- And l-^^=-^ = 6^ days. 
Together they complete the work in 6^ days. 

3. A and JB do 1 in 6 days, and ^ in 1 day. B does ^ in IJ- days, and j^j in 1 
day. And A does ^-^^5=,^ : and 1^^«30 days, l^^^J^^^^, 

That is, A does the work in 80 days, and 5 in 7J days. 

4. A and 5 do 1 in 12 days, and -^j in 1 day ; similarly A and C do -j'y in 1 day, 
and B and C ^ in 1 day. 

1 1 1 ■ 1 
Then —a^-La.— or - is double of what A,B, C do in 1 daj', 

12^15^20^ 5 
and therefore A, B,Cdo— of the work in 1 day, 1-f — ^lO days, 

or, together, they finish the work in 10 days. 

Again - J-«5n5=i-, what C does in 1 day. 

^ 10 12 60 60 

— i.«r — -=— -f what B does in 1 day. 

10 15 80 30 

^"^asJ-, what A does in 1 day. 



10 20 20 20 
And A, B, C, separately, do the work in 20, 80, and 60 days respectively. 

5. A does 1 in 15 days, and tV ^ ^ ^*y- ^ ^^^^ 1 in 18 days and tV i" ^ ^'^^J* 

11 11 
.'.A and B together in 3 days do — |— or —-of the work. 

5 6 80 

and 1— --r^il of work remains to be done. 
30 30 

Here B leaves, A eontinues, and is joined by (7, who together finish the part 

left ]^ in 4 days. Of this A docs -^ in 4 days. 
30 *^ 16 

And 1?-- i«ll work left 
30 15 30 

Cdoesll in 4 days, or H in 1 day, l^^^^^^.lOi? days. 

That is, C could do the work by himself in 10|^ days. 
6. lOJf days. 7. 1 J hrs. 8. iU days, 4JS days, 5^ days. 9. 2 days. 10. 28 hra. 



40 

11.2 days' work of ^ = 3 days' work of C ; 

and 6 days' work of ^«4 days' work of C. 

, \ 8 days' work of -4 =12 days' work of C ; 

and 15 days' work of ^= 12 days' work of C. 

Hence 8 days* work of -4 = 15 days' work of B, 

and 1 day's work of il = J^ days' work of B, 

Therefore 36 days' work of A= ^ , or 67 J days' work of B, 

o 

or B vnll require 67i days to complete what A can perform in 6 weeks. 

12. 3^ days. 13. 2^^^ days. 14. 5 days. 

XXXI. 

1. 1728 cubic inches =1000 ounces Avoirdupois, loz. water ^Jylb. = "^° grains. 
Hence 1 cubic inch of water =|^x^^= 252^5^ grains Troy. 2. 4| cubic yards. 

3. Content of the cistem«—x—X—« 14x31x3 cubic feet. 

3 3 4 

1 cubic foot of water =1000oz. = ^— of 1 ton. 

16X112X20 

Therefore weight of water »^^><^^X^-><lQ±Q^^^><^^^^^-ggg^ = 36|i tons, 
® 16X112X20 8X8 64 

tkc pressure on the bottom of the cistern, which is at the rate 5^ tons on the 

square foot. 

4. 3402 hogsheads. 5. 120 gallons. 

6. Glass A contains 3 parts water + 1 part spirits =4 parts. 
Glass B contains 4 i)arts water + 3 parts spirit— 7 parts. 

^ of water + J of spirit «= 1, 

and 4 of water + 4 of spirit =» 1, 

therefore 1^ of water+i| of spirit =2. 

Or the mixture consists of 1^ of water, and ^ of spirit. 

7. The first vessel contains l|f § gallons, the second 2f|4 gallons. 8. 7945y 
ounces. 9. 21151bs. on the square foot, and nine times this pressure on the square 
yard. 10. 32661bs. 11. 17tV feet. 

XXXII. 

1 . ^ hour. 2. 8y minutes. 8. 60 minutes. 4. | full. 

5. The capacity of the cistern may be represented by 1. Pipe A fills the cistern 
in 3 hours, and poars in ^ in 1 hour. Pipe B fills it in 4 hours, and pours in i in 
1 hour. The pipes A and B pour in J+i or y\ in 1 hour; but pipe C empties the 
cistern or pours out 1 in 1 hour. Hence the quantity poured mU being greater than 
the quantity poured in during the same time, the cistern will become empty in a 
certain time. At 3 o'clock, when pipe C is opened, the cistern contains |-|- J, or fj-. 
And in 1 hour, 1— A— A i^ excess of quantity poured out above that poured in. 
Hence ii^-r-A— V—^^ hours. The vessel will be empty 2^ hours after 3 o'clock, or 
at 12 minutes past 5 o'clock. 

6. T^jof a day. 

7. I am a brazen lion, with fountains in my two eyes, my mouth, and in my 
right foot. The water flowing from my right eye fills a reservoir in two days, and 
from the left in three, and from the foot in four. But when the water flows from my 
mouth, it fills the reservoir in six hours. In what time will the reservoir be filled 
by the water from the mouth, the eyes, and the foot, if all be opened together ? 

In 3f ^ hours the reservoir will be filled. 

XXXIII. 

1. The difference is IZ^^-^^ minutes, or more than IJ, but less thaa 
1 ^ of a minute. 
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2. Here 6+4»10, and ^+|»1, and the unit is 100 miles. Hence A wallu 
\ of 100, or 60 miles, and B^oi 100, or 40 miles, when they meet. 

Again \ of 50s«36 miles, and \ of 50=»20 miles. When A had travelled 30, and 
B 20 miles, they were 50 miles apart. They will a second time be 50 miles apart 
after having passed each other, when A is 30 and B 20 miles distant from the places 
from which B and A respectively started. 

3. 3 hrs. 23^ min. 4. '^qI\ minnte, and -^ of 1 minnte. 5. |f of 1 minnte. 
6. 28-ff^ seconds through air, 6f|^ seconds through water, and 4-^^ seconds through 
land. 7. 1344 yards. 

8. The shooter notes the times of the flight of ball over 500 yards, and of sound 
over the same distance in 4 seconds. The spectator observes the difference of these 
to be 2^ seconds. Hence it appears sound moves over 500 yards in \ second, which 
gives 1125 the velocity of sound in 1 second. 

9. The time required will be the same part of one second as 24900 miles is of 
288000 ; that is, the time is o^(f^> ^^ -Hq ^^ ^ second, which is between ^ and -^ 
of a second. 

10. 19269713 mUes. H- 24 revolutions. 12. In llj hours. 13. 3960 revo- 
lutions. 

XXXIV. 

1. 3hrs. 54^min. p.m. 

2. The hour and minute hands of a dock are coincident or in conjunction at 12 
o'clock. They are also in conjuuction at some point of time in each successive hour 
(except from 11 to 12 o'clock) until they are again in conjunction at 12 o'clock. The 
motions of the hour and minute hands are uniform, and the minute hand moves 12 
times as fast as the hour hand. Now, after the conjunction at 12 o'clock, the 
minute hand reaches XII. again when the hour hand points to I. And when the 
minute hand reaches I. the hour hand will have moved over -^ of the distance be- 
tween I. and II., and when the minute hand actually overtakes the hour hand, the 
hour hand will have gone over -^ of the distance between I. and II. ; and in the 
same time the minute hand will have moved over •^. And therefore 4-|» or \^^ is 
the space moved over by the minute hand from XII. while the hour hand has moved 
•^ of the equal space I. to II. And the exact time of the first coincidence of the 
hands after 12 o'clock, is \^ hours or h^ minutes past 1 o'clock. In the same way 
it may be shewn that the next coincidence will take place at 2^ hours, or at lO^f 
minutes after 2 o'clock. The successive times of conjunction will be found by adding 
l-j>j- hour to the time of each preceding conjunction, reckoning from 12 o'clock Ohr. 

They are at 1^, 2^, 8 A, 4^, 5A, 6^, 7^. 8 A, 8 A, lOi?, HH hours re- 
spectively. 

The hour and minute hands will be exactly opposite, or in opposition, at 6 o'clock, 
and also once in every hour until they are again in opposition at 6 o'clock. 

The hour and minute hands will be at right angles to each other when the 
minute hand points to XII., and when the hour hand points to III. and to IX., or at 
3 and at 9 o'clock ; and in every hour there will be two points of time when the two 
hands are at right angles to one another. 

The preceding remarks on the solution of the first question will suggest the mode 
of proceeding for the exact solution of the second and third questions. 

8. See the preceding solution. 4. 4min. 58sec. too slow. 5. At lOhrs. 15min. 
am. on Sattirday, the watch is 5min. 36^sec. too slow. 6. The angle is 109} de- 
grees. 7. The angles at which the hour and minute hand are inclined to the vertical 
is 60°, when both are equally inclined between the hours of 2 and 3 o'clock. 8. 
10^ minutes too slow, and lOi^ minutes too fast. 9. Shrs. 15 min. a.m. 

10. There are 11 intervals between 1 and 12 strikes. The interval of two strikes 
of the first clock is |^ sec, and of the second |4^ec., and the seventh strikes take 
place on the completion of the si^th interval. The times are -V^ and -^ seconds^ 
their difierence is •{{ of 3 seconds, or -^ of 1 minute. 
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DECIMALS. 

Akt. 1. As the local value of figures in the denary scale of notation 
increases tenfold reckoned from the right towards the left, the first place 
being the place of units, the second the plape of tens, the third the 
place of hundreds, the fourth the place of thousands, and so on : it 
follows that each successive figure decreases tenfold when reckoned 
fro?n the left towards the right. 

If the scale be continued towards the right and reckoned from the 
first place of units, the second, third, fotirth, &c., places will be the 
places of tenths, hundredths, thousandths, &c. And if a point be 
placed before the figure in the place of tenths, this mark will distin- 
g^h the fractional from the integral portion of the scale ; and while 
the integral places successively increase by tens, hundreds, thousands, 
&c., the fractional places successively decrease by tenths, hundredths, 
thousandths, &c., from the unit's place. 

This extension of the numerical scale reckoning tenfold decrease 
towards the right constitutes the perfection of the denary system of 
notation, and renders it complete for expressing the smallest possible 
fraction as well as the largest possible number. 

And further, as these fractions consist only of an extension of the 
scale below the place of units to tenths, hundredths, thousandths, and 
so on, the operations of addition, subtraction, multiplication, and 
division can be performed with these fractions in the same manner as 
integers, taking care to mark the values of the results by correctly 
placing the point which separates the fractions from the integers. 

2. Def. a decimal fraction or decimal, may be defined to be a 
fraction the denominator of which is 10, 100, 1000, &c. 

There is a peculiar notation asssumed for expressing these fractions. 
The denominators are omitted, and the numerators only are written 
with a point placed before that figure, which stands as many places 
from the right-hand figure as there are ciphers in the denominator. 
If the number of figures in the numerator be less than the number of 
ciphers in the denominator, the required number of figures must be 
made up by prefixing ciphers to the significant figures of the nume- 
rator, in order that each figure of the numerator may occupy its 
proper place in the scale.^ 

* In order to avoid ambiguity, the point should be placed before the upper 
part of the first figure of the decimal, and not before the lower part, as a point 
placed between numbers or symbols in the lower part has been assumed, instead 
of the symbol X, to denote that the numbers or symbols are multiplied together. 
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Thus, the decimal fraction A w represented by -5, ^U ^7 05. 
T, by -005, T^ by 876, nW by 6-876.' 

1 Peop. The value of any decimal i» not altered in value hy annextng 
me, two, three, ifc., cipher* to the right hand of it. 

For by annexing 1, 2. 3, &c., ciphers to the right hand of a 
decimal both the numerator and the suppressed denominator of tho 
S'Son are multipUed by 10, 100. 1000, ^-and if ho 
uSStor and denominator of a fraction be both multiphed by the 
™number. the fraction is both multipUed and divided by that 
number, «nd therefore remains unaltered m value. 

Also, if one, two, three, ^c, cipJ^rs be found at tU rigU hand of a 
decimal a^y vuzy be omUted without <dterir^ Upvalue of the de<yinuxl 
^r by omitting 1, 2, 3, &c., ciphers, both the numerator and the 
suppressed denominator of tiie decimal fraction are divided by 10 
100 1000. &c. ; and when both the numerator and denominator of a 
iaction aie divided by the same number, its value is unaltered. 
4 Prop To find the »um or difference of two deeimak. 
Tf fhe decimals be reduced to a common denominator, the sum or 
differeSe m^be found a. the sum or difference of two ordinary 

^ Thrsum or difference, however, may be found witiiout reducing the 

dedmaSctions to a common denominator, by arranging the numbers 

T. each other : units under units, tenths under tenths, and so on, 

?T^r.dd nTor subtracting as in integers, taking care to place the 

fl':::^^^^^^^ ^^ before tHb plaoe of tenths.^ 

. • i.v.f Tintations A and '5 might be named, the former "a decimal 

,:i.T^:T£i^"TZ^" an amlguity would so.etin.e. 1. avoided in 
speaking of the two foW the -me^^^^ ^ .3^5 j^ ^ ^^^^ ,, 

A decimal T^^ ^ ttaeX ftca^t figures ; or partly of signiaeaat fignres. 
ltrpSr:f fi^r4iitrrTaignificanras -005 is a decinud of three places. 

'"*w.tiSafhe'SlMKhe»umof asn^anyd^^^^ or decimal f«c. 
Any uetiuKti J' fisures in the given decimal 

Thus: '875 - ^ 

800 
" 1000 
8 

" To "^ Too" ^ 1000 

„ -8 + -07 + '006 
. E.amplo.-To find the sum and diffe.ncc oin-im^ 7-8105689. 
131035000 I3JK9 

,SS? sum. ^^«n- difference. 




5. Pbof. To multiply one decimal hy anoth&r, and to deduce the generat 
rule for the place of the decimal point in the product. 

To multiply 3-457 by 21-34 :— 

Here 3-457 = ?1^ , and 21-34 = ?i?^ 

1000 100 

Then 3457 x 21-34 = ^^ x ?i?i 

1000 100 

= , a decimal of five places. 

100000' ^ 

= 73-77238 

Hence tlie product of two decimals is found by multiplying tha 
decimals as integers, and pointing off from the right-hand fig^ure of 
the product as many decimal places as there are in the multiplicand, 
and the multiplier. 

If, however, there are not as many figures in the product as the^ 
number of decimal places in the multiplicand and multiplier together, 
the required number of decimal places must be made up by prefixing 
to the product as' many ciphers as make up the defect, and tha 
product will be wholly a decimal. 

6. Prop. A decimal is muUiplied hy 10, 100, 1000, d;c,, hy re- 
moving the decimal point in the given decimal one, two, three, tkc, places- 
towards the right. 

For any given decimal expressed as a decimal fraction is multiplied- 
by 10, 100, 1000, &c., by dividing the denominator by 10, 100, 1000, 
&c., and thus the decimal fraction, when expressed as a decimal, will 
consist of 1, 2, 3, &c., decimal places less than before. 

7. Prop. To divide one decim^al hy another, and to deduce the general 
rules /or tlie place of the decimal pohU in tlie quotient} 



Three ciphers have been atinexed to the decimal part of the larger immber to 
make the number of decimal places equal in the two numbers. 

It is evident that as ten units make 1 ten, ten tens 1 hundred, and so on, so ten 
tenths make 1 unit, ten hundredths 1 tenth, and so on ; the same law obtains both 
in the integers and the decimal x>arts. The processes of addition, subtraction, multi- 
plication, and division of decimals are effected in the same manner as in integi-al 
numbers. 

A decimal is said to be correct approximately for any number of places when any 
number of figures on the right of the decimal have been omitted ; but if the first of 
the figures omitted be greater than 5, the last figure on the right must be increased 
by 1. As an example 5-293 is neai-er to 5-2929311 than 5*292, for 5 '293 exceeds 
5-2929311 by -0000689, and 5-292 is less than 5*2929311 by -0009311. Hence the 
error is less in the former case than in the latter ; the former is in excess and tho 
latter in defect of the truth. 

^ In the operations of multiplication and division, as the terms dividend, divisor, 
and quotient in the latter correspond to product, multiplicand, and multiplier in 
the former ; it is possible that the number of decimals given in a dividend may be 



CoBe 1. When the number of decimals in the diTidend is greater 
than the number in the divisor : — 

Let 73-77238 be divided by 3-457. 

Here 7377238 = !fj^ , and 3-457 = 2HI. 

100000 ' 1000 ' 

Then 77-77238 ^ 3-457 = ^^^^ -:- ^ 

100000 1000 

7377238 1000 
100000 ^ 5457 

= -TTT^r 9 a decimal of two places, 
100 r f 

= 21-34. 

Hence, when the number of decimals in the dividend is greater than 
the number in the divisor, the number in the quotient will be equal 
to the excess of the number in the dividend above that in the divisor. 

Case 2. When the number of decimals in the dividend is equal to 
the number in the divisor — 

Let 7377-238 be divided by 3-457. 

Here 7377-238 = ^?^^ , and 8-457 = ^; 

1000 ' 1000' 

7377238 ^ 3457 

1000 ' 1000 

7377238 1000 

1000 3457 

7377238 
3457 

= 2134 an integer. 

Hence, when the number of decimals in the dividend is equal to the 
number in the divisor, the quotient will be an integer. 

Case 3. When the number of decimals in the dividend is less than 
the number in the divisor. 

Let 737723-8 be divided by -8467. 

Here 7377238 = 1^1^ , and -3457 = -^^ ; 

10 ' 10000' 

^' ' ■ '■ ■■ ' ■ ' ., ■ ■ 

greater than, eqaal to, or less than the number of decimuls in a divisor. Hence 
there will arise three cases in division of decimals to be considered. 

Abbreviated methods have been devised both for the multiplication and division 
of decimals, whereby the number of figores employed in these operations may be 
somewhat lessened ; and these methods were doubtless very useful in operations 
reqmring a large number of figures. But since the invention of logarithms, these 
abbreviated methods are of no great practical utility, as such operations can be 
easily effected by the use of logarithmic tables. 



Then 7377-238 -r- 3*457 = 



Then 737723-8 -^ -3457 = 



7377238 . 3457 



10 10000 ^^ 

7377238 10000 

10 3457 

7377238 x 1000 
3457 

7377238000 
3457 

= 2134000 an integer. 

Hence, when the number of decimals in the dividend is less than the 
number in the divisor, a number of ciphers equal to the defect must 
be annexed to the dividend, and the quotient will be an integer. 

If there be a remainder after all the ciphers of the dividend have 
been employed, the division may be continued by annexing other 
ciphers, considered as decimals, to the dividend, either until the 
division terminate, or until any required number of decimals in the 
quotient is obtained.^ 

8. Peop.. a decimal is divided hy 10, 100, 1000, d;c., by removing tlie 
decimal point one, two, t/iree, d'c, places fartlier towards the left of the 
given decimal. 

For any given decimal expressed as a fraction is divided by 10 
100, 1000, &c., by multiplying the denominator of the decimal fraction 
by 10, 100, 1000, &c., and thus the decimal fraction, when expressed as 
a decimal, wiU consist of 1, 2, 3, &c., decimal places more than beforo. 

9. Peop. To reduce an ordinary fraction to a decimal. 

If the numerator and denominator of any ordinary fraction bo both 
multiplied by 10, 100, 1000, &c., and the numerator so increased bo 
divided by the denominator of the given fraction, the result will bo 
the equivalent decimal fraction. 

In practice, this may be more readily effected by annexing one, 
two, three, &c., ciphers, as decimals to the numerator, and dividing 
Iby the denominator of the fraction, the quotient will be the equivalent 
•decimal, consisting of as many places as there were ciphers annexed 
"to the numerator. 

In the conversion of ordinary fractions into their equivalent 
decimals, it will be found that in some cases the process of division 
will terminate, and in others it will not terminate. Each class of 
decimals will require separate considerations in the converse process.^ 

^ It will be found sometimes convenient in mathematical operations to change a 
mnltiplier into a divisor, and conversely. For instance, since J = '5, it follow* 
that to multiply by '5 is the same as to multiply by J or divide by 2, and conversely. 
And in the same way, to divide by '624 is the same as to multiply by |. 

* For examples, in the conversion of 1, f , t t^o their equivalent decimals, as tho 
^denominators respectively consist of one, two, three factors ; one, two, three cipher* 
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10. Prop. To determine what must he the prime factors of the denomina^ 
tors of fractions which can he converted into t&rminating decimals.' 

I'espectively must be annexed to the respective numerators, and the equivalent 
decimals will terminate and consist of one, two, three places respectively. 

Thusl«l><25=^^=A=.5. 

2 2X10 2X10 10 

3 8x100 300 75 .^- 



4 4X100 4X100 100 
6 6X1000 5000 625 



•626. 



8 8X1000 8X1000 1000 

In the firet 100 natural numbers there are only 13 which are composed of factors 
of 2 and of 6 ; it is obvious, therefore, that of the series of fractious whose denomi- 
nators are the first 100 natural numbers (omitting unity) there will be 13 which 
pi-oduce terminating decimals, and 86 repeating decimals. Hence it is clear that the 
greater number of fractions when reduced will produce repeating decimals. In prac- 
tice, however, repeating decimals are not generally employed, except in cases where 
very minute accuracy is required in the result. In ordinaiy cases any approximate 
degree of accuracy may be attained by considering repeating decimals to terminate at 
any figure in the series of repeating figures, and the limit of eiTor in excess or 
defect can be definitely stated in each case. And the larger the number of decimal 
figures be taken, the more nearly will the terminating decimal approximate to the 
exact value of the repeating decimal. 

If ^ be converted into its equivalent decimal, 

1 ^ 1 X 1000000 ^ 1000000 _ 1428571 ^ 1A2857 1 ^ 1 

7 ^ 7 X 1000000 *" 7 X 1000000 1000000 1000000 "^ 1000000 ' 7 
it appears that 6 figures continually recur, and if 1, 2, 3, 4, 5, &c., figui-es be 
taken successively as approximate values, it will appear how the successive 
terminating decimals differ from the tnie value of the repeating decimal. 
Here \ = -142857142867142857 .... 

Let -1, -14, -142, -1428, -14285, -142857, &c., be successively taken as approxi- 
mate values of the recurring decimal. 

If -1 be taken for \t then ^ is greater than -1, but less than '2. 
•14 -14 -15. 

.142 -142 -143. 

•1423 '1428 -14-29. 

•14285 '14285 '14286. 

•142857 -142857 •142858. 

•1428571 -1428571 -1428572. 

and so on. And the limits of en-or both in excess and defect from the true value can 
be determined in every case. 

Let the first assumption be taken : \ gi'eater than '1, but less than -2. 

1 113 
Then — — -1 =-- » — error in defect. 

7 7 10 70 

12 14 

•2— - ■= — — -- « — eiTor in excess. 
7 10 7 70 

liCt the third be taken : ^ greater than '142, but less than '143. 

1 .MO 1 142 6 ' ^ c u 

— — '142 «= — — 8 error in defect. 

7 7 1000 7000 

„.Q 1 143 1 1 

•143 — —- « — — « error in excess. 

7 1000 7 7000 



If one, two, tliree, &c., ciphers be annexed to tlie numerator, it 
becomes a multiple of 10, 100, 1000, &c., and those numbers are ex- 
actly divisible by 2 and by 5, by 2 x 2 and by 5 x 5, by 2 x 2 x 2 and 
by 5 X 5 X 5, &c. 

Hence it follows that when the denominator is 2, 4, 8, &c., or 
5, 2 125, &c., the fraction can be reduced to a terminating decimal, 
and the number of ciphers to be annexed to the numerator is equal 
to the number of factors of 2 or of 5 contained in the denominator. 

11. Pbop. In the conversion of an ordinary fraction into a decimal, if 
the division of the numerator with ciphers annexed,- as -decimah, hy the 
denominator do not terminate, the remainders will recur in periods, each 
of not more figures than the units in the denominator, less hy one. 



Let the seventh be taken : -f greater than -1428571, but less than '1428572. 



1 - -1428571 = L - 1428571 



error in defect. 



7 7 10000000 70000000 

•1428'572 -. 1 « 1428572 1 4 

^^^^^^^ 7 iooooooo "7 70000000 '"'"' '^ '^''^^- 

It is seldom that more than seven decimal places are required in computations • 
and this number would make the approximation correct to tenths of a million of 
the unit. 

In converting an ordinary fraction into a repeating decimal, in which the number 
of repeating figures is large, tiie labour may be much shortened by a method given 
by Mr. Colson in p. IG2 of Newton's Fluxions, He gives as an example the con- 
version of ^ into it corresponding repeating decimal. If 1 with ciphers annexed 
be divided by 29 for any number of figures in the quotient, then -^ = '03448^ (I)'- 
and multiplying these equals by 8, ^ = -275845^ = •27586^. 

If this value of ^ be substituted in the expression (1) 

then ^ = •0344827586^. (2) 

Again, multiplying these equals by 6, 

^ = -206896551611 = -2068965517^ i 
substitute this value of ^ in the expression (2) ; 

.-. ^ = -03448275862068965517^^. (3) 
Thirdly, multiplying these equals by 7, 

then A = -24137931034482758619ff = -24137931034482758620^; 
and substituting this value of ^ in the expression (8). 

^ = -034482,758620,689655,172413,793103,448275,862012. 
It appears from this result, that the repeating period consists of 28 figures. 

And ^ = -034482,758620,689655,172413,7931 
is the equivalent repeating decimal required. 

In the conversion of ordinary fractions to decimals, when the denominators are 
large numbers, the labour may be considerably lessened by means of a table of the 
reciprocals of the natural numbers. In Barlow's Mathematical Tables, the reciprocals 
of the natural numbers from 1 to 10,000 have been calculated to ten places of 
decimals. By means of this table, the approximate decimal corresponding to any 
ordinary fraction may be more readily calculated when the denominator is a large 
number, than by ordinary division. 

To convert ,4^ into a decimal. The table gives ^,^9 = '000147544, 
and multiplying these equals by 45, then ^4^ = -0001475144145. 

It is obvious that the multiplication of the reciprocal of 6779 by 45, is a less 
laborious process than dividing 45 with ciphers annexed by 0779. 
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As the division does not terminate ; the remainder at each fitep 
t>f the division is greater than 0, but less than the denominator. 
Consequently y there cannot be more different remainders than ono 
loss than the denominator, while the number is without limit. Hence, 
after as many remainders as are equal to the number in the denomi- 
nator less by unity, a remainder will recur the same as some former 
ono; after this, the circumstances producing the succeeding re- 
mainders are the same as those which produced the preceding ones, 
and therefore the second period of remainders will be the same as 
tlie first. And, similarly, the third, fourth, &c,, periods will also be 
identical to the first period. From, that step in the division where a 
remainder becomes the same as a former one, it is evident from the 
nature of the division that the former figures of the quotient must be 
repeated in the same order. 

Decimals are called repeating, recurring, or circulating decimals, 
in which one or more figures continually recur, and the figure or 
period of figures that recur, or are repeated, €u:e called repetends. 

The periods or repeating figures in decimals are distinguished by 
placing a point over the first and last figures of the periods. If ono 
fig^e only be repeated, one point only is placed over the repeating 
figure. 

If the decimal consist only of figured which recur, it is named a 
pure repetend ; if it consist partly of figures which do not, and which 
do recur, it is named a mixed repetend : — ^thus, '3, -45 are pure repe- 
tends, and '16, "34567 are mixed repetends. 

12. Prop. To convert amj given terminating decimal into an ordinary 
fraction, 

A given decimal can .be expressed as a decimal fraction by writing 
under the numerator the suppressed denominator. And if the nume- 
rator and denominator of this decimal fraction be divided by their 
greatest common measure, the quotients will be the numerator and 
denominator of the fraction equivalent to the given decimal. 

13. Pkop. To cJiange a 2^tf^ repeating decimal to its equivalent 
ordinary fraction. 

If 1 with ciphers annexed as decimals be divided by 9, 99, 999, 
9999, &c., respectively, 

Then^ = •11111111 or -1 

^V = -01010101 or -6\ 

p^^ = -001001001 or -OOi 

.y^ = -00010001 or -OOOi 

&c., &c., &c. 

and any other numbers, 2, 3, 4, &c., when divided by 9, 99, 999, 
9999, &c., respectively, will give the same number of figures continu- 
ally repeated. Hence, conversely: Every pure repeating decimal 
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consisting of 1, 2, 3, 4, &c., repeaidng figures respectively is equal to a 
fraction having the repeating figures for the numerator and as many 
nines for the denominator. 

A singular exception arises when 9 is the repeating figure of the 
decimal. In this case {- is not a fraction, and the repeating decimal 
cannot have been produced by the division of any number with ciphers 
annexed, by any other number. 

14. Prop. To reduce a mixed repeating deeintal to its eqtdvalmt or- 
dinary fractim. 

Every mixed repeating decimal as '123 can be separated into two 
parts, of which one is, and the other is not, repeating. 

Here 123 = 12 + 003 

•12 = -ii , and -003 = -i- of -3 := 



100 ' 100 900 

and 12 + -003 = il + -^ = ^ + J- 

100 900 900 900 

111 123-12 



Therefore. 123 = 



900 900 
123-12 



. 900 

Hence, any mixed repeating decimal is equivalent to the 'fraction 
whose numerator is the difference between the numbers composed of the 
mixed repeating decimal and of the non-repeating figures, and whooo 
denominator consists of the nimiber composed of as many nines as the 
figures in the repeating part prefixed to as many ciphers as figures 
in the non-repeating part. 

15. Prop. To add and subtract repeating decimals. 

If the repeating periods of the given decimals do not begin with 
figures of the same local value, eachx>eriod must be made to begin with 
a figure of the same local value and to end with one of the same lower 
local value, so that the decimals may have the same number of repeat- 
ing figures, and of the same local values. The sum or difference may 
then be found, and the number of repeating figures in the sum or 
difference will be the same as those noted in the decimals.^ 

^ Example.— To find the sum and difference of 12-453 and 7 '27(5. 

Here 12*453 contains two repeating figures beginning from the place of huu- 
di-edtlis, and 7*276 contains thi*ee, beginning from the place of tenths. The repeating 
figures in 7*276 must be made to begin from the place of hundredths, making the fii*st 
figure non-repeating, thus 7 '2764, so that 764 are now made the repeating figures. It 
will be obvious that as the repeating figures in each number begin with a figure of tlio 
same local value, and as there are 3 in one and 2 in the other, there must be 6 repeating 
figures in each, that they may end with figures of the same but lower local value. 

Tims, 12*453 must be written 12*45353535 12 '45358585 

7-27*6 „ „ 7 '27627627 7-27627627 

19*7298116 sum. 51772590 difference. 

It may be obsciTcd that one or two figures of each repetend must be continued 
in order to secure the accuracy of the last repeating figure in the result. 
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Or, the given repeating decimals may be converted into ordinary 
fractions, and the sum or difference of the fractions found, and then 
the result may be converted into a decimal if required. 

16. Peop. To mtdtiply and divide repeating decimals. 

To multiply or divide one repeating decimal by another, or a termi- 
nating decimal by a repeating decimal, is a tedious process. In general 
it will be found more convenient to reduce the repeating decimals to 
ordinary fractions, and find the product or quotient of the fractions, 
and afterwards, if necessary, to convert the fractional product or 
quotient to its equivalent decimal.^ 

17. Peop. To find the valine of the decimal of any concrete quantity in 
smaller units of the same kind: and conversely^ to reduce any concrete 
quantity or decimal to the decimal of any other unit of the same kind. 

Concrete decimals are subject to the same rules of operation as 
ordinary concrete fractions. 

A concrete decimal of a larger unit is reduced to a nimiber or 
decimal of a smaller unit of the same kind by multiplying the given 
decimal by the number of smaller units contained in the larger. 

And, conversely, a concrete number, or decimal of a smaller unit, 
is changed into the decimal of a larger unit of the same kind, by 
dividing by as many of the smaller units as make one of the greater. 

If any of the given decimals be repeating decimals, it will be found 
more convenient to change them into ordinary fractions, and employ 
them instead of the repeating decimals.^ 

18. Peop. To find the sum or difference of two concrete decimals of tJie 
mme hind. 



1 Example.— Multiply and divide 2*27 by 4-16. 

H».H;..g-.i-g, 

and 416 = 4^5 = 4 i = ?5. 

90 6 6 

Then 2-27 X 4 16 = g X ^ = ^ - 9-469, the producl^ 

and 2-27 ^ 416 = 1^ X A « A « .54 the quotient. 

11 25 11 

Tt may be remarked that sometimes it will be found that the product or quotient 
of two repeating decimals may produce a terminating decimal 

2 Example. — What is the value of £-828126 in units of lower denomination ? 
The decimal of a pound is reduced to shillings by multiplying by 20, and 6 decimal 

l)laces marked off in the product gives 16 shillings. 

Next, the decimal of a shilling is reduced to pence by multiplying by 12, and 
€ decimals marked off gives the pence 6. 

And lastly, the decimal of a penny is reduced to farthings by multiplying by 4» 
and 6 places marked off give the farthings 8. 

The process may be thus shown : — 
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The value of each of the concrete decimals may be found in smaller 
units of the same kind, and then their sum or difference. 

Or if the given decimals be of different units, they may be reduced to 
equivalent decimals of the same unit, and the sum or difference can b» 
found as in abstract decimals. 

If, however, any of the decimals be repeating decimals, these may,, 
with greater convenience, be reduced to their equivalent ordinary 
fractions before performing the operations. 

19. Prop. To find the product or quotient of two concrete decimals. 
If the given decimals be terminating decimals, the product or 
quotient can be found in the same way as if the decimals were abstracts 
If one or both of them be repeating decimals, it will be found neces- 
sary in all cases of multiplication or division, first to reduce the given, 
repeating decimals to their equivalent ordinary fractions, and then: 
to perform the operation required. 

If one of the given decimals be concrete and the other abstract, or 
if both be concrete, the nature of the product or quotient will be deter- 
mined by the same considerations as the product or quotient of two- 
concrete integers or ordinary fractions. 



£-828125 
20 



8. 16-662500 
12 

d. 6-760000 
4 



q, 3-000000 so that £'828125 » 16s. 6|cL 
Conversely. — ^To express 16s. 6|d. as the decimal of one pound. 
First : 3 farthings vdth. ciphers annexed as decimals, divided by i, gives the 
decimal -75 of 1 penny. 

. Next : 6*75(2, with ciphers annexed as decimals, divided by 12, gives '5625 of 
1 shilling. 

And 16*56255., with ciphers annexed, divided by 20, gives '828125 of 1 pound. 
The process may be exhibited thus : — 

4) 3-00 
12)6-7500e«. 



20 )16 -562500^. 
£-828125 

In all other concrete quantities which according to their nature are divisible 
into larger and smaller units, by a similar method may be found the tmits of a 
smaller unit in any decimal of a larger unit ; and conversely, any smaller units may 
be reduced to the decimal of any larger unit of the same kind. 

• 

Example. — What is the exact value of £-516 sterling ? 

. . , 616-51 465 31 - «, 
Here £-516 -'616 of £1- -^ 900 = 60^^^^- 

And ?1 of £1 - ~ X ?2 - ?]t of Is. « 10s. 4d. 
60 60 1 8 



EXEECrSES. 

Abstract DECiMALfiu 

I. 

1. Shew tliat decimal fractions are simply an extension of the 
common denary system of notation adopted in the arithmetic of whole 
numbers. 

2. Write fully in words the value of each figure in 321-123. 

3. Define a decimal fraction, and a decimal; and explain what 
notation is used to distinguish decimals from integers. 

4. What are the advantages of decimal fractions over ordinary 
fractions ? State why decimal fractions are not always used in calcu- 
lations. 

5. Explain whether -067 or '068 is more nearly equal to -06748, 
and express in words the error in excess or defect in each case. 

n. 

1. Find the sums of the following finite decimals, and express the 
results in words: — 

(1.) 1001, -0001, 125-125 and 500. 

(2.) -172, -06, 1-0004, 2002 and -001. 

(3.) 12-4873, 124-873, 1248-73, 12487*3, 1-24873 and -124873. 

(4.) 270, -072, -0001, 100-3508, 5*7764, and -12345. 

(5.) -0010375, -0006875, -0008125, -0059625, -0000718, -0009282. 

2. Find the. sum of all the decimals which can be formed with the 
digits 0, 3, 7, 9 in every possible way, all the four digits being used 
in the same number. 

III. 

Find the differences of the following finite decimals : — 

•02 and -002 : -006 and -007 : *027 and -123 : 20*204 and 2*91741: 

•027541 and -207514: 234-9 and -99999: -100 and -001: 214*0007 and 

1000-000007: -0078125 and -00048828625. 

IV. 

1. Shew that any decimal is multiplied by 1000 by removing the 
decimal point in the multiplicand three places towards the right. 

2. Devise a rule for the multiplication of finite decimals depend* 
ing on the local value of the figures without reference to fractions. 

3. Find the products of the following finite decimals : — 

2-5 and 3*7: -025 and 8 : 1-25 and 12: 421 and -002: -01 and 
100000: -00001 and 10000: 75-86425 and 10000: 3-45 and 34*5: 
•000125 and 125000 : -007853 and -00476 : -0015625 and -00064 : 
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37-0004 and 2-2365: '09183475 and 365-64: -0001125 and 3-25: 
56001 and 1002 : -00003712 and -00078 : -02534 and -03256. 
4. Multiply the sum of 2-616, -00132, and 1-0448 by -62639, 

V. 
Find the quotients of the following finite decimals : — 

1. -5 by 5: -075 by -25: -00081 by -27: -0175 by 3-5: -00385 by 35: 
•000125 by 125000 : 002291 by -29 : 21-875 by 17-5 : -00426 by -071 : 
•000625 by -125 : 562-5325 by 3-25 : 43-7265 by 2-37: 278*48352 by 
27-84. 

2. -94 by -47: 144 by -012 : 2-625 by -005 : -001813 by -000049: 
14-904 by -324: 48822 by -0079: 2-1825 by 0025: 22-801 by -151, 

3. -72 by 018: 23 by -000625: 4 by 00001: 400 by -08 : -0021 
by -00003: 126-025 by -0000071: 51425 by 00000085 : 10 by '00625, 

4. Divide 0175 by 35, and 35 by 0175 ; 1700 by -0017, and 0017 
by 1700; -05 by -02, and -02 by -05; -000282 by -000705, and 
•000705 by -000282. 

5. Prove that a decimal is dmded by 10000 by removing the 
decimal point in the dividend four places towards the left. 

6. Enunciate ^e general rules for the division of decimals. In 
cases where the division does not terminate, explain how to determine 
the place of the decimal point in the remainder. 

7. Find the quotients of the following decimals, each to seven places 
of decimals, and state the values of the remainders in each case : — 

148 by -00727: 16-65 by 2-927: 72 by 1*00005: -0006163 by 
2994-418: 1 by 3*14159 : 639-176 by 17*23: 9*91931 by 35*3: *0001 
by -03 : 41*22054 by -0OO87OO9. 

8. Find the quotient arising from dividing the sum of 30*33 and 
•0337 by their difference. 

9. Find the product of the quotients of 5*025 divided by '45, and 
•045 divided by 56*25. 

10. Divide 375 by -75 and -75 by 375, and find the sum and 
difference of the quotients. 

11. Divide 76*57 by -0019 and multiply the quotient by ^ of 
-0008568. 

12. Express the millionth part of -5 as a decimal. 

VI. 

1. Convert the divisor -625625 into a multiplier. 

2. "What divisor is equivalent to *0064 as a multiplier ? 

3. By what number must -0016 be multiplied that the result may 
be unity ? 

4. How many times can -0087 be taken from 2*291 ? What frac- 
tion will the remainder be of the former ? 

5. Divide -31398 by -079, and write down the true value of the 
remainder after obtaining two decimal places in the quotient. 
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6. Find the greatest common divisor of 36*595 and 57*980. 

7. What is the least number which can be divided by each of the 
numbers 1*36652 and 246*8642 ? 

vn. 

1 . In what cases can an ordinary fraction be expressed by a finite 
decimal ? Shew that the number of decimal places in such cases may 
be inferred from the factors of the denominator. 

2. Of the fractions which produce terminating decimals, write 
down the denominators of such fractions as will produce decimals of 
1, 2, 3, 4, 5, 6, 7 places respectively. 

. 3. Convert the following fractions into decimals, and express in 
words at length the values of the respective decimals : — 

13 5 « 5 2 3 17 7 347 ft 98 3 7 9 32 3 

2> ¥> ■?> "nr> "3^3 > ■BTTT* TTSi 63500' T5635> 3fl67 3> T73T)Tr» 13 80* 

And conversely, reduce the following decimals to ordinary fractions 
in their lowest terms : — 

*5, -75, -625, -3125, -15625, *0359375, -176, -000112, 318464, 
•00341796875, -02176, *25234375. 

4. Calculate the limits of the error made in taking ^4? ^ ^^ 
approximate value of 3*1415926 to seven places of decimals. 

vni. 

Calculate the following expressions, each to 7 places of decimals : — 

80 81 82 83 
^' 81 "^82 "^83 "^84 ' 

2. i_M44-^+i-,i-i-i ' 



3^ 5 7 ' 9 11^ 13 15^17 19 

11 1 . 

3. 1 +T-7r + -T-7i-3' + r-s-^-7-« 



1.2^1.2.3^1.2.3.4 ' •1.2.3.4.5.6.7.8.9' 

^* ^ + 3"^3«"^3»^3^"^3*"^3«' 

5 1 / 4 il^ J 4.5.6 J_ 4.5.6.7 \^ \ 

lOM ^"" TcT"^ 1.2*10* 1.2.3*10*"*'l.2.3.4*108/' 

239 I5""3x5»'*"5x5'^"" 7x5»"^9x5«/' 

rx. 

1. What is meant by pure and by mixed circulating decimals? 
Shew how to ascertain from knowing the factors of the denominators 
of fractions, whether they produce pure or mixed circulating deci- 
mals. Is it indifferent whether the numerators axe prime or com- 
posite numbers ? Confirm the answer by examples. 

2. Shew that in the reduction of a fraction to a decimal, if the 
figures of the decimal do not terminate, they must recur in periods of 
one, two, three, four, &c., figures, which are always less in number 
than the denominator. 
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3. Change the following fractions into their equivalent decimals : — 

14fl4.ll 1 fl 16 8 
3"> T> "Sr? TT> T"?* TTf "STt ¥T> TS* 

And conversely, reduce the following pure repeating decimals to 
their equivalent fractions in the lowest terms : — 

•3, -571428, -5, -45, -846153, -0588235294117647, -135, -36585^ 

1509433962264. 

4. Beduce the following fractions to decimals : — 

i 11 1, _1_9_ _7_1_ 11 189 1 ff3g9 

And conversely, convert the following mixed repeating decimals into 
equivalent fractions in the lowest terms : — 

•16, -916, -02083, -10714285, -6761904, -5238095, -20432, -0005, 

-027065. 

5. Shew that ^ = -03448^ ; hence, without any further division^ 
find the value of |^ to ten places of decimals. 

X. 

1. In the addition and subtraction of two or more repeating 
decimals, how may the number of repeating figures in the sum or 
difference be ascertained ? How many repeating decimals will be in 
the sum and difference of two decimals, one of which contains four^ 
and the other six repeating figures ? 

2. Find the sums of the following repeating decimals :— 
121(5, 110-354 and 1-1412: 3, -123 and -5678 : 

6-27, 18-561, 12-345 and 1*0001 : 1-03, 2-003 and 30003 : 

1016, 300-857142, 3-095238, -073224, and 101185640 : 

257-306i, 5-6819, -1867312 and -153598 : 

1012473, 62-91, 4000003 and -2564 : 

1-5, 4023, 12-845 and -2420329: 

lOOOOlf, 2-38457789, 109-200471385 and 3.456. 

3. Shew that nine times the sum of *73 and '37 is an integer. 

XI. 

1. Find the differences of the following repeating decimals, and 
express the results as fractions in their lowest terms. 

3-27 and 4-16: -6 and -296: -734625 and -307196 : -6123 and -0416: 

•3639 and 1-02371280: -089285714 and -0*9: 14-2578 and 3-145. 

•34027 and -127 : -123 and -1234: •01934 and -273242. 

2. Eeduce -265625 and 714285 to fractions, and find their differ* 
ence. 

xn. 

1. Find the products of the following decimals :— 
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83 and -0413: -297 and 12000: 412-421 and -002: -41716269841 
and -0025 : 

•27, and -6 : 0729 and -07: -142857 and -63 : -285714 and 123 : 

-16 and -3 : -93 and -7: -4925 and 75 : '571428 and '0054 : 

•37 and 148 : 1013 and -000132 : 03428571 and -0025 : 

-5819 and -0159 : -41716269841 and 12931: -5714285 and -63 : 

3I4I and 2-31: 13-2l61 and l-OOl: 700342 and -03: 

101-50714285 and 11-63 : 3-l4 and 2-00637 : 

2-616, -00132, 1-0448 and 62639. 

2. Shew that the product of two circulating decimals may produce 

a terminating decimal. Exemplify in the product of -2142857 by -46. 

xni. 

1. Determine the quotients of the following decimals : — 

•82 by 1-6, -16, •Oie, 0016, 160, 1600, and 16000 respectively : 
•72 by -3 : -297 by -27 : -6 by -9: -54 by -45 : 142857 by -7: 
-142857 by 63: -63 by -142857: -83 by 16: -0416 by -225: -013 by 
•OOOI32: -901 by -109: 

25-25 by 2-5 : -00i2*5 by -025 : 12-9769230 by -0857142 : 
•4-7543 by 3453 : 1956 by -836 : 3-42753 by 257324. 

2. !Find the quotient arising from the product of 2*616 and -00132, 
divided by the product of 1-0448 and 6*2639. 

XIV. 

1. Shew that when the fractions f , f , ^, |, ^, f are reduced to 
decimals, the periods of each will consist of the same digits. What 
explanation can be g^iven ? 

2. In what sense can a €nite fraction be said to be equal to an 
indefinite repeating decimal ? How must the sign = be understood 
in the expression ff = -353535 . . . ad infinitum, in order that the 
expression may be satisfactory ? 

3. Shewthat -03125 = -123^ ==-:iiJ^= .1031^= .:o^J_2^=i 

1--04 i---dO» 1--00 1C i--oooob ^2^ 

and -142857= '^^ - '^^^ - 1428 -. -I4»»g - •I428fi7 ^ 1 

1— '0 2 1— -OOG 1-0 04 1 -'0 00 3 l-'UOOOOO ^' 

4. If the denominator of a fraction be prime to 3, the penod of the 
^quiyalent decimal is divisible by 9. Exemplify in -j^, ^, ^^. 

5. Convert 1-449 to an ordinary fraction, and then convert the 
fraction to a decimal, and explain the apparent discrepancy. 

6. Pind the first six decimal fractions of one, two, three, &c., places 
•of figures which approximate to the fraction yy\, and shew that the 
45uccessive differences of the fraction and the decimals decrease. 
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7. How many repeai^iig and how many non-repeating figures will 
there be in the decimal equivalent to the fraction s^'frs ^ 

8. What must be forms of the numerat<»: and denominator, that 
a fraction and its reciprocal may both be reducible to finite or repeat- 
ing decimals ? 

9. If the number of figures in a recurring period of a decimal bo 
one less than the denominator of the fraction, the sum of the figures 
in the period » f x number of figures. Give an example. 

10. In eyery pure repeating decimal of an even number of repeat* 
ing figures, the number composing the last half of the repeating 
period is less by unity than the arithmetic complement of the first 
half of the period. Exemplify this in reducing ^ to a decimal. 

11. In the reduction of a fraction to a pure repeating decimal 
having an even number of repeating figures, if the several remainders 
arising from the reduction of the fraction be arranged equally in two 
series, the sum of every two corresponding remainders will be equal 
to the denominator of the fraction. Exemplify this by reducing ^^ to 
a decimal. 



Co:scBETE Decimals. 

XV. 

1. Find the values of 10625 guineas; ♦a3229 of £1; -0425 of 
£100 ; and -35687 of a moidore. 

2. Find the exact value of -7365 of 6s. 8d. 

3. Beduce -165625 of one guinea to the decimal of a pound; and 
•14526 of a pound to the decimal of a guinea- 

4. Convert 8*775 shillings to the decimal of a moidore ; and f d. 
to the decimal of a guinea. 

5. Reduce 3s. 6d. to the decimal of £2 10s.; 3s. 11^-d. to the 
decimal of a moidore ; and 14s. 10}d. to Hie decimal of £1 4s. 3jd. 

6. Reduce £.'§i^ to the fraction of a farthing, and find what decimal 
of a farthing is one thousandth part of a pound. 

7. Convert f of one penny to the decimal of half-a-crown ; f of 
one guinea to the decimal of one pound ; J of 3s. 6d. to the decimal 
of f of 6s. 8d. ; f of 4 of cm® guinea to the decimal of £5 ; and 
£2 12s. 6d. to the decimal of £7 2s. ll^d. 

8. Reduce £2 12s. 6d. to the decimal of £1, and conversely £1 to 
the decimal £2 12s. 6d. 

9. Find the value of -047460975 of £10 13s. 4d., and -00390625 of 
£20 10s. 6d. ; and reverse the operations. 

10. Reduce £693 15s. to the decimal of £750. 

11. Explain the reason why any number of shillings may be 
•expressed in the decimal of a pound by multiplying the shillings by 
^, and marking off two places of decimals. 
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12. Shew tliat any sum of shillings, pencOi and farthings may be 
converted into a decimal of a pound, correct to three places of decimals, 
by writing 1 in the first place for every two shillings, 50 in the second 
and third places for the odd shilling (if any), and 1 in the third place 
for every farthing additional, adding 1 extra if the number of pence 
exceeds sixpence.' State the converse rule for turning the decimal of 
a pound into shillings, pence, and farthings. 

13. If a decimal coinage were adopted, and the tenth, hundredth, 
and thousandth parts of a pound stm^ling caUed respectively florins, 
cents, and mils ; what sum would 4 florins, 7 cents, 5 mils represent ? 

XVI. 

1. Find the sum of £1225, 1*225 crown, 12-25 shillings, 1225 
pence, in the decimal of a pound. 

2. Add together £0125, -01253., •0125d., and -0125 farthing. 

3. Add together 12-125 pounds, 17-3025 shillings, and 9-75 pence, 
and express the result in the decimal of £10. 

4. Find the values of -971875 of one pound, of one shilling, of one 
penny, and of one farthing, and their sum. 

5. Express the sum of £5-125, 3*6253., 9-75d., and 3-375 farthings, 
in the decimal of a crown. 

6. Subtract ^ of five crowns from £1-59375. 

7. Which is the greater, -36 of a guinea or -36 of a pound ? 

8. Divide £12 58. 6d. by -000625. 

9. Divide £628125 by 2-778625 of 63. 8d., and state the nature of 
the quotient. 

10. By what decimal of one farthing does -0009 of one shilling 
exceed -00003 of one pound ? 

11. Shew that -025 of £1 is double of -05 of £1 5s. 

xvn. 

1. Determine the exact values of the following concrete repeating 
decimals :— 

£-0123; £lt39; £3-68422; -2345 of £6 178. 6d.; -81074 of 7J 

guineas ; -378934 of a crown. 

2. What decimal of £20 12s. 6d. is £7 178. 6d. ? 

3. Find the exact sum of £2-1563, 12-54s., and 9-3d. 

4. What is the sum and diflerence of £3*452 and 2-172 guineas? 

5. What is the difference of -1736 of £1 lis. 6d. and -23i2 of a 
guinea ? 

6. Subtract ^ of a pound from |^ of a guinea, and express tlie 
result as a decimal of a pound. 

7. Multiply £-1235 by 3*25 and divide £-1249 by l-27s., and state 
the nature of the residts in each case. 

8. Between what numbers of farthings does the value of £15163 
lie? 
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XYni. 

1. If the value of a rupee be 28. 4(1., express £7*5642 in rupees 
and decimal parts of a rupee. 

2. If £1 sterling be worth 12 florins, and also worth 25*56 francs, 
how many francs are there in one florin ? 

3. An American dollar is worth 4s. 3|d. or 5*42 francs ; what is 
the least sum which can be paid in either shillings, dollars, or francs ? 

4. If 1 1 *75 florins of Amsterdam be worth 13*5 marks of Hamburgh, 
and 120 florins be worth 25 lire of Genoa, and 5 lire be worth 800 
Portuguese rees, and 1000 rees be worth 54 pence; what advantage 
or disadvantage will there be between sending £500 direct from 
London to Hamburgh at an exchange of 13*6875 marks for one pound 
sterling, or sending it by way of Lisbon, Genoa, and Amsterdam ? 

XIX. 

1. Eeduce ff of an ounce to the decimal of a pound Troy ; and 
reverse the operation. 

2. Find the exact values of the following concrete decimals : '379 
of an ounce, and -954 of a pound Troy. 

3. If the unit of Troy weight called the pennyweight counted 
14*25 grains Instead of 24, how many grains would make the pound 
Troy? 

4. What number will represent 116*0435 grains when 4-0015 
grains is the unit of weight ? 

5. If the Attic silver drachma be taken at 9|^d. when its exact 
value is 9*72 pence, what difference does this make in the talent of 
silver, if a talent consisted of 9,000 drachmae ? 

6. If 25J francs be worth £1, and gold be worth £3 17s. lOJd. 
per ounce, how much pure gold could be bought for a franc ? 

XX. 

1. If silver be worth 58. 6d. an ounce, and pure gold be worth 
£4 5s. an ounce, what should be the weight of a flfteen-shilling piece 
containing 92*5 per cent, of pure gold and the rest silver ? 

2. The value of one ounce Troy of English standard gold is 
£3 17s. lOjd., 31*1 French grammes are equal in weight to one 
ounce Troy, and French standard gold is ^ of the value of English 
standard gold. If one gramme of French gold be worth 3*1 francs, 
what is the worth of one pound sterling in francs ? 

3. One kilogramme of French standard gold -^ fine is coined 
into 155 Napoleons. One pound of English standard gold |^ fine is 
coined into 1,869 sovereigns. If a sovereign be reckoned as equivalent 
to 25*22 francs, find the equivalent of a kilogramme in grains. 

4. If a sovereign weigh 5 dwts. 3 J grs., one part out of 12 being 
alloy and the rest pure gold ; find what fraction of a cubic inch the 
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gold constitutes, having given tliat a cubic inch of water weighs 
252-458 grains, and that gold is 19*362 times as heavy as water. 

XXI. 

1. Reduce 11 lbs. 11 oz. 11 drams to the decimal of a hundred- 
weight ; and reverse the operation. 

2. What decimal of 5 cwt. 1 qr. 17 lbs. 3 oz. is 4 cwt. 23 lbs. 3 oz. 
Avoirdupois ? 

3. Determine the exact value of *03456 of one ton and *17 of on& 
hundredweight. 

4. If the unit be -0064 ounce Avoirdupois, what is the smallest 
number of such units which can be represented by an integer ? 

6. Add -24 to 5-03, subtract from this sum 3 002, multiply the 
difference by 40. Divide this product by -007 ; and supposing the 
original unity to have been a hundredweight, find the value of 
the resulting decimal in tons, cwts., &c. 

XXII. 

1. Express a pound Troy as the decimal of a pound Avoirdupois ; 
and conversely, express a pound Avoirdupois as the decimal of a 
pound Troy. 

2. If the Boman pound contained 63460*6 French grains, find 
how many grains Troy are contained in the Boman pound if tho 
French grain is equal to '8202 of the grain Troy. 

3. If 40,443,495 sovereigns weigh 10,386,772 ounces, and 
150,291,456 pennies weigh 1,442 tons 12 cwt., find to three places of 
decimals the weight of a sovereign and of a penny in grains. 

4. If gold be sold to the mint at £3 17s. 9d. per ounce, of which 
11 parts are pure gold and one part alloy, and be coined into 
sovereigns; what is the difference of the mint profit on 10,000 
sovereigns, if the alloy be silver worth 5s. 2d. an ounce Troy, or 
copper worth Is. 9d. per pound Avoirdupois, supposing each sovereign 
to weigh 123-247 grains ? 

5. At the English mint 1869 sovereigns are coined from 40 lbs. 
Troy of standard gold \^ fine. At the French mint, 155 Napoleons 
are coined j&om one kilogramme (2*2 pounds Avoirdupois) of standard 
gold -^jf fine. A Napoleon being equivalent to 20 francs, find how 
many francs are equivalent to an English sovereign. 

xxni. 

1. Find the value of *7854 mile in yards, feet, and inches. 

2. Find the exact value of -0123 of 2^ miles; and reverse the 

process. 

3. Express in the fraction of a foot, the remainder after *012 of a 
yard has been subtracted as often as it is possible from 1*087 yard. 
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4. How many times can 2-372 feet be subtracted from 42-8731 
yards, and what is the length of the remainder ? 

6. If in a yard measure there was an error of one-tenth of an 
inch, what would be whole error in measuring 5 miles and 345 yards ? 
What is the difference when the error is in excess or defect ? 

XXIV. 

1. What is the difference of the Eoman and the English mile, 
the former of which consisted of 5,000 Boman feet, and each foot. 
•9708 of an English foot ? 

2. If 24 Boman feet are equal to 25 Greek feet, find the length of 
the Eoman foot, if the length of the Greek foot be 12*137 English 
inches. 

3. Pliny (Lib. ii. 21, &c.) states the stadium to be equal to 625- 
Boman feet, and 8 stadia of 600 Greek feet are equal to a mile of 
5,000 Boman feet. If the Boman foot was 11*6496 English inches,, 
what was the length of the Greek foot ? 

4. The length and breadth of the upper step of the basement of 
the Parthenon at Athens, by admeasurement, was found to be in 
English measure 227 ft. 7*05 inches, and 101 ft. 1*7 inches respectively; 
and admitting the term hecatompedon was applied to it on account of 
its dimensions, show that the yalue of the Greek foot as determined 
from the length and from the breadth was 12*138 and 12 137 inches, 
respectively. 

XXV. 

1. If the French metre be 39*3708 inches, what fraction of ix, 
metre is a yard ? 

2. Express a degree, sixty-nine miles and a half, in French metres^ 
32 metres being equal to 34*99625 yardfl. 

3. Find the value of the n^tre of France in terms c^ the foot of 
Cremona, if 48 Oremonese feet be equal to 56 English feet, and if the 
metre be equal to 39*371 English inches. 

4. The length of a seconds pendulum is 39*1^93 inches; what is 
that in yards, feet, inches, and fractions of an inch ? 

5. How many crowns and how many half-arowns, who6e diameters- 
are respectively ••81 and *666 of an inch, may be placed in two rows 
close together so that each row may make a yard in length ? 

XXVI. 

1. The Mont Cenis Tunnel is 12,224 metres long; express its 
length in miles and. yards, one metre being ^-37079 inches. 

2. Ten yards make 9-14382 Frendi metres, and a metre is the ten- 
millionth part of the earth's quadrant ; find the circumference of the 
earth in miles and furlongs. 

3. The mean distance of the earth &om the snn is 15,287,8ia 
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Fpencli metres ; what is the distance iu Eaglish miles, if the metre bo 
equal to 3-2809 English feet ? 

4. K the mean length of a degree of latitude be 365,000 feet, 
find the length of the French metre, which is one ten-millionth part 
of the distance from the pole of the earth to the equator, in feet and 
inches. 

5. If the mean distance of the moon from the earth be 59*97 
times the earth's radius, and if this radius be 3962*824 miles ; find the 
distance of the moon from the earth in miles, yards, feet, and inches. 

xxvn. 

1. The base of the great pyramid at Gizeh is a square, each side 
of which is 763 4 feet ; find the area in acres of the ground on which 
the pyramid stands. 

2. If the length of a metre be 39*37 inches, find the number of 
square feet and the number of cubic feet in that square and cube 
whose side is a metre. 

3. How many cubical packages, the edge of each measuring 3-03 
inches, can be packed in a box whose content is 1030*301 cubic inches ? 

4. A wire 99 miles long, and the area of whose section is '01 inch, 
is drawn out into a finer wire 100 miles long ; shew that the area of 
its section is *0001 inch less than before. 

5. If the length of the cubit be 24*883 English inches, what was 
the cubical space of Noah's ark, its length, breadth, and height being 
respectively 300, 50, and 30 cubits respectively? 

xxvin. 

1. If the value of gold be £3 10s. 10^. an ounce, and a cubic inch 
of gold weigh 10 ounces, what quantity of gold would be required to 
gild a dome whose surface was 5,000 square feet, and the thickness of 
the gold -0002 of an inch thick ? 

2. The weight of a cubic foot of water being 1000 ounces, find the 
weight of a rectangular block of gold 8 inches in length, 2 in thick- 
ness, and 3 in breadth; the weight of a mass of gold being 19*25 
times the weight of an equal bulk of water. 

3. A cubic foot of iron weighs 7*8 times as much as a cubic foot 
of water ; find the weight of a block of iron 10*41 feet long, 2*58 feet 
broad, and 3 feet thick ; supposing a cubic foot watelr to weigh 1,000 
ounces. 

XXIX. 

1. Find a multiplier for converting cubic inches into gallons. 

2. If the weight of one cubic foot of water be 62*35 pounds Avoirdu- 
pois, find the error in calculating the weight of 1000 cubic feet on each 
of the following approximate assumptions :-— 

1. That one cubic inch weighs 252*5 grains. 

2. That one cubic foot weighs 1,000 ounces Avoirdupoiau 

3. That one cubic fathom weighs 6 tons. 
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3. If a gallon contain 277*274 cubic inches, and a cubic foot of 
water weigh 1000 ounces, what quantity and weight of water will 
fill a rectangular cistern 5 feet by 3J feet wide, and 2 feet 9 inches 
deep? 

4. A gallon of water contains 277 274 cubic inches, and weighs 
10 pounds Avoirdupois ; find how many tons of water are in a dock 
whose area is an acre and depth 10 feet. 

5. A gallon of water weighs 146170 ounces Troy. Find the weight 
of a cubic foot of water in ounces Avoirdupois, if a pint contains 
34*66 cubic inches. 

6. If 144 pounds Avoirdupois are equal in weight to 175 pounds 
Troy, how many pounds Troy are contained in the imperial gdlon of 
272*274 cubic inches, if the weight be 10 pounds Avoirdupois? 

7. A gallon contains 277*274 cubic inches, and a cubic foot of 
water weighs 997*784 ounces; find the weight of a pint of water in 
pounds Avoirdupois to three places of decimals. 

XXX. 

1. If water expand ten per cent, when it turns into ice, how much 
does ice contract when it turns into water ? 

2. Find the number of gallons of water which pass in 10 minutes 
under a bridge 17 feet 8 inches wide, the stream being 10 feet 11 
inches deep, and its velocity 8 miles an hour, supposing a gallon 
contains 277*274 cubic inches. 

3. If the annual average of the rainfall in a certain district, in the 
periods of summer, autimm, and winter, be 2*84, 30*3, and 50*6 per 
cent, respectively, how much per cent, falls in the spring ? 

4. If the lineal expansion by heat of a piece of metal one imit in 
length be '01, show that the expansions in surface and volume of the 
corresponding units are *0201 and '030301 respectively. 

5. If the atmosphere were of the same density throughout as it is 
at the level of the sea, its height would be 26253 feet ; find the 
weight of the air which surrounds the earth, having given that 875*1 
cubic feet of air weigh as much as '1 cubic foot of mercury, and 30 
cubic inches of mercury weigh 14*7 lbs. : supposing the earth a sphere 
of 8,000 miles in diameter, and having given the content of a sphere 
equal to two4h^ds of its circumscribing cylinder, and the area of 
a circle equal to 3*1415926 times the square of the radius. 

6. If a room be 10 feet high, 50 feet long, and 35 feet broad, 
find the weight of air contained in it, supposing that 100 cubic inches 
weigh 32*698 grains at the temperature of 32^ Fahrenheit's ther- 
mometer. 

7. How high will the water barometer be if the mercurial bare- 
meter stand at 29*9218 inches, having given that one cubic inch of 
mercury weighs 13*5962 cubic inches of water ? 
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XXXI, 

1. The inscription on tlie congius of Vespasian preserved at 
Dresden, states that it contains 10 Boman pounds. When this 
measure was filled with water and carefully weighed, the weight of 
the water was found to be 63460*6 French grains; find how many- 
grains Troy are contained in one Boman pound, if the French grain is 
equal to 8202 of the English grain. 

2. By the statute of William m. the Winchester bushel is declared 
to be round with a plain bottom, 18| inches wide throughout, and 
8 inches deep. How many cubic inches is the content, the area of a 
circle being equal to 3*14159 times the square of the radius? 

3. If the Boman modius contained three congii, and the congius 
of Vespasian preserved at Dresden contains ten Boman pounds of 
water, how many English gallons make a modius ? 

4. Pliny states that a modius of the corn of Clusium weighed 
twenty-six Boman pounds. Suppose that a congius and a gallon are 
filled with the same grain, and that the former weighs as many Boman 
pounds as the latter weighs pounds Avoirdupois, and if a modius be 
three congii, what would be the weight of an imperial bushel of the 
com of Clusium? 

XXXIL 

1. Beduce 23® 15' 11* to the decimal of a degree in circular 
measure. 

2. Express 13° 17' 8" as the decimal of a right angle. 

3. Beduce ^-fifsir ^^ ^ degree to degrees, minutes, and seconds. 

4. If 90 English degrees correspond to 100 French degrees, how 
many French degrees are there in 36*45 English ? 

xxxin. 

1. What decimal of a day is 13 hours 12 minutes 10 seconds ? 

2. What decimal of a day of twelve hours is 5 hours 48 minutes 
49*7 seconds ? Find the value of *85714 of a calendar month. 

3. Beduce 3 days 5 hours 48 minutes 57 seconds to the decimal of 
a Julian year. 

4. Divide 3 weeks 4 days 5 hours 6 minutes 7 seconds by 5 days 
6 minutes 40 seconds, expressing the result as a decimal and stating 
its nature. 

5. Divide -375 of a calendar month by *7854 of a week, and state 
the nature of the quotient. 

6. Find the sum of -123 of a Julian year, -565 of a week, -0125 of 
an hour, in days. 

7. Find the decimal of a week which differs from a day by less 
than the millionth part of a week. 

8. For what imit of time can 108*8 and 8*28 hours be repre- 
©ented by numbers prime to each other ? 
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XXXIV. 

1. The sun appears to a person on the earth to move through 360** 
in 365-24 days; shew it moves through 59' 8" -351 ... in one day. 

2. Assuming the length of the Julian year at 365 days 6 hours, find 
the decimal "wldch represents one hour to 10 places of figures. 

3. Find what time in hours, minutes, and seconds corresponds to 
23^ 27' 53" in the revolution of the earth on its axis ; and conversely. 

4. If the eircimiference of a circle be 3-14159 times ike diameter, 
find at what rate per hour a body moves at the equator by the rotatory 
motion of the earth, supposing the equatorial diameter of the earth to 
be 7925-648 miles. 

5. The longitude of Calcutta is 88° 20' east, and of Barbados 
59° 50* west of London. Convert these longitudes into time, and shew 
liow much the clocks of London are before or behind those of Bar- 
bados and Calcutta ; also how much the clocks of Calcutta are before 
or behind those of Barbados. 

6. A lunar month is 29-530588 days. How many lunar months are 
there in 19 solar years, calculated at 365-242264 days? 

7. There was a full moon on the 26th June, 1858, at 9.13 a.m. The 
interval between successive full moons has since been on the average 
29 days 12 hours 47| minutes ; how many f uU moons have there been 
between the 26th June, 1858, and 26th June, 1875 ? 

XXXV. 

1. Describe the Julian and Gregorian adjustments of the calendar, 
And explain why only evei-y 400th year is a leap year. 

2. How many days elapsed between the epoch of the correction of 
the calendar by Julius Csesar, January 1, B.C. 45, and September 14, 
A.D. 1752, the date of the adoption of the Gregorian correction in 
England? 

3. The solar year contains 365*242218 days, and the average 
Julian year 365*25 days. In the year 1582 Pope Gregory corrected 
the Julian calendar ; how many days in round numbers did he add or 
•omit in that year to make it coincide with solar time ? 

4. The length of the tropical year being 365*242264 days, compare 
the accuracy of the Gregorian intercalation with that of the Persian, 
in which 8 days were intercalated in 33 years. 

5. If the year be divided into eighteen months of twenty days 
«ach, and five intercalary days be added at the end of each year, and 
also 12| intercalary days at the end of each cycle of 52 such years, in 
bow long a time will the error in reckoning amount to one day, the 
true length of a year being 365-242264 days? 

6. The true length of the year is 365-242264 days, and the 
•calendar as corrected by Julius Crosar supposed it to be 365^ days ; in 
Iiow many years will the error caused by this discrepancy amount to 
one week ? 
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EESULTS, HINTS, ETC., FOB THE EXERCISES. 

Abstract Dectmals. * 

I. 

1. Ai-t 1. 2. 321-123 = 300+20+l+-,3^+Tjy4-T^, which expressed in woris 
is three hundred and twenty-one, together with one-tenth, two-hiindredths, aud 
three-thousandths. 3. Art. 2. 6, Art. i, note, p. 3. 

II. 
(1) 725-2251. (2) 21 2534. (3) 13874-763903. 
(4) 106-32275. (5) -0095. 

2. The following are the decimals which can be formed with the four iigurcs : 

•0370 -3079 -7039 -9037 

•0397 -3097 ^7093 '9073 

•0739 -3709 ^7390 ^9307 

•0793 •3790 -7309 -9870 

•0973 -3970 '7930 -9730 

•0937 ^3907 "7903 •9703 
The sum of these decimals Ls 12*6654. 

III. 
The following nrc the differences of the decimals : 

•018 : •OOl : -096 : 17-28659 ; -179973 ; 233-90001 : -099 : 786-999307: 
•00732421375. 

IV. 
1. Art. 6. 3. 9-25: '2: 15: -842: 1000: '1: 758642*6: 15-525: 15-625: 
-00003738028: -000001: 82-75139486: 33-57845799: -000365625: 66-173002: 
•0000000289536. 4. 2-2939163468. 

V. 

1. -1: -3: -003: '005: -00011: -000000001: '0079: 1*25: -06: -005: 170-01: 
18-45: 10-003. 

2. 2 : 12 : 625 : 37 : 46 : 618 : 873 : 151. 

3. 40 : 3680 : 400000 : 6000 : 70 : 17750000 : 605000000 : 1600. 

4. -0005 and 2000 : 1000000 and -000001 : 2-5 and -4 : -4 and 2-5:4 and 2-5. 

6. Art. 8. 6. Art. 7. The value of the remainder is estimated after the division 
from the decimal point in the dividend to the last figure used in the division. 

7. The quotient of the first example is 20495*1856946, and the value of the 
remainder is -000000000258. 8. 1-002... 9. -01. 10. 499*998. 11. 14*9816. 
1-2. -0000005. 

VI. 
1. If '625625 be a divisor, the equivalent multiplier is -tg—r or J^. 2. The mul- 
tiplier is 15626. 3. 625. 4. 263 times, with a remainder *0027, which is one-third 
of -0087. 6. 3*97 is the quotient, and *C0085 is the remainder. 6. -65. 7. Tlic 
least common multiple. 

VII. 

1. Art. 10. 2. Art. 10. 4. 4J}«3-1415964, the ei-ror is -0000038. 

VIII. 
1. 3-9515026. 2. -7604602. 3. 1*7177815. 4. *4993585. 
6. -00000000096098035. 6. ^0031209. 
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IX. 
1. Arts. 11—14. 2. Art. 11. 5. Art. 10, note, p. 7. 

X. 

1. Art. 15. The L.C.M. of 4 and 6 is 12, which is the number of repeating 
decimals in the snm and difference of two repeating decimals of four and six places 
respectively. 

2. 128-66242: 1-024313242132: 38 184893884*7: 60369 : 31 5 '2041 2834833626: 
263-3284780'3 : 473-29146340760202: 18-6: 215 043283428234. 

3. 10, 

XI. 
1. •893«jf : 370 «^: -427429=41^1^: •570*65 = 4i|8S : '65974883: 
-010714285: 11-112270: -21249: -0001911: '2588988. 

2. *-«-3». 

XII. 

1. Zm • 356§| : mm ' TAViW^^AA?dW, reduce to lowest terms : ^V : ^JiJ^ : 

TT * TTST • TS ' TT5 ' eTTSt • TITT • T4S50 • TyaoUTTTT • 1T550' • l^TTTT • 

2. The product is *I a terminating decimal. 

XIII. 
1. f : 2f : 22|: 222^: :ji^ : :nsW : j^JJif- ^^' ^■^' ^: U: fu' ^ A : 4^3: 
j-'^t,: lOlH: 8ttfg: Wf : if: 1515^: 1tW^\ : 2/tV^ : IffilS. 

XIV. 

2. Any finite fraction can only be said to be equal or equivalent to the infinite 
repeating decimal, as the limit of the value which the decimal can never exceed. It 
may easily be shewn that the more figures of the decimal are taken, the larger the 
decimal becomes, and will continue to* approach in actual value to the fraction, but 
%^-ithin a difference less than can be assigned by any fraction whatever. 

5. Art. 13. 6. Art. 9, note 2, p. 6. 

7. This fraction having the factor 7 in the denominator, is apparently one which 
will produce a repeating decimal, but when the fraction is reduced to its lowest term, 
the denominator consists of factors each equal to 2. Art. 10. 

8. Both the numerator and the denominator must contain one or more factors 
different from 2 and 5. Art. 10. 

9. Take 4 as an example, f « '875142. The number of repeating figures is 6, and 
the sum of the digits of the period is 27, and 27 =5X 6. 

10. Hero -1.^= '846153 : and the A. Complement of 154 is 1000-154«846. 

11. When -^ is reduced to a decimal, the repeating figures in the decimal are 22, 
and the first eleven and the second eleven remainders are respectively — 

17, 9, 21, 3, 7, 1, 10, 8, 11, 18, 19, 
6, 14, 2, 20, 16, 22, 13, 15, 12, 5, 4. 



Concrete Decimals. 
XV. 

1. £1 2s. SJd.: 16s. 7id. -9984 : £4 5s.: £4 16s. 4\d. '0352. 2. Oa. O^d. '36. 
3, One the reverse of the other. 4. '325 of 1 moidore, and -0029761904 of one 
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guinea. 5. '07 of £2 10s.: •1-1472663... of 1 moidore. The faction ^^^^ 

when reduced to a decimal, will be the required decimal of £1 48. S^d. 6. ^-SpjL 

of one farthing : JJ of one farthing. 7. '02 of half-a-crown : '23 of £1 : -583 of 
f of 6s. 8d. : *1 of £5 : *3672d.. . of £7 2s. ll}d. 8. The one is simply the reverse 

of the other. The value of '017460975 of £10 13s. 4d. is 100250073s. 10. -925 
of £750. 

18. 1 florin— tI^ of £1 : 1 cent— V of 1 penny : 1 mil— t^ of 1 penny. 

8. d. 

4 florins-8 
7 cents —14^ 

5 mils -0 li 

9 6 
It may be questioned whether the advantages of the decimal division of money, 
weights, and measures could compensate for aU the inconveniences which would 
ari:e on a departure from the established usage of a country. It has been 
truly remarked that "decimal arithmetic is a contrivance of man for computing 
numbers, and not a property of time, space, or matter. Nature has no partialities 
for the number ten, and the attempt to shackle her freedom with it, will for ever 
prove abortive." 

XVI. 

1. £1-5516. 2. £-01319010416. 3. £1-303075. 4. £1 Os. 6 12734375d. 5. 

21-4015625 crowns. 6. £1 2s. 6d. 7. 36 of £1. 8. '000625 as a divisor is 
equivalent to 1600 as a multiplier. 9. Express the dividend and divisor in the same 
units ; the quotient will indicate how many times the latter sum is contained in th& 
foimer. 10. '0144 of a farthing. 

XVII. 
1. 2iid.: £1 8s.: £3 13s. S^%d,: £1 12s. 3d.: £6 7s. S^dr. Is. lOf^^fd. 

2. £7 17s. 6d. -^- -381 of £20 12s. 6d. 3. £2 163. 5|0JH 4. '319731 ... of £1. 

5. 7id. m. 6. £4946... 7. £'00040217...: l'27s. is contained 1*9557... timea 

in £124*9. 8. Between 145 and 146 farthings. 

XVIII. 
1. 64-836 rupees. 2. 2'13 francs. 3. £10 15s. 4. The disadvantage will 
appear from the fact that the direct remittance gives 68437J marks, but by Lisbon^ 
Genoa, and Amsterdam, 76595ff marks. 

XIX. 

1. fj ounce -•1271b. Troy. 2. 7dwts. 14f grains: lloz. 9dwts. 2-/»xgrs- 3. 3220 
grains. 4. 29. 5. £1 2s. 6d. 6. i^m grains. 

XX. 

1. Since loz. of silver is worth 5s. 6d., f^dwts. of silver is worth ISs. And 
since loz. of gold is worth £4 5s., -y^Ldwts. of gold is worth 15s. But 92 -5+7-5 — 100,. 

^^ liS+io5'*^» °^ f^+T'b = l» tlia* is, |^ of the weight L3 gold, and ^ silver ; which, 
parts together will be found to be 7-1-Jdwts. 

2. £1 sterling weighs ^^ of an ounce Troy of English standard gold. This is ta 
be converted in French standard gold, then this French gold into its equivalent" value 
in francs. 

XXI. 
1. -1047675... of Icwt. 2. Tlie fraction is iJff, which when reduced to a. 
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decimal answers tlic question. 3. 78y^|? of 1 ton : 91b9. 2^oz. 4. *0064 is con- 
tained 15625 times in 1,000,000. 5. 10 tons lOcwt. 89lbs. 9oz. 9}drs. 

XXII. 

1. Hedace -^V? ^^^ W ^ decimals. 2. The Roman poand contained 52050'38412 
grains Troy. 3. Divide the namber of grains in 13380772 ounces Troy by 
40443495 ; and the number of grains in 1442 tons 12 cwt. Avoirdupois by 
150291456, each to 3 places of decimals, the quotients will give the weights of each 
in grains. 

xxiir 

1. 1382yds. Oft. 10|i| inches. 2. 54-r*yyds. 3. The remainder is y^ of 1 foot. 
4. 54 times with a remainder of 7^^ inches. 5. The error of one-tenth of an inch 
in one yard wiU cause an error of 91 4 J inches in 9145 yards. If 9145 yards be- 
divided by B5^^, and by 36-i^ respectively, the difference can be found when the 
error is in defect and excess. 

xxiv. 

1. The English mile exceeds the Roman mile by 426 English feet. 2. 12*642 
English inches. 3. 12*135 English inches. 

XXV. 

Tlie French metre is f^^g^ of the English yard. 2. 111847^^^1} French metres. 
3. 1 metre = 2*812 Cremonese feet. 4. 1yd. Oft. S^^^'y'jy inches. 5. 44 crowns, and 
•36 of an inch over, and 54 half-crowns, and '036 of an inch over. 

XXVI. 

1. 7 miles 1048*5728 yards. 2. The circumference of the earth is 40 million 
metres. 3. Convert the metres into feet, and the feet into miles. 4. These data, 
give the length of the metre 39*42 inches. 5. 237650 miles, 977yds. 10*512 inches. 

XXVII. 
1. 13 acres 1833vds. 2ft. 80*64 inches. 2. 35*2232 cubic feet, and 10*738a 
square feet. 3. 37. 5. 44501*49841 cubic yards. 

XXVIII. 
1. 1440 ounces of gold at the cost of £5103. 2. IOOO-jV ounces. 3. 11 tona 
Ocwt. 141bs. 8 -5202. 

XXIX. 

1. One gallon contains 272 274 cubic inches; and 272*274, or ^§^ as a. 
divisor, will be equivalent to ^^^^^, or Yss-urr ^ * multiplier. 

2. If 1 cubic foot of water = 62*351bs., then 1000 cubic feet « 1000 X 62*35 « 623501b3. 

rk 4.1 ^ 4. i.- 1AAA 1- r * 1000X1728X252*5 ^««o^,ii. 
On the first assumption 1000 cubic feet— =^r-r =62331flbs. 

r. XI. J 1000x1000 ^^.^«,. 

On the second „ „ = — =62500lbs. 

OnthctUrd „ „ ^1000X6^X20X112 ,62222alb8. 

3. The cistern contains 48 J cubic feet of water, weighing 1320Tybs., or 
303TVff%W gallons. 4. 2423 tons Ocwt. 39^'V>^V>s- 5. 999|^t3lbs. 6. 12|^lbs.. 
Troy. 7. 19*940 ounces. 

XXX. 

1. Since water on freezing expands in volume 10 per cent., or 10 parts in 100, or 
1 part in 10 ; 10 parts of water become 11 parts of ice. 

Hence conversely, when 11 parts of ice become 10 parts of water, the ice is con- 
tracted by one-eleventh part of its volume. 
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2. 851208i^V^ gallons. 3. 16*26 per cent 

5. If 3*141592659 times the square of the radius be taken for the area of a circle, 
and 5 miles be employed instead of 26253 feet, the volume of the atmosphere will be 
found to be the difference of two spheres whose radii are respectively 4000 and 4005 
miles, and equal to 100656681 cubic miles nearly. Next finding what weight of 
mercury is equivalent to a cubic mile of air, the whole weight of the atmosphere may 
be determined according to the suppositions made. 

6. 12*61208cwt. 

XXXI. 
1. 5205-884... grains Troy. 2. 2150*428... cubic inches. 3. 2*225... gallons. 

4. 69ilbs. Avoirdupois. 

XXXII. 

1. 23-25305 degrees. 2. •147617283950 of a right angle. 3. 67' 17' 44-6". 4. 
40*5 French degrees. 

XXXIII. 

1. '550115746 of 1 day. 2. '4844421. . . of a day of 12 hours : 25 days IThn. 
8min. 26*88sec. 8. '6634534. . . of a Julian year. 4. 5*0376. . . an abstract number. 

5. The decimals of the month and the week must first be reduced to days before 

performing the operation. 6. 49*00302083 days. 7. *142850i42857 of a week is 
the exact difference : any less decimal will fulfil the condition. 8. 4 hours. 

XXXIV. 

2. 1 hour B '00011 40791... of a Julian year. 3. 1 hour, 33min. 5lT3sec. 
4. 1037*133. . . miles an hour. 

5. 88° 20' longitude correspond to 6hrs. 52}min., and 59* 50' to 3hrs. 59Jmin. 
Suppose the time to be noon at London, then the clocks of Calcutta arc Shi-s. 52jmiD. 
after 12, and the clocks of Barbadoes are 3hr3. 59Jmin. before 12 : or the clocks of 
Calcutta indicate 7min. 40sec. past 6 o'clock p.m., and those of Barbadoes 40sec. to 
8 o'clock a.m. The clocks of Calcutta are 9hrs. 51§min. behind the clocks of Bar- 
badoes. 

6. Divide the number of days in 19 years by the number of days in one lunar 
month. 

7. Divide the whole period by the Interval between two successive full moons. 

XXXV. 
1. See "On the Divisions and Measures of Time," pp. 14, 17. 2. The product 
of the correct number of days in one year, and the number of years in the interval, 
will give the required number. 3. The error in one year is *007736 of a day, which 
in 1257 years amounted to 9*724152 days, or 10 days nearly, the mmiber of days 
omitted in 1582 by Pope Gregory in his adjustment of the calendar. 4. It may be 
shewn that the Gregorian intercalation is more accurate than the Persian. 5. The 
error in 52 years is *34728 of 1 day, and this error amounts to one day in 
52x2*8795-149*734, or nearly 150 years. 
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EATIO AND PEOPOETION. 

Abt. 1. Two numbers or two mag^tudes of the same kind may be 
compared in two ways ; by considering, first, how much one of them is 
greater than the other ; and, secondly, how many times one contains, 
or is contained in, the other. The former is called their arithmetical, 
the latter the geometrical relation.* It is under this latter view that 
the ratio and proportion of numbers and magnitudes are considered. 

Eatio is defined to be the relation which exists between two 
magnitudes of the same kind, or two numbers, with respect to qnotity. 
Thus, two lines, two areas, two volumes, two weights, or two abstract 
numbers, can have a ratio to each other ; and the comparison is made 
by considering what multiple part or parts the first is of the second. 

Hence the ratio of two magnitudes of the same kind is represented 
by the quotient which arises from dividing the units of the first magni- 
tude, called the antecedent, by the units of the second magnitude, 
called the consequent of the ratio : as, for instances, the ratio of a 
guinea to a crown, or 21s. to 53., is ^^' or 6j, an abstract number 
which denotes the number of times, whole or fractional, the antece- 
dent contains the consequent. 

It is also obvious that the ratio of any two concrete numbers of the 
same kind is the same as the ratio of two abstract numbers, as the 
quotients in both cases are equal. 

When the antecedent of a ratio is equal to the consequent, the 
ratio is called a ratio of equality: when the antecedent is greater 
than, or less than, the consequent, the ratio is called a ratio of greater 
or of less inequality. 

2. In the seventh book of Euclid's Elements, the definition of pro- 
portion is thus expressed : 

Four numbers are proportionals, lohen the first is the same mtdtiple of 
the second^ or the same part &r parts of it as the third is of the fourth : 

* The terms arithmetical ratio and geometrical ratio are arbitrary names which 
do not define nor explain their meaning. The arithmetical relation of two numbers 
is properly a difference, and may be a concrete or abstract number, of the same 
nature as the two given numbers. The geometrical ratio is a quotient, always au 
abstract number. By the ratio of two magnitudes in the latter sense, is meant their 
relative Tnagmtude, how often one contains the other ; not their absolute magnUvde^ 
how much one exceeds the other. Thus, although the absoltfte magnitude of 12 mile* 
ftnd 1 mile la much greater than that of 12 inches and 1 inch, yet the relative 
magnitude, or the ratio of the two former, is exactly the same as that of the latter 
two ; or in other words, 1 mile is as small a space in comparison of 12 miles as 
I inch is in comparison of 1 foot. 



Or in other words, if the quotient arising from the first of four 
numbers divided by the second, be equal to the quotient of the third 
divided by the fourth, the four numbers constitute a proportion. 

The definition of proportion has been more briefly defined to be 
the equality of two ratios. 

Thus the four numbers 12, 4, 18, 6 fulfil the conditions required, 
(hat the first, 12, has to 4, the second, the same ratio as 18, the third, has 
to 6, the fourth, and are proportionals ; 

so that 12 bears the same relation to 4 as 18 does to 6, 
which is usually written thus: 12 : 4 : : 18 : 6. 

This same relation holds good when the terms of dach ratio are 
concrete numbers, as 12 yards bear the same relation to 4 yards, as 18 
shillings bear to 6 shillings. 

The four terms of any proportion may have their order reversed 
without affecting the proportionality of the numbers, as the fourth, 
third, second, and first terms of a proportion may be made the first, 
second, third, and fourth times terms. 

Conversely. If four numbers he proportionals , the quotient of tJie first 
divided hy the second is equal to that of the third divided hy the fourth. 

Thus if 12, 4, 18, 6 form a proportion, 
which is usually expressed, 12 : 4 : : 18 : 6, 
Then the ratio 12 : 4 is ^^- or 3, 
and the ratio 18 : 6 is -'^®- or 3, 
whence follows the equality, >^- - J^. 
It also appears from the equality of the two fractions, that if the 
first term of a proportion be greater than the second, the third is 
greater than the fourth ; if equal, equal ; and if less, less. 

If four mcmhers, as 12, 4, 18, 6, he proportionals, the product of the 
extremes is eqttal to the product of the means. 

Since 12, 4, 18, 6 are proportionals, 
the ratios V" ^^^ ^ ^^^ equal, or ^^ = ^. 
Multiplying these equals by 4 x 6 

Then 12 x 6 = 18 x 4, 
or the product of the extremes, 12 and 6, is equal to the product of the 
means, 18 and 4. 

Hence it appears, that if the product of the means, 18 x 4, be 
divided by 12, one of the extremes, the quotient, 6, will be the other 
extreme ; and if the product of the extremes^ 12 x 6, be divided by 4, one 
of the means, the quotient will be the other mean.* 

^ Some writers assume the letter x to denote the required number in questions of 
proportion, and deal with it as a number unknown, but to be determined -by the 
conditions of the question. Others reject the use of all general symbols in nume- 
rical computations, as such symbols belong rather to Algebra. 'Whichever may be 
the correct view of the matter, there is no doubt that such an assumption affords 
both facility and convenience in arithmetical reasonings, when it is made the first 
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And, universally, if any tliree terms of a proportion be given, the 
fourth can always be found. 

3. If the product of any two numbers he equal to the product of two otJier 
numbers, the four numbers can form a proportion. 

For example, the four numbers 3, 5, 12, 20, are so related that the 
product of two of them is equal -to the product of the other two, 

Or 3 X 20 = 5 X 12. 
Dividing these equals by 5 x 20, 

3—12 

And 3 : 5 : : 12 : 20. 

It may be noted that when the terms of one ratio are prime to each 
other, as 3 and 5, they are the least numbers in the proportion. 

Since the two equal ratios which constitute a proportion are 
denoted by two fractions, all the properties of ratios and proportions 
depend on the properties of fractions. 

If the four termi^ of a proportion be abstract numbers, or concrete 
numbers of the same kind, the extremes and means may be inter- 
changed one with another, so that the four numbers shall still continue 
to form a proportion. 

Thus the first term shall have the same ratio to the third as the 
8ec9nd to the fourth ; and the second shall have the same ratio to the 
first as the fourth to the third. 

' If, however, the terms of one ratio be either abstract nimibers, or 
concrete numbers of a different kind from the other ratio, this inter- 
change is not possible. 

The following properties of a proportion can be readily shewn to 
be true by means of fractions. Sec. IX. 

1 . If any equimultiples, or equisubmultiples, of the first and second 
/terms of a proportion be taken, and the same or any other equi- 
multiples or equisubmultiples of the third and fourth be taken, the 
four numbers will form a proportion. 

term of the first ratio in qnestlous of proportion. As for example — If 10 pounds of 
tea cost 25 shillings, what is the cost of 100 pounds ? 

Here 10 pounds cost 25 shillings. 

Let 100 „ „ X 
Here the number x bears the same ratio to 25 as 100 bears to 10. 

And^^H?; and x^}^^2^^fL\% 10s. 
25 10 ' 10 

But when the proportion is vtwereey it appears more oonvenient to adopt the form ia 

Art. 1 p. 2, as in the following example : — 

If 5 men perform a work in 12 days, in how many days can 4 men i)erform an 

fcqual work ? 

Here the effects are the same, and the effective causes must be equal. 

If X denote the unknown number of men. 

The first effective cause is 5x12 

second ,, ,, 4xa; 
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and 4Xic-5xl2, «-5^-15 men. 

4 



2. If any equimultiples or equisubmultiples of the first and third 
terms of a proportion be taken, and the same or any other equi- 
multiples or equisubmultiples of the second and fourth be taken, the 
four numbers will form a proportion. 

3. The sum or difference of the first and second terms is to the 
first, as the sum or difference of the third and fourth terms is to the 
third. 

4. The siun or difference of the first and second terms has the same 
ratio to the second, as the sum or difference of the third and fourth has 
to the fourth. 

5. The sum of the first and second terms is to their difference, as 
the sum of the third and fourth terms is to their difierence. 

6. If the corresponding terms of two proportions be multiplied 
together, or divided, the products will form a proportion. 

4. A proportion may be considered either as direct or inverse. 

A proportion is direct when the same relation exists (?i>^^ between 
the first and second terms as between the third and fourth ; as 3, 6, 
5, 10, are in direct proportion ; for the ratio of 3 to 6 and of 5 to 10 is 
-J- ; it follows that 3 bears the same direct proportion to 6, as 5 bears to 
10; or 3: 6: : 5: 10. 

A proportion is inverse when the first and second terms are directly 
proportional to the inverse of the third and fourth terms ; as 2, 6, 9, 5, 
are in inverse proportion. For the direct ratio of 2 to 6 is J, the same 
as the inverse ratio of 9 to 3 ; it follows that 2 bears to 6 the same 
direct proportion as the inverse of 9 bears to the inverse of 3, or that 

The nature of direct proportion may be exemplified, if the names 
of cause and efect may be given to those numbers in the proportion 
which depend directly on one another, whatever may be the causes or 
effects, provided only that they can be expressed by numbers. As, for 
instance, a sum of money may be considered the caiMCj and what is 
gained by it the effect: as if £100 produce a gain of £5 ; at the same 
rate £500 will produce a gain of £25. Here the first cause bears the 
same ratio to the second cause as the first effect to the second effect. 

The nature of inverse proportion may be illustrated in the same 
manner. In this case, howev^, the causes bear an inverse ratio to 
the distances or the times iavolTed in the question, in which the effects 
are the same ; as, for example : If 12 men can perform a certain work 
in 5 days, 6 men can perform the same in 10 days. Here the units 
of cause are inversely proportional to the times. Also in the case of 
the straight lever, when kept in equilibrium on a fulcrum ; the two 
weights are inversely proportional to their distances £rom the 
fulcrum. 

In questions, however, in which the different causes produce dif- 
ferent effects in given times, the time is an important element in the 
calculation, as 1 man in 3 days can produce the same effect as 3 men 



in 1 day. In sacli cases the effeefive eauM is the product of the units 
of agent and the units of time for producing the given effect. 

In all questions involving these three elements there will be found 
given; one cause, its effect and the time in which it was produced; and 
the requirement will be ; to find wliat effect another given cause will 
produce in another given time ; or what cause will be necessary to 
produce another given effect in another given time ; or in what time 
another given cause will produce another giv^i effect.^ 

5. Proportion is employed in calculating the interest of money, 
which is a payment agreed upon between the borrower and the 
lender for the loan of a sum of money, called the Principal. This 
payment is generally a fixed sum for every £100 during a year, and 
is called the rate per cent. The sum of the Principal and the Interest 
together is called the Amount. 

Interest is called simple, when it is paid at regular periods, as 
yearly or half-yearly, or at the end of the time for which the Principal 
was lent. It is obvious that the simple interest of any sum for one 
year can be found by a proportion when the interest of £100 for one 
year is given; and the interest for any number of years will be 
determined by multiplying the interest for one year by the given 
number of years. 

The result, however, is more readily obtained, by dividing by 100, 
the product of the principal, the rate per cent., and the number of 
years. 

The interest for months, for weeks, or for days, of any sum will 
xilso be found by means of a proportion, from the interest for a year, 
which may be considered as consisting of 12 months, 52 weeks, or 365 
days. 

If the amount and the principal be given, the interest is the 
•difference between them. Also of the principal, amount, rate per 
-cent., and time ; if any three be given^ the fourth can be found by 
means of a proportion. 

Interest is called compound when the interest of the principal for 
the first year is not paid at the end of the year (or of the period) 

^ The following question may be taken as an example : — 

If 120 men in 15 days of 12 hours long can dig a trench 50 yards in length, 2 
in hreadth, and 4 deep ; how many men will be required to dig a trench 72 yards 
long, 6 broad, and 6 deep, in 9 days of 10 hours long ? 

Here, the first cause, 120 men ; 

effect, 50 X 2 X 4 cuHe yards ; 
time, 15X12 hours. 
The second cause, Men required ; 

effect, 72 X 6 X 5 cubic yards ; 
time, 9X10 hours. 
Taking the effects prcpoitioital to the effective causes^ the number of men 
required will be found to be 324. 

The requirement may be varied to find the days, the hours, or ths effects* 



when it is due, but is added to the pnncipali so that the £rst year'& 
amount becomes the principal for the second year ; and so on for the 
third and the succeeding years.^ 

The compound interest of any sum for any number of yeaxfc 
may be calculated by proportion, for each successive year, as simple 
interest. 

* In finding the compound interest for any part or parts of a year after the ex- 
piration of several years, it is usual, for instance, if the compound interest be 
recLuired for 4 J years, to take three-fourths of the 5th year's interest. This may be 
objected to as implying that the interest is payable quarterly. This approximation, 
however, does not differ much from the exact truth, as will be seen in the following 
example. 

To find the compound interest of £300 for 4J years at 5 per cent, per annum. 






£ 

300= First year's Principal. 
15 ,, Interest. 



315 ,, Amount, or 2nd year's Principal. 

15*75 Second year's Interest. 



iV 



^ 






330-76 „ Amount. 

16-5375 Third yeai-'s Interest. 
347-2876= „ Amount. 

17-364375 Fourth year's Interest. 



364-651876= „ Amount. 



18-23259375 = Fifth year's Interest. 



13-6744453125=1 of 5th year's Interest. 
364 -651 875= Fou rth year's Amiount. - ' 

£378-3263203125 =4| year's Amount 
20 

s. 6 -6264062500 
12 

d. 6-31687500 
4^ 

q. 1-267500 

£ s. d. 

378 6 6^= Amount. 
300 = Principal. 

£78 6 6^= 1 Compound Interest for 4| years. 

It may be here remarked that the number of decimal places in this computa* 
tion might be restricted to 6 or 7, without incurring the error of a farthing. 

If the compound interest of £300 for 4^ years, at 6 per cent, per annum, be cal- 
culated from the formula M-»P(l+r)*, by means of a table of logarithms calculated 
to seven places of decimals, it appears from the calculation that the correct result is, 

£ s. d. 

878 4 10i*B Amount. 
800 -Principal. 

£78 4 10^ «■ Compound interest for 4 J years. 
And the approximation is too great by Is. 8d. nearly. .,♦ 



The compound interest of any sum can be found by a shorter 
process, by simply taking the same aliquot parts of the principal of 
each successive year, as the rate per cent, is of £100. 

6. Discount is defined to be a deduction made for the present pay- 
ment of a sum of money due at some future time, and differs from, 
simple interest or Banker's discount. 

If £100 be lent for one at 5 per cent, per annum, the amount at 
the end of the year Tvould be £105. 

But if £100 be due at the end of a year at the rate of 5 per cent, 
interest per annum, and if £5 be deducted for present payment, tho 
sum paid to the creditor would be £95. 

Now if this £95 were put out immediately to interest for a year, 
at 5 per cent. ; at the end of the year the amount would be £99. 15s. ; 
whereas if the payment had been deferred till the end of the year, the 
creditor would have received £100, and would not have lost 5s. ; in tho 
transaction he should have lost nothing. 

It is therefore clear that £5 was too large a sum to be deducted 
for present payment. The interest should have been calculated on 
the present icortJi of £100, and not on the worth of £100 at the end of the 

year. 

And since the present worth of £ 105 due at the end of a year is £ 1 00, 
the present worth of £100 due at the end of a year wiU be a fourth pro- 
portional to £105, £100, £100, which will be found to be £95. 4s. 9|d., 
and the difference £4 15s. 2|d., between this present worth of £100, 
and £100 due at the end of the year, is the interest of the present 
worth for the same time and at the same rate of interest. The interest of 
the present worth is also a fourth proportional to £105, £100, £5; 
which will be found to be £4. 15s. 2fd. 

By means of these principles, may be found the time at which ono 
payment may be made equal to the sum of several payments made at 
different times, at the same rate, or at different rates of interest. If 
the present worth of the different siuns be found separately for the 
times and at the rates of interest given, then the time may be found 
when the sum of the present worths shall be equitably equivalent to 
the amount of the given sums at the given rate of interest. 

It may be added that the present worth and the discount of any 
sum due any number of years hence, may also be calculated by com- 
pound interest by means of a proportion. 

7. The purchase and sale of stocks, whether they consist of the 
national debts of governments, or the nominal capital of trading com- 
panies, are all subject to the rule of proportion, as well as all questions 
which arise on the dividends of such stocks. The national debts of 
foreign governments in general consist of bonds of £100, or some 
multiple or submultiple of that sum. They are contracted for a fixed 
rate of annual interest payable half-yearly, and are so arranged as to bo 
gradually paid off within a certain number of years. They are trans* 
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forable from one person to another until they are drawn and paid off. 
The value of these bonds may be worth more or less than £100 
sterling. When a bond of £100 stock is w6rth £100 sterling, it is 
said to bo at par ; and when it is worth less or more than £100 
sterling, it is said to be below or above par. 

The national debt of the United Kingdom consists of stocks called 
consols (consolidated annuities), of which the chief stock is called the 
3 per cent, consols, which bear an annual interest of £3 sterling, 
payable half-yearly, for every £100 stock. This stock has no period 
fixed for its redemption like foreign stocks, but may be purchased and 
sold at any time at the ordinary rates of the market. 

The exchange of a sum of money of one nation into the equivalent 
to that of another, is effected by a proportion when the equivalent 
values of the imits of the money of the two nations are given ; and 
when several exchanges are made in one transaction, these separately 
constitute a repetition of the same process. 

The computations in all mercantile transactions depend upon the 
principle of proportion. And the profit or loss on all sales and 
purchases are in general computed at some fixed rate for every £100, 
as are also all charges for commission, brokerage, &c., for the pur- 
chase or sale of merchandise. The equitable division of the profits or 
losses of a trading speculation can be effected by means of proportion ; 
and in cases where the element of time enters into the transaction, 
both the time and the capital employed must be considered as con- 
stituting the efficient cause of the effect produced. 

In the same manner the assets of a bankrupt can be divided amon^ 
his creditors according to the proportion of their claims on the 
bankrupt's estate. 
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EXERCISES. 
I. 

1. Explain wliat is meant by ratio, and state under wliat con- 
ditions two concrete numbers can have a ratio to one another. 

2. What ratio does 63 acres, 2 roods, 19 poles, 22 J yards, bear to 
199 acres, 3 roods, 33 poles, 13f yards? 

3. When are four magnitudes said to be proportionals ? Apply 
the definition as a test to ascertain whether the four quantities 31b. 
2oz., Is. If d., Is. 7Jd., 41b. 2oz., can be so arranged as to form a pro- 
portion. 

4. What number has the same proportion to 360 as 231 has to 
72? 

5. Find a third proportional to f and f . 

6. Determine a fourth proportional to 3-125, *000125, and '0732. 

7. Shew that 6yds. 3qrs. bears the same proportion to 73yds. 2qrs. 
as 5s. 3d. does to £2. 17s. 2d. 

8. Find a sum of money which shall be the same part of £61. 9s. Id., 
that 2cwt. 2qrs. lOlb. is of 36owt. Iqr. 

9. Increase £5. 4s. 6d. in the proportion of 11 to 19, and state how 
much per cent, is added. 

n. 

1. Find the cost of 4tons 2cwt. Iqr. lllb. of merchandise at £3. 17s. 
per hundredweight. 

2. If 5cwt. 3qrs. 141b. cost £6, what will be the cost of one pound ? 

3. What is the yalue of 39owt. Oqr. lOlb. at £1. 17s. lOd. per 
cwt.? 

4. What is the cost of I7cwt. Iqr. 121b. at 9s. lid. per quarter? 

5. If f of a yard cost 9s. 4d., what number of yards will £100 
purchase? 

6. What is the rent of 247 acres of land for one year «nd 146 days 
at £1. Ids. 6d. per acre? 

7. A merchant bought 4 pipes of wine and sold t>ne pipe for £50, 
but by doing so he lost 5 per cent. ; at what rate must he sell the 
remaining 3 so as to gain 20 per cent, by the whole ? 

8. A man pays a com rent of 5qrs. of wheat and S of barley 
Winchester measure; what is the value of his rent, wheat being at 
60s., and bailey at 54b. the quarter, Imperial measure ? supposing 33 
Winchester gallons equivalent to 82 lQq>erial ones. 

9. A tenant holds a farm of 350 acres subject to a tax of 3s. 6d. 
per acre yeaaly, and a com rent of 100 quarters of wheat, barley, 
oats, and beans respectively. Find the amount of his reat wh^i the 
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average prices of wheat, barley, oats, and beans per quarter are 
48s. 9d., 30s. 4d., 23s. 6d., and 33s. 5d. respectively. 

10. If tlie sixpenny loaf weigh 4-35lb. when wheat is at 5-75s. per 
bushel, what ought to be p^-id for 49-3lb. of bread when wheat is at 
18 •4s. per bushel? 

11. If 5 pipes of wine be bought for £300, and one pipe bo 
damaged, at how much per gallon must the remainder be sold so as 
neither to gain or lose by the transaction ? 

in. 

1. What is the simple interest and amount of £30o in 6 years at 
4^ per cent, per annimi ? 

2. In what time will £305 amount to £387. 7s. at 4j per cent, 
per annum simple interest ? 

3. If £305 amount at simple interest in 6 years to £387. 7s., 
what is the rate per cent, per annum ? 

4. What principal put out to simple interest at 4J per cent, for G 
years will amount to £387. 7s. ? 

IV. 

1. Required the amount of £56. 13s. 4d. put out to simple interesft 
for 5 years and 4 months at 6 per cent, per annum. 

2. What is the commission on £529. 18s. 5d. at 2 J per cent. ? 

3. The amount of £500 in f of a year was £520. Required the 
rate per cent. 

4. What is the interest of £275. 10s. for 219 days at 5 per cent, 
per annum ? 

5. If money bear interest at 5 per cent, per annum, of what sum is 
one groat the daily interest ? 

6. In the year 1248 a.d., the money-lenders were not allowed to 
charge the scholars at Oxford a higher interest for the loan of money 
than twopence for the use of one pound for a week ; how much was 
that per cent, per annum ? 

7. An estate is bought at 25 years' purchase for £15,'000, two- 
thirds of the purchase-money remaining on mortgage at 3 per cent. ; 
the cost of repairs averages £100 a year. What interest does the 
purchaser make on his investment ? 

8. If £5 be paid for the loan of £100 for one year, what ought to 
be paid for the loan of £275 for 5 years ? 

9. If A lend B £150 for 7 months, and when B has occasion to 
borrow from A, the latter can spare only £70 ; how long may B keep 
the £70 until the interest is equal to the interest of A's loan ? 

10. Which is the greater rate of interest, £7 for the use of £145 or 
£4| for the use of £91 5s. for a year ? 

11. The simple interest of. £25 for 3| years was found to be 
£3. 18s. 9d. ; required the rate per cent, per annum. 
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12. If £960 put out for 6 years at simple interest amount to 
£1248 ; what is the rate per cent, per annum ? • 

13. In how many years will £800 become £1088 at 4 per cent, 
simple interest ? 

V. 

1. What sum of money is that which amounts in 3 months to 
£249. 9s., and in 9 months to £256. 3s. 8<1., and at what rate of 
interest is it lent ? 

2. What was the interest of the national debt of Ghreat Britain and 
Ireland for one hour, calculated at the rate of 3 per cent, per annum, 
if the amount in 1872 was £730,986,800 ? 

3. What must be the rate of interest per cent, per annum, in order 
that the interest of fifty American dollars may be one cent, per diem ? 

4. What is the interest on 30*029 rupees, 4 annas, 6 pice, at 4^ per 
cent. ? Give the result in English money when the rupee is worth 
2s. l^d., the rupee containing 16 annas, and the anna 12 pice. 

VI. 

1. Explain the distinction between true discount and banker's 
discount. Does the creditor or the debtor gain by computing interest 
instead of discount ? 

2. Find the discount on £100 due one year hence, if money bear 
interest at 5 per cent, per annum. Calculate the interest on this 
discount for the same time, and shew that it is equal to the difference 
between the interest and the discount of £100. 

3. Find the present worth of £250 due 2^ years hence at 5 per 
cent, per annum ; and shew that the discount of the given sum is equal 
to the present worth for the same time and at the same rate of interest. 

4. A person agrees to discount a bill for £675 payable in 40 days 
at the rate of 2f per cent, per annum interest. How much does he pay ? 

5. What must be the rate of interest, in order that the discount on 
£2573 payable at the end of one year and seventy-three days may be 
£93? 

6. Shew that the interest on £266. 13fl. 4d. for three months, at 
4^ per cent, per annum, is equal to the discount of £83 for 15 months 
at 3 per cent, per annum. 

7. If the discount on a bill due 8 months hence at 2^ per cent, per 
annimi be £12. Os. lid., what is the amount of the bill? 

8. What sum of money must be placed out at simple interest 
for 5 years at 4| per cent, that the amount may be £1000 ? 

9. What is the present worth of £1275, payable as follows: 
£90 in 3 months, £735 in 7 months, and the rest in 11 months, if 
money bear interest at 5 per cent, per annum ? 

10. A man having lent £2,500 at 5 per cent, interest, payable 
half-yearly, wishes to receive his interest in equal portions monthly, 
and in advance ; how much ought he to receive every month ? 
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11. If the principal sum with interest at the rate of 5 in the lOO 
for a month amount in a year to 1000 ; tell the principal and interest 
respectively (Zilavati). 

12. Find the discount on £170. 18s. 5d. due 52 days hence, at 2^d* 
per £100 per day. 

13. If £10 be the interest of £110 for a given time, what should 
be the discount of £110 for the same time ? 

14. Shew that the interest on the discount of £100 for one year at 
5 per cent, per annum ia equal to the discount on the interest at the 
same rate for the same time. 

vn. 

1. Find the amount of £320. 10s. for 4 years, at 5 per cent, com- 
pound interest, when the interest is payable yearly and half-yearly. 

2. Find the amount of £819. 4s. in 6 years at £12. 10s. per cent, 
per anntim compound interest. 

3. Find the amount of £62. 10s. in four years at 20 per cent, per 
annum compoimd interest. 

4. What sum must be paid down to receive £600 at the end df three 
years, allowing 5 per cent, per annum compound interest ? 

5. Find the compound interest of £250 at 3 per cent, per ftun^ t m 
for 2 years and 195 days. 

6. What is the compound interest of £410 for the term of 2 J yeara 
at 4| per cent, per annimi, the interest payable quarteriy ? 

7. The difference between the compound and simple interest of. a 
certain sum of money for 3 years at 4 per cent, is 19s. Find the sum. 

8. Find at what rate of simple interest in two yeara a sum would 
amount to the same sum as at 4 per cent, compound interest. 

9. Compare the simple and compound intorest of £350 for 4 years 
at 4f per cent, per annum. 

10. In how many years* will £1000 amount to £1123. 12s.' at 6 
per cent, per annum compound interest ? 

11. A person put out to interest £2,000 at 4 per cent. ; he spends 
annually £75, and adds the remainder of his dividend to his stock. 
What is he wortli at the end of 6 years ? 

12. What sum of money put out to compound interest for 5 years 
at 5 per cent, per annum will amount to £100 ? 

13. What is the present value of the compound inteare8t,.3 per 
cent, per annum, of £100, to be received five years he^j^ ? 

14. Find the whole amount and the interest accumulated at the end 
of 4 years, by one who invests £200 at the beginning of each year at 
3f compoimd interest. 

15. If a legacy of £500 be left to a youth of 15 years of age,, and 
invested at 4 per cent, per annum compound interest ; what sum 
would he receive when he becomes of age ? 

16. A person saves from his income £100 a year, and invests his 
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savings at 5 per cent, per anmuni eompound interest ; what amount 
TTOuld be aceomulated in ten yeara? 

17. An estate was mortgaged for £2079. 158., upon which interest 
was payable at 4f per cent, per anniam. Supposing no payments 
made until the expiration of 7^ years, when the whole debt was 
cleared off, £.nd the accumulated an:u>unt due at that time. 

18. If a sum of money were put out to interest at 5 per cent, per 
annum, in how many years would it double itself (1) at simple 
interest, (2) at compound interest ? 

19. A sum of money was put out at 5 per cent, per AnnnifT^ com- 
pound > interest; and the interest in four years was £107 .15s. Ofd. 
What was the sum ? 

vni. 

1. What is meant when it is said that consols are at 88f J What 
are they at when £9000 is paid for £10000 consols ? 

2. What sum will be required to purchase £250 stock in the 3 per 
cent, consols when they are at 95| per cent. ? And conyersely, what 
stock in the 3 per cent, consols can be purchased for £238. 8s. 9d., when 
they are at 95f ? What would be the diffiraranee in each case by 
taking into the account the commission of the broker at ^ per cent. ? 

3. If the 3 per cent, consc^ are at 94, what should be the price of 
the 4 per cents to gire the same rate of interest ? 

4. If the 3 per cents be at 96^ and the 3^ per c^its at 103, which 
stock gives the greater interest ? . 

5. A person invests £4600 in the 3 per cents at 91^, and sells out 
at 95^ a year afterwards. What percentage does he get for his money, 
the broker charging ^ per cent, for both the purchase and sale ? 

6. Which is the better investmiKit, bank stock paying 10 per cent. 
at 317, or 3 per cent, consols at 95 ? 

7. A person holds as much stock of a certain kind as is worth 
£879, the price being £97. lOs. for £100 stock ; there is also another 
stock which seUs at £88. 5s. for £100; find how mueh of the latter 
stock he ought to receive in exchange for his property in the former. 

8. Which is the more profitable investment^ the purchase at £96 
of 3 "per cent, consols,, or the purchase of shares in an insurance office 
at £227 per ^lore, the annual dividend on a share being £7. 10s. ? 

9. Shew that the interest obtained by investing a sum of money 
in the 3 per cents at 82|, is to the interest obtained by investing the 
same sum in the 3^ per cents at 93^, as 34 to 35. 

10. What amount of slock in the 3^ per cents wiU give the same 
annual income as £3560. 8s. of the 3 per cent, stock ? 

11. What must be the price of stock in the d per cent, consols, that 
capital invested therein may produce 5 per cent, per annum ? 

12. If £1000 be invested in the purchase of 3 per cent, stock at 
91^, at what rate nuut the stock be sold to gain £100 ? 
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13. A person by selling out of the 3 per cents at 99 realises £15,345, 
and gains 10 per cent, on his investment hj the transaction. At 
vhat price did he buy ? 

14. If £1000 be invested in the 3 per cent, consols when they were 
at 85, and some time after the stock was sold out, and it was found 
that £100 was lost in the sale ; what was tlie value of £100 stock ? 

15. A person buys £750 stock in the 3 per cents when they are 
at 98f, and 6 months after sells it at 103 ; what did he gain? 

16. ^ having £2000, purchased (May 22) stock in the 3 per cents, 
then at 96|, but sold out again shortly afterwards when they had 
fallen to 94. What does A lose ; and what is the portion of the half- 
yearly dividend paid in July 6 that accrues after A*» purchase P 

17. How much stock must be bought at 85 j^ per cent., in order that 
by selling it out when stocks are at 9 Of, twenty guineas may be 
gained ? 

18. The three per cent, consols were at 98|^, and £740 of this stock, 
including commission, cost a person £717. 8s. ; how much per cent, did 
lie pay for commission ? 

1. A person sells out of the 3 per cents at 96, and invests the money 
in railway 5 per cent, stock. By this means his income is increased 
15 per cent. What is the price of the railway stock ? 

2. A person sells out of the 3 per cent, consols at 91|^, £700 stock. 
After consols have fallen 2^ per cent., he buys in again with the same 
money. What difference will thus be made in his annual income ? 

3. A invests £11,025 in the purchase of 3 per cent, stock at 87^, 
and B invests the same sum in the purchase of 4 per cent, stock at 
04^ ; what will be the difference of the net incomes after deducting 
income tax at 10 pence in the pound? 

4. How much 4 per cent, stock can be purchased by the transfer of 
£1000 stock from the 3 per cents at 72, to the 4 per cents at 90 ? 

5. When the 3 per cents are at 9 If, and the 3^ per cents at 99^, 
which will be the better investment ? How much is one investing 
when the difference in income is a shilling ? 

6. A person transfers £1000 stock from the 5 per cents to the 
3 per cents when the former is at 110 and the latter at 84 ; if, at the 
end of six months, the 5 per cents have risen to 112, what must 
then be the price of the 3 per cents, that he may sell out without 
having gained or lost by the transfer ? 

7. A person sells £1200 stock in the 3 per cents, at £86, in order to 
invest in bank stock paying 8 per cent. ; what price must he pay for 
it to be neither a gainer nor loser ? 

8. Would a person increase or diminish his income by selling £1 157 
S per cent, stock at 83^ to purchase into the 3^ per cents at 83|^ ? 

9. A person having his property in the Qreat Eastern Bailway 
£100 stock, whioH is at 52 J, and pays a half-yearly dividend of If per 
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cent. He sells out and invests in the 3 per cents at 95| ; will he in- 
crease or diminish his income ? 

10. A person sells out £153,000 stock, 3 per cent, consols at 92^, and 
invests the proceeds in a foreign 5 per cent, stock at 102^ ; when each 
stock has fallen 5^^ he again sells out, and reinvests in the 3 per 
cents ; by how much will the annual income differ from what it was at 
first? 

1. £400 is due at the end of two years, and £2100 at the end of 
eight years ; what is the equated time for one payment, reckoning 5 
per cent, simple interest ? 

2. If £40 be due at the end of 6 months, £60 at the end of 12 
months, and £80 at the end of 15 months ; what is the equated time for 
paying the whole, allowing interest at 3 per cent, per annum ? 

3. Supposing £100 due now, and £1000 at the end of 10 years; 
required the equated time of payment at 5 per cent, per annum. 

4. A is under an engagement to pay JB the sum of £400 at the eftd 
of 2 years, and of £2,100 at the end of 8 years. At what time may he 
pay both sums together without loss or gain, reckoning at 6 per cent, 
simple interest ? 

XI. 

1. Two persons contribute £8000 and £12,000 respectively to a 
joint trading stock ; the gain is £5000 : what is the share of each ? 

2. A bankrupt's estate is £500; he has three creditors whose 
claims are £154. 10s., £320. 5s., and £415. 5s. respectively; divide it 
among them. 

3. Three persons contribute £1000, £1200, £1780 respectively, 
and after trading 14 years, at the dissolution of the partnership the 
firm was found worth £180,000 ; what did each man receive ? 

4. The estate of a bankrupt worth £21,000 is to be divided among 
four creditors ; the debts due to A and J5 are as 2 : 3, to J? and C as 
4:5, and to C and i> as 6 : 7 ; what must each receive ? 

5. A puts into a speculation £500 for 18 months, and B £1000 
for 12 months ; they gained £250: find the share of each. 

6. Three merchants traded in partnership ; one put into the concern 
£1500 for 3|^ years, another £1200 for 3 years, and the third £1000 for 
21 months, and they gained £1000 ; what was the gain of each 
partner ? 

7. A, By C enter into business with capitals of £625, £925, and 
£1200 respectively, and at the end of a year divide profits to the 
amount of £687. 10s. ; what is the share of each ? 

8. A and B were partners for 12 months. A advanced £400 for 
the first 3 months, and then £750 more ; B advanced £500 for the 
first 5 months, and then £450 more. They gained £1020; what 
should each receive ? 

9. A and B rent a field for £60. A puts in 10 horses for li months, 
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30 oxen for 2 months, and 100 sheep for 3| monihs ; B pixts in 20 
horses for 1 month, 40 oxen for 1^ months, aad 200 idxeep for 4 
months. If the food consumed in the same time by a horse, aai ox^ 
and a sheep be in the ratio 3:2:1; find the portion of the rent of 
the field which each must pay. 

10. Three merchants A, B^ (7, gain £5000 by trading in 25 
months. A's capital was £2400, B'a £3500, and (Ts £4500. B put 
in his capital for the whole time, A having put in his for the last 15 
months, and C for the last 12 months ; what should each receiye ? 

11. AfBy and C xeoi a x>asture for a year for 20 guineas : A puts in 
25 cattle for the whole time, B 30 for 9 months, C 45 for 7 months ; 
find the rent paid by each* 

12. Three p^sons begin trade, each by inresting £500 in the 
concern. A adds £50 more at the end of eveiy two months, B adds 
£75 at the end of ev^y three months, and C £100 at the end of every 
four monihs. If the profits be £661. 10s. at the end of the year, what 
ifiieach partner's share ? 

13. A. bankrupt has three creditors, to whom the sumjsi due are as. 
the numbers 3, 4,. 5 ; if his assets are valued at £6000, find the sumsc 
they will respectively receive. 

14. ^ and B contract to execute a certain order for £1245. A 
employs 100 children for 3 months, 80 womeu for 2 months, and 40 
men for 1 month; B employs 120 children for 2 months, 60 women 
for 1^ months, and 80 men for 2^ months. If the work done in the 
same time by a child, a woman, and a man be in the ratio 1:2:3, 
fimd the sum of money which A and B must each receive. 

xn. 

1. The exchange between London and Paris is 25 j^ francs for 
one pound sterling; betweea Paris and Amsterdam 117 francs for 55 
fiorins ; between Amsterdam and Hamburgh 11 florins for 13 marks t 
what is the exchange between London and Hamburgh ? 

2. If 3lb. of tea cost as much as 171b. of sugar, and lOlb. of 
sugar as much l^lb. cloves ; how many pounds of tea must be given 
for 100 pounds of cloves? 

3. If 6 pounds of pepper be worth 13 pounds of ginger, and 19 
pounds of ginger be worth 4^ pounds of cloves, and 10 pounds of 
cloves be equivalent to 63 pounds of sugar at 5d. per pound ; what is 
the value of osahundredweight of pepper ? 

4. If 7 oxen axe worth 45 sheep^ and 3 sheep cost 10 guineas, what 
will 8 oxen cost ? 

5. If 7 oxen be worth 42 sheep, and 3 sheep be worth 16 turkeys 
or 40 geese ; how many oxen must be given in exchang0 for 290' 
tuikeys aad 715 geese ? 

xni. 

1. Two liquids cost 7 and 9 shillings a gallon respectively. At 
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how mucli per gaUon must a mixture o£ two-thirds of the former and 
one-third of the latter be sold for the dealer to gain 20 per cent. ? 

2. A tea-dealer has teas worth 4s. 6d. and 3s. 6d. per pound 
respectively, which he mixes, taking two pounds of the former to one 
pound of the latter, and sells the mixture at 4b. 4d. per pound; what 
does he gain or lose per cwt. ? 

3. If 1000 pounds of sugar at 8d. a pound, 1100 at 7d., and 1500 
at 6d. be mixed tc^ether : at what rate per pound should the mixture 
be sold to gain 20 per cent, on the outlay ? 

4. A grocer mixes 91b. of cofEee at 2s. 3d. a pound with 61b. of 
chicory at 7^d. a pound; at what price must he sell the mixture to 
gain 25 per cent. ? 

5. A tea-dealer mixes together 31b. of tea. at 58., 41b. at. 6s., and 
51b. at 7s., and sells the mixture at 6a. 9^d. per pound ; how much 
per cent, does he gain by the transaction ? 

XIV. 

1. How much per cent, is 7^d. in the pound ? 

2. If gain be 2^d. in &e shilling, wliat is that per cent. ? 

3. How much per cent, is £8. 6s. 8d. in £26. 13s. 4d. ? 

4. A person paid a tax of 10 per cent, upon his income. What 
must his income have been if, after paying the tax, he had £1250 
left? 

5. What is the clear yalue of a legacy of £2000 in the 3 per cents^ 
when they are at 92^, the bequest being subject to a duty of 10 per 
cent? 

6. A legacy of £1000 is left to 3 individuals in the proportion of 
1,2, 3 ; find the sums received by each after deducting the legacy 
duty of 10 per cent. 

7. K an estate be worth £1500 a.yearand the land tax be assessed 
at 2s. 8^ in the pound ; what is the^ dear income ? 

XV. 

1. If sugar be bought at 9d. per pound ; at what rate must it bo 
sold to gain 25 per cent. ? 

2. If doth be bought at 7s. 6d. a yard ; at what rates must it ba 
sold (1) to gain, (2) to lose 15 per cent. ? 

3. If an aftide which costs a tradesmm £18 be sold after 4 months 
for £25 ; what was the gain per cent, per annum ? 

4. If 208 yards of cloth be bought at 12s. 6d. a yard, and 80 .yards 
be sold at 15s., and 98 at 14s. ; at what price must the remainder bo 
sold to gain 12 per cent, on the ouday ? 

5. By selling an. artide which cost £14 per owt.. at 2s. 9f d. per. 
pound, 5 per cent, more profit is gained than if ihe whole was sold for 
£55. 16b. 3|d. What was the amount sold ? 

6. By selling tea at 5s. 4d. per pounds a grocer clears one-eighth of 
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his outlay, lie then raises the price to 6s. ; what does he clear per cent. 
by the latter price ? 

7. K 14 per cent, be lost in the sale of goods for 8s. ; what was 
the loss per cent, if sold for 7s. 6d. ? 

8. If 5 per cent, be lost in selling eloth at 10s. a yard ; how much 
is gained or lost per cent, by selling it at 12s. 6d. a yard ? 

9. In a sale of goods for £182 there is a loss of 9 per cent. ; for 
what must 3 times the quantity be sold in order to gain 7 per cent. ? 

10. If 20 per cent, be gained by selling an article for 10s. 6d. ; 
what is the gain or loss per cent, when it is sold for 8s. ? 

11. When goods are sold for £80, the gain per cent, is 10 ; what 
should be the price of an equal quantify of the same article that the 
gain per cent, might be 19 ? 

12. Goods are bought for £142. 10s., and sold for £163. 13s. ll^d. ; 
what is the gain per cent. ? 

13. A grocer had 1501b. of tea, of which he sold 501b. at 9s. per 
pound, and found he was gaining only 7 J per cent. But ho wished to 
gain 10 per cent, on the whole. At what rate must the remaining 
lOOlb. be sold that he may attain his wishes ? 

XYI. 

1. A tradesman adds 35 per cent, to the cost price of his goods, and 
gives his customers a reduction of 10 per cent, on their bills ; what 
profit does he make ? 

2. A merchant bought goods for £170, and sold them again for 
£210 to be paid at the end of nine months. What was his gain in 
ready money discounting at 6 per cent. ? 

3. A tradesman finds that if he asks for his goods 15 per cent, 
above the wholesale price^ he can sell his whole stock in 4 months, 
whereas if he asks 20 per cent, he requires 6 months to sell the same 
amount. Which will he find the more profitable system at the year's 
end? 

4. A bill of £630 due a year hence can be taken up now at 
5 per cent, discount. Supposing that a tradesman can employ his 
capital so as to obtain interest at the end of every quarter at the rate 
of 4^ per cent, per annum, had he better so employ it, or take up the 
bill ? and what will be the difference to him ? 

5. A tradesman marks his goods with two prices, one for ready 
money, and the other for one year's credit, allowing discount at 5 per 
cent. If the credit price be marked 12s. 3d., what ought to be tho 
oash price ? 

6. If a manufacturer sell an article of which the first cost is £100 
to a wholesale dealer at 10 per cent, profit, the wholesale dealer to tho 
retailer at 15 per cent, profit, and the retailer to the consumer at 30 
per cent, profit; what sum is paid by the consumer as profits in 
addition to the first cost of the article ? 
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xvn. 

1. If 5 per cent, be lost by selling a horse for £38, at wbat price 
must 3 others, which cost each the same as the first, be sold in order 
to gain 10 per cent, on the whole ? 

2. Paper money is at a discount of £20 per cent. A man buys 
goods marked £6. 10s. (paper money) and tenders that sum in gold. 
How much paper money must he receive in change, 5 per cent, being 
allowed for present payment ? 

3. A labourer saves 2^ per cent, weekly out of his earnings, which, 
in money, were 15s. a week. In consequence of a strike his wages 
were raised 2s. a week, but he foimd his cost of living, with his 
weekly payment to the trades' union, were increased in the ratio of 
7 to 6 : find how much his yearly savings were increased after he had 
joined the trades' union. 

4. How much stock must be sold out of the 3 per cents at 92^^ to 
pay a bill of £515 nine months before it becomes due, discount 
being allowed at the rate of 4 per cent, per annum ? 

5. If a cask of 142 gallons oi wine purchased ten years ago for 
£70 was foimd to have lost a quart each year by leakage and evapora- 
tion ; at what price per gallon should the wine be sold to clear 10 per 
cent., allowing interest on the purchase-money at the rate of 5 per 
cent, per annum ? 

6. A horse bought for £88 sells for £110 ; what is the gain per 
cent. ? If bought for £110, he had been sold for £88, what would 
have been the loss per cent. ? If the rates of loss and gain differ, 
explain why they differ. 

7. Bought a quantity of goods for £150 ready money and sold 
them again for £200 payable ^ of a year hence ; what was the gain in 
ready ;noney, allowing discoimt at 4^ per cent. ? 

8. If goods be sold on the condition to allow 10 per cent, discount, 
if payment be made at the end of 6 months ; what discount ought to 
be allowed if payment be actually made (1) three months Jtf/b;v, and 
(2) three months after the stated time, if money bear interest at 5 per 
cent, per annum ? 

9. A person purchases goods at 6s. per pound Troy weight and 
sells them again by Avoirdupois weight ; at what rate per ounce must 
he sell so as exactly to reimburse his outlay ? 

xvin. 

1. If an ounce of gold be worth £3. 17s. lO^d., and if silver be 
worth 5s. 2d. ; what is the relative value of gold and silver? 

2. What is the value of a talent of silver, if silver be worth 5s. 
per oz., and a talent consist of 1000 shekels, each weighing 219 
grains? 

3. A wedge of gold is worth £150 at the rate of £3. 17s. lO^d. 
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per ounce ; what is the worth of a piece of silyer of the same weight 
at £2. 14s. 6d. per pound? 

4. If gold be at a premium of 20 per cent., and a person buys 
goods marked 135 dollars, and offers gold to the amount of 135 
dollars, what change ought he to receive in notes, 5 per cent, being 
abated for ready payment ? 

5. A gold coinage, of which each piece weighs 132 grains, is 
alloyed with a metal of one-twelfth the value of gold ; and another, 
each piece of 104 grains alloyed with a metal one tenth the value of 
gold ; find the relative value of the two pieces, if a thirteenth part of 
each coin be alloy. 

6. Find the proportion of the values of a gold coin and a silver 
coin, if 13 gold coins together with 12 silver coins are worth 3 times 
as much as 3 gold coins and 40 silver. 

XIX. 

1. If £39 are equal to 1000 francs, the French hectolitre equals 
344 quarters. Is com cheaper in England at 39 shillings a quarter, 

or in France at 17 francs the hectolitre ? 

2. If 8000 metres be equal to 5 miles, and if a cubic fathom of 
water weigh six tons, and a cubic metre of water 1000 kilogrammes ; 
find the ratio of a kilogramme to a pound Avoirdupois. 

3. A block of mahogany in the form of a rectangular parallelo- 
piped measures along its edges 18|- feet, 5^ feet, and 3 feet respec- 
tively ; determine its value on the supposition that a cubical block of 
the same wood measuring 7 inches along the edge is worth 3s. 6d. 

4. A beam is 5ft. Gin. long, lOin. wide and Sin. thick, and weighs 
8cwt. Iqr. ; find the length of another beam the end of which is 100 
square inches which shall weigh one ton. 

5. If a piece of land 375ft. 6in. long, and 75ft. 9in. in breadth, 
<iqst £1 18. 2s. 6d. ; what will be the price of a piece of similar land 
278ft. 9in. long and 157ft. broad? 

6. If granite be sold at 2s. 7fd. the cubic yard ; find the price of 
235 blocks of it, each of which contains 43^ cubic feet. 

1. A piece of work can be done in 50 days by 35 men working all 
together; and if after working together for 12 days 16 of the men 
were to leave the work, find the number of days in which the remain- 
ing men could finish it. 

2. The expense of 19 workmeufor B5 weeks is £310. 10s. ; how 
many weeks must 43 workmen labour for. £555. 7b. ? 

3. A person contracts to do a piece of work in 30 days and 
employs 15 men upon it ; the work is half finished in 24 days : how 
many additional workmen must he then introduce in order to perform 
the contract ? 
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4. If 5 oxen or 7 horses eat up the grass of an enclosure in 74 
•days ; in what time could 5 horses and 7 oxen eat up the grass of the 
enclosure ? 

5. If £17. 10s. be gained by a principal of £75 in 9 months; at 
Tvhat rate is that per cent, per annum ? 

6. If a tradesman with a capital of £2000 gain £50 in 3 months ; 
what sum will he gain with a capital of £3000 in 7 months ? 

7. If 15 horses and 148 sheep can be kept 9 days for £75. 15s. ; 
what simi will keep 10 horses and 132 sheep for 8 days, supposing 
-5 horses to eat as much as 84 sheep? 

8. If 5 men can reap a field whose length is 800 feet and breadth 
700 feet in 3^ days of 14 hours each ; in how many days of 12 hours 
each can 7 men reap a field 1800 feet long and 960 broad ? 

9. If 25 labourers can dig a ditch 220 yards long, 3ft. 4in. wide, 
and 2ft;. 6in. deep, in 32 days, when the day is 9 hours long ; how 
many labourers would be able to dig a ditch half a mile long, 2ft. 
4in. deep, and 3ft. 6in. wide, in 36 days, when the day is 8 hours 
long? 

XXI. 

1. If a person travels over 120 miles in 9 days, when the days 
€ire 8 hours long; in how many days of 16 hours each will he travel 
over 640 miles ? 

2. A is 20 miles behind B, A travels at the rate of 5^ miles an 
hour, and B at the rate of 3^ miles an hour ; after what time will 
A overtake B ? 

3. If 64*32 Irish miles are equivalent to 69-14 English; how 
many English correspond to 15j^ Irish? 

4. What fraction of an inch on a globe of 50 inches diameter 
would represent the altitude of Ghimborazo, 21,424 feet high, the 
highest point of the Andes, supposing the earth a sphere, and its 
diameter 8000 miles ? 

5. If the shadow of a tower be 80ft. 6in., and that of a stick 3ft. 
long placed perpendicularly at the same minute be 5ft. 2in. ; find the 
Jieight of the tower, and state the Prop, in Euclid which you employ. 

6. The ratio between the polar and equatorial diameters of the 
^earth is 283-33 to 299*33, and the length of the polar diameter is 
:7899-114 miles; find the length of the equatorial diameter. 

7. Assuming that the circumference of a circle is to its diameter 
.•as 22 to 7, and that the circumference of the earth is to its diametlBr 

as 160 metres to 167 feet, determine to five places of decimals the 
ratio of a metre to a foot. 

8. How much larger does the full earth appear to the inhabitants 
of the moon (if there be any) than the fiill moon to the inhabitants of 
the earth, supposing the diameters of the earth and moon are 8000 
and 2000 miles respectively, and that the areas of circles are propor- 
tional to the squares of their diameters ? 
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EESULTS, HINTS, ETC., FOE THE EXEECI8ES. 

I. 

1. Art. 1. 2. The ratio i3 7 to 22. 8. See Art. 2. 4. 1155. 6. A number is 
called a third proportional to two numbers, when the second number forms the con. 
sequent of the first ratio and the antecedent of tlic second. The third proportional 
is ff . 6. -00002928. 7. The first ratio is represented by ^, the second by ^V. 
each of which is equal to ^. 8. 2cwt. 2qrs. 101b. «^^% — -^ of 36cwt. Iqr. 
9. £5 4s. 6d. is augmented to £9 Os. 6d., which gives an addition of £3 16s. This 
addition on £5 4s. 6d. gives an addition of 72-^^ per cent. 

II. 

1. 4 tons 2cwt. Iqr. 111b. = 92231b. and 1121b. cost 77s. Let 92231b. cost xs., 

XI • J- *i ..• 1 X XI . i-x 5 a; 9223 9223x77 
the prices are directly proportional to the weights, and =-= ; x— — s. 

Sometimes questions of proportion may more readily be answered by the method oF 
practice, as it is called, by multiplying the price of the given unit by the number of 
units, and making the smaller units some aliquot part or parts of tlie given unit, as 
in this case, Icwt. is the given unit, Iqr. is i of Icwt., 71b. is ^ of Iq., and 41b. is 
I of Iqr. If I of the price of Icwt, ^ of the price of Iqr., and ^ of the price of Iqr. 
be added to 82 times the price of Icwt., the same result will be obtained. 

2. 24d. 8. £73 18s. lO^d. 4. £19 19s. 24^d. 5. I6O4. 6. £414 14s. S^d. 

7. lOd. 8^. per gallon, or £67ft per pipe. 8. £22 8s. 9. £741 5s. 10. If x 

denote the price of 49 •31b. of bread when wheat is at 18-4s. per bushel ; since the 

price of lib. of bread is directly proportional to the price of a bushel of wheat, the 

„ ft 
proportion ^^ : j-^ : : 18*4 : 675 will give 18s. l^d. the price of 43-3lb. of 

bread. 11. 15^s. 

III. 

1. The simple interest is £82 7s., and the amount £387 7s. 

2. Let £82 7s. or 3294 sixpences =» interest of 305 for x years. 

£U3 14s. 6d. or 649 sixpences « interest of 305 for 1 year. 

T\,nr> « 8294 a 

inen _-«_.^, or aj«6 years. 

1 649 
8. £13 14s. 6d. or 549 sixpences = int. of 305 for 1 year. 
Let X «*int. of 100 for 1 year. 

X 100 20 

649 "305 ""61 

^^ 20X549 ^^3Q sixpences=£4i per cent 
. 61 
4. £127 or 2540s. = amount of £100 in 6 years. 
Let £387 7s. or 7747s. —amount of a; in 6 years. 

X 7747 7747X100 ^«.. ^, ... 
100-2540 ' ^ = "^640 ^^^^^ *^^ principal. 

IV. 
1. Amount £74 16s. Id. 2. £11 I63. 6^\, 3. 6| per cent 4. 219 days is 
}H*f of 1 year. One year's interest is £13 15s. 6d. 6. £130. 6. £43 6s. 8d. per 
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cent, per annum. 7. £1 6s. 8d. per cent. 8. £68 15s. 9. 15 montlis. 10. The 
second is a little greater than the first. 11. 4^ per cent per annum. 12. 5 per 
cent, per annum. 13. In 9 years. * 

V. 
1. The sum is ^246 Is. 8d., the rate per cent is 5J|^. 2. £2501 13s. 8«d. 
3. The rate of interest is 7 dollars 30 cents pe? annum on 100 dollars. 4. The exact 
interest in English money is 2s. lOfd. '1240475. 

VI. 

1. See Art. 6. 2. The discount is £4 158. 2^, and the interest of this dis- 
count for one year at 5 per cent, will he found to be 4s. 9|d., which is the difference 
between £5, the interest, and £4 15s. 2^., the discount of £100 for one year. 3 
The present worth is £222 4s. S^d., which, being deducted from £250, leaves the 
discount £27 15s. 6^ And the interest of £222 4s. 5id. at 5 per cent at 2i yeais 
will be found equal to the discount of £250. 4. £673 4s. ll^d. 5. £3 2s. 6d 
per cent 7. £733 19s. 3d. 8. £100 amounts to £122J in five years, at 4J pei 
cent, per annum. The sum required is £816 6s. 7^1 d. 9. £1232 lOs. 8|d. 10. 
The interest due at the end of each half-year was £62 10s. The question requires 
the present worth of one-third of this sum, 3 months, one-thii-d 2 months, and one- 
third 1 month, before the respective sums become due. 11. 625. 12. 18s. 61d. 
13. £9 3s. 4d. 14. See question 2 above, and Art, 6. 

VII. 

1. £389 lis. 4Jd., amount when interest is payable yearly. £390 9s. 11 Jd., 
amount when interest is paj-able half-yearly. 2. The rate £12 10s.«i| of £10o! 
The amount is £1660 15s. 0|d. exactly. 3. £129 6s. 4. The amount of £100 for 3 
yeais at 5 per cent compound interest is £115*7625. If £60 be considered the 
amount of which x pounds is the present worth, the sum will be found by a propor- 
tion to bo £51 16s. 7id. 

5. If the third year's interest be found, the interest for 195 days of the third 
year can be found by a proportion, and when this interest is added to the second 
year's amount, the sum will be the amount at the end of 2 years 195 days, from 
which, if the principal be subtracted, the remainder is the compound interest for 
that time. This is only an approximation, not the true result See Art. 5, p. 6, note. 

6. Here the interest of £410 is required for 10 periods, at the rate of 14 per cent 
per annum for each period. 

7. The difference between the simple and compound interest of £100 for 3 years 
at 4 per cent is £1 19s. 8d. And the difference between the simple and compound 
interest of the sum required is 19s. By a proportion the sum is found to be 
£47 -17s. lljd. 

8. As the sum is not stated, let £100 be taken, and the amount of £100 in 2 
years at compound interest is £108 16s. The requirement is to find at what rate 
simple interest £100 will amount to £108 16s. in 2 years. 

9. Find the simple and compound interest of the given sum for 4 years, and 
reduce the ratio of the interests to its simplest form. 

10. Find the successive yearly amounts. 

11. £2027 Is. 6id. 

12. The amount of £100 for 5 years at 6 per cent is £123 '812955 ; by a propor- 
tion may be found the pi'esent worth of £100 5 years hence. 

13. See the last question. 14. To the first year's amount add £200, to m&ke the 
principal for the second year, and so on in succession for the given number of years. 

15. The legacy accumulates for 6 y^ars at compound interest. 

16. See question 14. 



24 

17. As the interest was not paid legulai'ly, interest was also due on the interest 
uipaid for the whole of the period. 
19. £500. 

VIII. 

1. The meaning is that £100 stock in the 3 per cent, consols is worth £88} 
sterling. 

£10,000 stocks £9000 sterling ; let £100 stock = a; sterling, thus y^=.j^gg^ and 
a; =£90 sterling, the price of £100 stock. 

2. Here £100 stock— £95| sterling; let £250 stock ■» a; sterling, then ^==1^ 

ej anda;»^X95|— £238 8s. 9d. sterling. Conversely, £100 stock »95| sterling ; 
let X stocked £23*8 8s. 9d. sterlings and by a proportion the stock may be found. 

Both in the purchase and sale of stock, the purchaser luid seller always pay the 
commission \ per cent to the broker. In the purchase of stock, the |- is an increase 
to the price of £100 stock ; in the sale, it is a deduction from the sum received for 
£100 stock. 

3. Here £96 sterling give £3 interest ; let x sterling give £4 interest^ 

then ;^«|, and«-i4^-£l26 68. 8d, 

4. If £100 sterling give x interest when invested in the 3 per cents at 96 ; then 

X 100 , 100X3 ^. ^ aA ' ^ * 

-—=— — and a;« — ■— — «£3 28. 6d. interest. 
^ 96 96 

If £100 sterling give y interest when invested in the 3J per cents at 103, then 

^— -— , and ««— - — ==£3 7s. ll^d. interest. The 3 J per cents give the greater 
3j 103 103X7 

interest. 

5. He gains £150 by interest of his stock, and £150 by the transfer, so that he 
gains £300 on £4^600 sterling, which gives 6^f per c^t 

6. The question is answered by finding which of the two stocks gives the greater 
interest for any fixed sum, as £100. 

7. £971^ stock. 8. Consols give £3 2s. 6d. and insuruice shares £3 6s. Ijd. 
{)er cent interest 

9. Find the interest in each case, and reduce their ratio to the lowest terms. 

10. £3920^ stock. 11. £60. 12. £89|^ 13. £90. 

14. £76i. 15. £31 17s. 6d. 16. By his investment he loses £49 5s. 9d. The 
portion of the half-yearly dividend is the interest of the stock from May 22 to July 
6, at 3 per cent, p^ annum. 17. £400 stock. 18. £8 14s. 6d. 

IX. 

1. 106^ per cent, of railway stock. 2. The new stock £718 6s. 8i^gd., and the 
difference of the yearly interest of the old and new stock is lis. nearly. 3. Income 
from stock in the 3 per cents is £381 8s. 6l^d. : from stock in the 4 per cents, 
£466 13s. 4d. The difference of these, less lOd. in the pound for income tax, is 
£82 13s. 8-^d. 4. £800 stock. 6. The Z\ per cents is the better investment by 
5s. 0^. interest yearly. 6. At 84J| per cent. 7. £1200 stock in the 8 per cent, 
consols is equivalent to £450 bank stock at 229^ per cent. 8. His income would bo 
diminished by the transfer. 9. Bailway stock gives £3 5s. yearly dividend on share 
of £100 ; 3 per cent consols give £3 2s. 6^. on £100 sterling. 10. Annual income 
increased by £17 2s. 4^. 

X 

1. The present worth of £4^00 due 2 years hence «»£363^. 

£2100 „ 8 „ » 1500 



>» M 



Whole present worth of £2500 «£1863;^. 
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The question is, In what time will £1863-]^ amount to £2500 at 5 per cent, 
cimple interest ? 

If a; be the number of years 

Then £2500-1863T3r«£636-iV interest of £1863^"^ for aj years. 

and £96*16^ „ 1 year. 

Hence ?«-^?«&-=Z25?. 
1 fiS-lStV 102? 
or aj=6|f years. 
The other three questions are solved in the same manner. 



• XI. 

1. Here the whole stock is £20,000, which gives £5000. Let £8000 stock gain x, 

then ^«^^=? and a;«2000, the first share, also £5000 -£2000 =£3000, the 

second share. 

2. Here the amount of the 3 claims is £890, which pays £500. Let £154.V i>ay 

X 1544 
ic, then 77;7:=--^H^» and a: ■■£8^, payment for first claim. Similarly for the other 
500 09v 

claims. 

3. The three shares are £45276^%, £54271^^, and £80452^. 

4. Let A, B, C, D, denote the claims q{A,B, C, D, respectively. 

Then -=-, -p,=-i -=,== ; and let 1 denote Jt>*s claim, 
B 3 C 5 D 7 

thenC's.^f/>'s4i?'s«|of(rs=|of|=||and^w|ofi^'s=|of^ 

Sum of the ckims«l+?+?i+l^«3. 

7^35^35 ''• 

Let Xi denote the share of assets due to i)» 

X 1 

^cn — ttx^t: and a;, <«£7000»i>*s share of assets. 
21000 3 ^ 



^=ix^-^, «a - £6000 -Cs share. 



x^ 1 6 2 
21000"'3^7'*r 

;r^«^x|^-;^, aj,-£4800=5*s share. 
21000 8 35 35 * 



-^±_=lx— «=— , a:. -£3200«^'s share. 
21000 3^35 105' * 

5. In this question, the time forms an element of the effective cause. 

-4*8=500xli-760, ^*8-1000Xl«»1000. The whole effective cause, 1760, pro- 

duces £250. 

Let 700 produce effect x. 

JL«I^^? and ««£1074=^*s shaM. 
250 1760 7 

And 250-107f «£142f-5'8 share. 
«. Their respective gains were £246^ £507V»r» and £246^. 
7. The shaws of -4, J5, C axe £156 5s., £231 59., and £310 respectively. 
S, A*a 400x3-1200 ^'s 500x5-2500 

750x9-6760 450x7 -3150 

7950 5650 



Here the sum of the effective causes is 13600, which produces £1020. 

Let 7950 produce a:. 

Then -^ « 1^, x « £596H -^*s share, and £423tt - ffs share. 
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9. A pays £20 and B £40. 10. A should receiye £1014^1, ^ £2464^, and 
V £192Vt. 11. iBiH. £7|H, £6Hi. 

12. Effective Causes. 

B's 600 X 3 « 1500. C's 500 X 4 »=i2000 

75 100 

676x3-1725 600x4-2400 

75 100 
650 X 3 - 1950 700 X 4 =2800 

76 7200 

726x8- 2175 

7350 



^'s 500X2- 


-1000. 


60 




650X2- 


-1100 


60 
600X2- 


-1200 


50 




650X2« 


.1300 


50 




700X2- 


-1400 


60 




760X2. 


»1500 




7500 



The som of the effectiye causes is 22060, which prodnces £661 10s. 
The partners' shares are £225, £176 10s., and £226. 
18. They receive £1500, £2000, and £2500 respectively. 14. A has to receive 
£524^, and B £720}f . 

XII. 

1. £1 sterling » 26^ francs, 

117 francs— 55 florins, then 1 franc a^^ florin. 
11 florins— 13 marks, then 1 florin— 1| mark. 
Hence £1 sterling » 26^ francs. 
"••^X-^ florins. 
=¥X-^Xif marks. 

2. Here IJlh. cloves— 101b. sugar; then lib. cloves =s^lb. sugar. 

171b. sugar— 31b. tea, and lib. sugar —^Ib. tea. 
Hence lib. cloves -^X-^lb. tea, and 1001b. cloves = 100 Xf^lb. tea. 

3. 1121b. pepper-H2X-^X^XHlb. sugar at 6d. per pound. 4. £180. 
5. 18 oxen. 

XIII. 
1. 10^3. a gallon. 2. 18s. 8d. 3. 8^. per pound. 4. 2s. per pound. 6. 9^f 
per cent. 

XIV. 
1. 8i per cent. 2. 20^ per cent. 3. 81^ per cent. 4. £1388 17s. 9^. 
5. £1658 6s. 6. £160, £300, and £450 respectively. 7. £1296 17s. 6d. 

XV. 
1. When £100 is prime cost, gain is £25, and selling price is £1 25 ; let x be selling 
price when prime cost is 9d. The selling price is lOjd. per pound. 2. At 8s. 7^. 
to gain 15 per cent. : at 6s. 4id. to lose 15 per cent. 3. 116f per cent, per annum. 
4. The remaining 30 yards must be sold for £17. 6. 8cwt. 2c[rs. 261b. 6oz. 
13-^drs. 6. One-eighth is equivalent to 12^ per cent If selling at 6s. 4d. per 
pound gives a gain of 12^ per cent., what gain per cent, does the sale at 6s. per 
pound ? 7. 9| per cent. loss. 8. 18| per cent. gain. 9. The prime cost of £182 
sales, with loss of 9 per cent, is £200. And 3 times this sum is £600, which at 7 per 
cent, gain gives £42, and if the loss on the first sale is to be made good, the goods 
bought for £400 must be sold for £478. 10. Loss of 8f per cent 11. £86yV 12. 
Here a capital of £142 10s, gains £21 8s. 11^.; the requirement is. What does £100 
gain! 18. &i^^. 
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XVI. 

1. He adds £35 to every £100 of the purchase, which makes £135 the selling 
X>rice of £100 : and 10 per cent for prompt payment on £135 is £13}, which de- 
ducted from £135 leaves £111), leaving a gain of £11} on £100 capital. 

2. The present worth of £210 is £200fgS ; his gain is the difference of 200|gf 
and the prime cost, £170, which is £30f^. 

3. Fiime cost £100, with gain £15, gives £115 selling price in 4 months, and in 
12 months a sale of £345 is realised with £45 profit Prime cost £100 with gain 
£20 gives selling price £120 in 6 months, and in 12 months a sale of £240 is realised 
with a gain of £40. 

4. The present value of the bill is £600, which if put out to compound interest 
at 4} per cent, per annum, payable quarterly, would amount to £627 9s. 2^ at the 
end of the year. 5. Making the deduction by true discount, the cash price should 
be 11^^. 

6. The manufacturer's cost of an article is £100. 

Manufacturer adds 10 per cent and sells to wholesale dealer for £110. 
Wholesale dealer adds 15 per cent to £110, and sells to jetail dealer for £126}. 
Ketail.dealer adds 30 per cent, to £126}, and sells to customer for £164^. 
Thus what was made for £100 is sold at last for a profit of £64 9s., or £54 9s. to 
the two middle men. 

XVII. 

1. The 3 horses must be sold for £119 2s. 7d. to gain 10 per cent, on the prime 
cost of them. 

2. Here £100 paper money »£80 gold, and hence £6 10s. gold is equivalent to 
£8 28. 6d. paper money. 

The purchase was made for £6 10 paper money. 

Deducting 5 per cent. 6 6 

Leaves sum to be paid in paper 6 3 6 

But value in gold offered was 8 2 6 in paper money. 

Change in paper money received £1 19 

3. Before the strike : 52 weeks* wages at 15s. =780s. Od. 

2} per cent, on yearly wages 19s. 6d. 

52 weeks* expense of living = 760s. 6d. 

After the strike : 52 weeks' wages at 17s. ^8848. Od. 

Expenses raised in ratio of 6 to 7 «887s. 3d. 

Instead of saving, he is in debt = 3s. 3d. 

Li other words, he was a poorer man by £1 2s. 9d. a year, after the strike than he 
was before it 

4. £540^ of 3 per cent, stock. 5. At 12s. 3-^. per gallon. 6. The gain is 
25 per cent ; the loss is 20 per cent. The difference arises from the fact that the 
gain and loss are calculated from different amounts of capital, the former from £88, 
the latter from £110. 

7. £43f|^ gained. 8. Suppose the value to be £100,. deducting banker's dis- 
count at 10 per cent, leaves £90 to be paid 6 months hence. If the £90 be paid 
3 months before due, true discount ought to be deducted; if 3 months after, 
3 months' interest ought to be added to the sum. 9. At 6^)d. per oz. Avoirdupois. 
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XVIII. 

1. The reUtiTe tsIum of gold and alyer are as 1869 to 124 ; or gold is in value- 
a little more than 15 times the same weight of sUrer. 

2. £114tV- 

3. The weight of the wedge of gold is found by dividing its value by the value ol^ 
one ounce. 

4. See question 7 above under XYII. 

5. The relative values are as 725 to 571 
G. The proportion is 27 to 1. 

XIX. 

1. A quarter of com in France costs SS^ shillings. 

2. One cubic foot of water weighs 6X20x14 pounds Avoirdupois, and 

1525211250 kilogrammes. 
1131 * 

3. £256 7s. lOfd. 4. 21i feet. 5. £731 Is. 4^. 6. £50 Is. 8|d. 

XX. 

1. 70 days. 2. 27|f|M ^ceks. 3. 45 men to be added. 4. 156^^ days. 
5. £31 J. 6. £125. 7. £50 10s. 8. 108 days. 9. 98 labourers. 

XXI. 

1. 24 days. 2. llf hours. 3. 1972 English miles. 4. ^Vu of one inch^ 
which is greater than ,^, but less than 7^^. 5. 46}f feet. Euclid Yl. 4. 

6. The equatorial diameter is equal to 299.33x7899.114 ^^^^ 

283.33 

7. The ratio of one metre to one foot is 3 '28035. 

8. If lunarian eyes have the same powers of vision as sublunarian eyes, the- 
apparent disks will be pro}>ortional to the squares of the diameters of the earth and 
moon, and one will appear 16 times as large as the other. 
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THE PEOPEETIES AND CONSTEUOTION OP 

LOGARITHMS. 

Art. 1. Dbf. 1. In the equation u = a', where a is a constant number 
^eater tlian unity, and u any natural number, the index x is defined 
to be the logarithm of the number u to the base a. 

The notation assumed to denote '* the logarithm of the number u 
to the base a" is log^u, so that z^log^Uj and the equation u = af 
may be written u = a^^«^^. 

Def. 2. The base of any system of logarithms is any fixed number 
which, being raised to the powers denoted by the logarithms, pro- 
duces the successive natural numbers. 

DzF. 3. A system of logarithms is a series of the successive values 
of X derived from the equation u = a*, when the natural numbers 
0, 1, 2, 3, 4, &c., are successively substituted for u, the same base a 
being preserved.^ 



^Logarithms maybe defined to be, as in fact they are, a series of numbers in 
Arithmetical progression which increase by a common difference, corresponding to 
another series in Geometrical progression which increase by a common maltiplier. 
For example, let 10 be made the base, 

If 0, 1, 2, 3, 4, 5, . . n be a series in A. P. 

and 100, iq^ 10^ 10«, 10*, 10% . . , 10» 1 be a corresponding series in 
or 1, 10, 100, 1000, 10000, 100000 . . . 10» J G. P. 

Then the numbers 0, 1, 2, 3, 4, &c., are the logarithms of the series of numbers 
1, 10, 100, 1000, 10000 &c., respectively, to the base 10. 

Hence it is obvious that a negative number cannot be assumed as the base of any 
system of logarithms ; for the odd powers of a negative number are negative, and 
the even powers are positive, and consequently they are not subject to the law of 
continuity in producing in order all the natural numbers. 

This definition of a system of logarithms suggests a method of finding the 
logarithms of all tho intermediate numbers ; for the Arithmetic mean between any 
two consecutive terms of the Arithmetic series will be the logarithm of tho 
Geometric mean of the two corresponding terms of the Geometric series : 

Thus, the A. mean between and 1 is *5, 
and the G. mean between 1 and 10 is 3*1622777 ; 
Hence -5 is the logarithm of 8*1622777. 
Again tho A. mean between 1 and 2 is 1 '5, 
and the G. mean between 10 and 100 is 31*6227766 ; 
Hence 1*5 is tho logarithm of 31*6227766 ; 
and so on for successive mean proportionals. 
Next, the A. means can be found between every two consecutive tei-ms of the 
A. series 0, '5, 1, 1*6, &c., and the G. means between every two corresponding terms 
of the G. series 1, 3*1622777, 10, 81*6227766, 100, &c. ; and so continuing the same 
process, may be found the logarithms of all numbers, but at very great expense of 
time and labour. 



A system of logaritliins may be calculated to any base except 
unity, and hence there may be an indefinite number of systems of 
logarithms, according to the different assumptions made for the bases. 
There are, however, only two systems of logarithms used by mathe- 
maticians, one for shortening numerical calculations and the other in 
analytical reasonings. 

The following consequences may be shown to arise from the equa- 
tion « = a^<«««: — 

The logarithm of 1 is 0, or log^l = ; and the logarithm of the 
base is 1, or log.a= 1. 

If log^^u be positive, and assume successively and continuously all 
possible values from to + «o , it is obvious that u will receive all 
values from 1 to ao . 

If log^u be negative, and assume all possible values from 
to— 00 , M will receive all values from 1 to 0. 

Hence, as log^i* changes continuously from + oo to — oo , « 
changes continuously £rom -f « to 0, and consequently produces all 
the positive natural numbers. 

If the base a be 10 and remain constant, and u be made to 
assume successively 1, 2, 3, 4, &c., the corresponding values of x iu 
the equation «= 10*, when computed and registered will form a tablo 
nf that system of logarithms whose base is 10. 

2. Pbop. To find the logarithm of the product of two numbers. 

Here «i = a^**^-**!, and u^ = aio8««», by def . 

And log„{ w, . tta} = log.w, + log„«2 by def. 
Or, the logarithm of the product of two numbers, is equsJ to the 
sum of the logarithms of the numbers themselves. 
Cor. In a similar way it may be shewn that the 

l0g«{«I . Wj . «3 . ^ . . } =l0g««i + lOgaWa + logaWg + . . . . 

Or that the logarithm of the product of any number of factors, is 
equal to the sum of the logarithms of the several factors. 

3. Prop. To find the logarithm of the quotient of two numhers. 

Here «i = a^^^^^u and u. => rtJoff««2 by def. 

Then ^ = ^^^ » a^og««i-io8««». 

Or, the logarithm of a quotient, is equal to the difference arising 
from subtracting the logarithm of the divisor from the logarithm of 
the dividend. 

Cor. log. I -' I = logaWi - log.f/3 « - {log.«3 - log^w,} = - log. | ]'j | ' 



Or, the logaritlim of any fraction is equal to the logaritlim of its 
reciprocal taken negatively. ^ 

4. Pbop. To find the logarithm of ani/ power of a number. 

Here u « «^<««« by def . 
Then raising each to the n^^ power. 

.-. logjw"} = n log.«. 

Or, the logarithm of any power of a number, is equal to the product 
of the logarithm of the number and the index of the power. 

5. Prop. To find the hgarithm of any root of a number. 

Here u = flJoa»« by def. 

Then«^={«'^^^}" = '»'''^''*- 

And log,{«»} s= i^log^w. 

Or, the logarithm of any root of a number, is equal to the quotient 
arising from dividing the logarithm of the number by the index of 
the root. 

Hence it appears that if a table of the logarithms of the natural 
nujnbers be arranged in order ; by means of them can be performed 
the operations of multiplication, division, involution and evolution of 
all numbers within the limits of the table. Thus, if one number is to 
be multiplied or divided by another, by taking their logarithms from 
the table, and adding or subtracting them, and then by finding in the 
table the number whose logarithm is equal to the sum or difference, 
the product or quotient of the two numbers is found. And the power 
or root of a number is found by taking the logarithm of the number 
firom the table, and multiplying or dividing it by the index of the 
power or root, and then by finding in the table the number whose 
logarithm is equal to this product or quotient, the power or root of the 
proposed number is determined. Thus, by the aid of a table of 
logarithms, the arithmetical operations of multiplication and division 
may be effected by addition and subtraction : and those of involution 
or evolution by multiplying or dividing the logarithm by the index 
of the power or root. These are the advantages of logarithms in 
effecting numerical computations. 



1 Care must be taken not to confound the expressions loga J — ( and t-^^^ — ^ : the 

former being the logarithm of the quotient of two numbers, which has been shewn 
equal to the differeoce arising from subtracting the logarithm of the divisor u^ 
from the logarithm of the dividend w^ ; while the latter is the quotient arising from 
dividing the logarithm of w^ by the logarithm of u^. 



Def. The integral part of a logaritlim is named its characteristic, 
tihedaehoal part its mantissa.^ 

Ik all arithmetical computations by logarithms, the mantissa is 
tSbmpip^twe, but the characteristic may he positive or negative, 

C Fbop. To explain the advantages of that system of logarithms whose 
&uf iif 10^ the same as the radix of the scale of notation. 

By considering logio(10'*.w) and logjo | Jo"* J ' 
IntgwjW*^} =logiolO"-f logiow = » logiolO + logu)W = » + logwW, 

«»dloa,|-^| = logiot*-logiolO» « -«log,olO+logio«= -n+logio«; 

That ifl^ the logio{10".w} and logio|=^, [ are found from logw «, 

by anply imre€tsing or diminishing the characteristic of logioW by «. 

the logarithms of all numbers consisting of the same sig- 
figuxes, whether integral, decimal, or partiy integral and 
partly decimal, have the same mantissa ; the only difference being in 
tha value of the characteristic. 

7. Pfiop. To find the law of the characteristics of that system of logo- 
Htkmt whose base is 10.' 

Idet any integral number u consist of n digits. 

It lies between lO*"^ and 10* ; 




i» 



* Tl» mwA, mantissa appears to be a Tascan word, formerly employed in commerce, 

a; •Y«r-measare or oyer« weight, ''additamentum qnod ponderi adjicitur. 
Tiie following logarithms of the prime numbers less than 100 are here given to 
caaUe the indent to obtain numerical results in the exercises. In the printed 
ta>blfli of logarithms, the characteristics are omitted, and only the decimal parts are 
ghrennithont the decimal point. Of the Mathematical tables published by Dr. 
Hattm, one table calculated to seven places of decimals contains the logarithms of 
tlw Mitanl nmmisers from 1 to 100,000. In the table published by Mr. Babbage, the 
of the numben are extended from 1 to 108,000, and very great care was 
by Mr. Babbage to secure the accuracy of them. 
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Noa. 



2 
3 

7 
11 
13 
17 
19 
23 



Logarithms. 


Nos. 


3010300 


29 


4771213 


31 


8450980 


37 


0413927 


41 


1139434 


43 


2304489 


47 


2787536 


53 


3617278 


59 



Logarithms. 


Nos. 


4623980 


61 


4913617 


67 


6682017 


71 


6127839 


73 


6334685 


79 


6720979 


,83 


7242759 


89 


7708520 


97 



Logarithms. 



7853298 
8260748 
8512583 
8633229 
8976271 
9190781 
9493900 
9867717 



^ If ihe number assumed for the base of a system of logarithms be the same as the 
of the system of notation employed, a great advantage arises ; as in the system 
<QfmMatioii whose radix is 10, the mantissa of any number composed of the same 
^sggitM «n]l have the same mantissa, whether the number be integral, or decimal, or 
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and therefore tlie logarithm of u lies between n — 1 and n, and 
spquently consists of n — 1 units increased by some decimal i tfatttiay 
the characteristic of logi^u is n — 1. 

Next, let u^ be a decimal having n — 1 ciphers between the dedmal 
point and the first significant figure. 

This decimal u^ lies between --—^ and -^, or 10""^^*^ aaMl 10^^ 

/. the logarithm of «' lies between — (w — 1) and — »> and ooztse- 
quently consists of — n, increased by some positive decimal part: thafe 
is, the characteristic of logiow' is -«. 

Hence the general rule. For numbers wholly or partly integral^ the 
characteristic is always less by unity than the number of integral 
places of which the number cona^sts : and for decimals, the character- 
istic is the number (taken negative) which expresses the distance of 
the first significant figure of the decimal from the place of units. 

8. Prop. Tlie logarithm of a number less than 1, hein^ neffMve, 
always he expressed so that its mantissa shall he positivey and oultf i£» 
raeteristic negative.^ 

Let t« be a number less than 1, 
n the characteristic, m the mantissa of its logarithm. 

Then logioW= — (« + w) = — ^ - ^'^ + 1 — 1 

= — (« + 1) + (1 - m) of which 1 — »i is pomtiTe. 

Hence a logarithm wholly negative may be transformed into 
whose characteristic only is negative, by increasing the negative 
characteristic by 1 and replacing the mantissa by its arithmetifi oom- 
plement, or its defect from 1 . 

And conversely. A logarithm whose characteristic only is ne^tive^ 
may be transformed into a logarithm wholly negative by dimimisLiDg 
the characteristic by 1, and replacing the mantissa or decimal part by 
its arithmetical complement. 



partly integral and partly decimal, as will be seen in the logarithms of the 
composed of the significant digits 6375. 

Numbers. Logarithms. Numbers. Losaritfims. 



6375 3-8044802 

63750 4-8044802 

637500 5-8044802 

6375000 6-8044802 

63750000 7-8044802 

637500000 8-8044802 



637-5 2-8044802 

63-75 18044802 

6375 ^-8044802: 

•6375 1^-8044802 

•06376 2-8044802 

•006875 3-8044802 



I Ex. 1. Logp 1 1 } = Hio 1 - logio 2 - - logio 2 = - -8010300 

= -1 + (1- -3010300) 

= 1-6989700, a logarithm with its mantissa positiTe 

characteristic negative, 

Ex. 2. Logio J - ( ~ logio 6 -logio 9, which is wholly negative. 

« (1 +logio 5) -1 -logio 9 = (logio 10 + logio 5)-l-ro©»» 
« l + (logio50-logio9). 
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In practice, a negative logarithm is always expressed so that its 
eharaeterutie only U negative, and the negative sign is placed over the 
characteristic, which is separated by a point from the decimal part, 
which is positive. 

When negative logarithms are expressed in this manner, a proper 
distinction must be made between the contraiy signs of the charac- 
teristic and the mantissa, in the operations of their addition, subtrac- 
tion, and multiplication by any number. Also, in dividing a log^thm 
whose characteristic is negative by any number, the negative charac- 
teristic must be made exactly divisible, by adding to it the least nega- 
tive number which makes it so divisible, and this process must be 
corrected by the addition of an equal positive integral number to the 
mantissa. 

In the system of logarithms whose base is 10, since the logcurithms 
of all numbers not exact powers of 10, are incommensurable, their 
values can be obtained only approximately by decimals. 

Hence the logarithms of all numbers greater than 1, not exact 
-powers of 10, will consist of positive numbers partly integral and 
partly decimal, except the logarithms of numbers less than 10 : and 
the logarithms of all numbers less than 1 will consist of negative 
numbers partly integral and partly decimal. 

As the characteristics of the logarithms of this system can always 
be found by inspection, they are omitted, and the mantissse only are 
registered in the tables. 

9. Prop. To find the relation between the logarithms of the same number^ 
Zut of different bases. 

Let ar, % denote the logarithms of the number « to the bases a, <?, 
respectively. 

Then u = a' and x = log.w ; w = <?•, and « = log^w. 

Whence a'^if, and, taking the logarithms of these equals to 

base c. 

Then x log^a = a log^^J = z. 
but since x = log.w and s = log^t* 
.-. log„w.loge« = log,f* 

and logaW = r^^ 

That is ; the logarithm of any number « to base a, is equal to the 
logarithm of the same number « to base <?, multiplied by the reciprocal 
of the logarithm of a to base c. 

This multiplier is called the modulm of tlie system of logarithms 
whose base is a, "For the logarithms of all numbers calculated to base 
e are converted into logarithms of the same number to base a 

by multiplying each logarithm by , -> 

Cob. If « = ^, then log«c= ~^> and .-. log.(?.log,flf = log.tf = 1. 



10. Pbop. To find the modulus for transforming Napier's logarithms ta 
logarithms whose hose is 10. 

Since it has been proved generally that log u = ^^^^^, 

^' log.a 
liOt « = 10 and ^ = <j the base of Napier's system, 

then logiow = ^^^ .—I— . log,w. 

logelO logelO ^* 

Hence the modulus required is -j~^ ; and logarithms of Napier'a 
system can be transformed to logarithms whose base is 10 by multi- 
plying each of Napier's logarithms by the modulus ^ 

log.lO' 

11. Prop. To express the numler u in a series, in terms of the hose 
<ind of the logarithm of the number ; or in the equation u = a% to expand 
^' in a series of ascending powers of x} 

Herew = a* ={! + (« — 1)}» 



1 The foUowing method of the expansion of a' by means of an indetenninatc 
index, is taken from La Grange's Calcul de Fonctions. 
Let t be any number supposed to vary its value. 
Then «'=={!+ (a-1)}' 

by collecting the co-efficients of t, and putting B, (7, &c., which are functions of a. 
for the co-efficients of t^, ^s, &c., 

Andif (a-1) 2 +—3 • • • • =^, andP<»=i» {B+Ct-^ ) 

,-. a' ^aJ = {at }' = {l -f (^ -f Ft)t}i 

X . X 

-1) 



l-^^iA + Pl)t + 2lJZ21.iA-^ 



1-2 

XX T 



+ ^ ^ ^ "^^ * ^ ^^ M + Pty ^> + • • • • 

L2.3 
= 1 -f a- (^ -f PO + --fe^^ • M + PO' 

1.2.3 ^ ' -^ . . . . 

K"ow this is true whatever may be the value of t, for a* is obviously independent 
of t. Let < = 



r.a'^l + Ax+dl^ + ilX + .... 



' in which ^ = (« - 1) - (lzJJ[!. J. ^^ " ^)' -. 



1.2 ^ 1.2.3 

2 ■•■ 8 
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^l + ,(,-l)+£(^).(«-l)'4- "("-;^("3''^ .(a-iy+&c. 

„1 +{(a-l)_(£:^+i^:ii^-&c.}a: + 5«=+Cjr»+&c., 

2 o 

by finding the terms of the coeflB.cient of a?, and putting for 

the coefficients of J^y a^, &c., B, C, J), which involve numerical 

quantities and powers of a only. 

And by putting A for (rt-l)-(lzl)% ^^^^-^ &c. 

a* = 1 + -4a? + Bx^+ Cx^ + Dj^ + &c. 
Now this expression for «* is true, whatever value may be assigned 
to X, let X become a? + ss. 

Then a*+'=^l + A(x + z)-{'B{x + zy+ C (w +«)» + &c. 
but «•+' = «•. a' = a'{l +^:p + ^^' + (7a;'+ &c.} 
Equating the coefficients of x in these identical values of a*+% 
^ + 2 Z?25 + 3 (72'+4i)2' + &c. = Ja*=A{l+Az + 5^;^ Cz^+&o,} 
And, lastly, equating the coefficients of the same powers of z in 
those identical series, 

2jB=^A\ SC=^AB, 4D = ACy &c. 

mence2?= A C = ^=: ^^ D = ^= -^^. &o. 

1.2 3 1.2.3 4 1.2.3.4 

Cos. If e denote that value of a in the equation u = a* which 
malces the series for A equal to unity, then u = e* and log^ u = x, and 
the scries for u or e' becomes 

x^ x^ 

e' = I + X + Y~2 "^ 1 2 3 "^ ^^'* "^^^^^ ^^ *^® number ti ex- 
pressed in terms of x the logarithm of e; and making x = 1, 

tf = 1 + 1 +T2 + TTT"^ '^'^* "^ ^ • 7182818 . . . which is the nu- 
incricul value of the base e of Napier's system of logarithms.* 

12. Prop. Shew that the hose of the Napierian system of logarithma 

is incommensurable. 

Here . = 1 + 1 +t:2'+T2:3 + 172:0"^ ' • ' ' 
•••^-2=T^+liy+T:0:4"+V--^ series which is 
evidently less than the series - +-^ +— +-^ + . . . 



* It is seldom the value of the base of Napier*s system of logarithms is required 
in any calculations beyond seven places of decimals. The following is the value of e 
calculated to twenty places of decimals : e = 2718281, 828459,045235,36 
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wliicli is a geometrical series whose sum is 1. 
Hence e is greater than 2 but less than 3. 
Again, the value of e cannot bo expressed by any finite fractioii 

-, for then we should havo 
n 

^^2 =— I ^ I 1 4- 4. 1 

n 1.2 ^ 1.2.3^ 1.2.3.4 ^ ' ' ' ^ 1.2 .. .n 

1 



"\ "t* • • • • 



1.2. ..»(n + i) 
Multiplying both sides by 1 . 2 . 3 . . . «. 
.\mA.2.3 (»-l)-1.22.3....« = 3.4....« + 4.5...« + .. 

n + 1 (» + 1)(» + 2) 
Now the left side of this equation is an integer ; the right side 
must also be an integer. 

But the series - ^ ^ ^ + . i)(n + 2) + • • • ^^ ^^^^ *^^^ *^^ *«™ ^^ 

the series ^ + -. —x + &c. . . . which is equal to -, 

n + 1 (» + 1)^ ^ n 

,\ The right side cannot be a whole number. 

Hence there is no integer or finite fraction by which the exact 
value of e can be expressed. 

13. Pjrop. To find, the logarithm of any numler in a s&t^ies in terms of 
the lase and of the number itself; or to find x from the equation n = a% 
in terms of u and a} 



* The following is from La Grange's C'alcid de Fonctions : — 



Here v, ^ a* and x » log^ u. 



Now 1 + (M - 1) - {1+ (a - 1)}« 

.-. {H-(w--l)}*-{l + (a-l)}" 
Expanding each side by the hlnoniial theorem, 

- 1 + fa (a - 1) + ^iff^J-C - "' + ?^i^J|5^).(a - ir + £a 
subtracting 1 from each side and dividing every term by <, 

This equation being true whatever be the value of U Let t ^ o 

(W - 1) - o + o - &C. 



.>..orlog,u^ ^^^^^ ^^^^^3 

(a — 1} — 2 1 g — &c. 

which is the logarithm of the number u in terms of w and the base a^ 
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Since « = a", in which x = log„«. 

A}s^ A^si^ -4*^ 

And «• = 1 + ^aj + y;2' ■*■ OTS "^ 1.2.3.4 "*" ^^'^ ^® ^^® ^^^^' 
ever values may be assigned to a and x. 

Let ar, a, become respectively «, «, and -4i the new value of A^ , 

ji^z^ jl * z^ -4 ■* s* 
Then«'=l+^..+ ^ + i70' + T:2k4 + *''• 

But since « = a*, 

But it has been shown above that 

w*= 1 + A^z + ' ^ + ' + &c. 
i-r^,»-r 1.2^1.2.3^ 

HencCi equating the coefiB.cients of z in these identical series, 

.-. Ax = Ai, 

and or or log.M = — 1 = 



which is the logarithm of the number w, to base «, expressed in terms 
of the number itself and the base. 

It is obvious that this expression is not adapted for the calculatiou 
of the logarithms of natural numbers either to the base 10, or to the 
base of Napier*8 system, because the series do not converge for 
numbers greater than 2. 

14. Peop. To find a converging series for calculating Napier'* s logarithms. 
It has been proved, that log-w = -— — -, -^-r 

(«_ i)_(£nL)V (£=!!'_ &o. 

whatever may be the assumed values of a and w. 

Now in the Napierian system the base is denoted by e; writing e for». 

But in Napier's system e is of such a value that the series 

Hence the expression becomes 

logeM - (w - 1) - ^!ii:l£ + ^"7^^'- &c., which is the Napierian 

2 3 

logarithm of u expressed in terms of the number u only. 
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This series \rill be found divergent for all values of u greater than 
2, and is, therefore, not adapted for the calculation of Napier's loga- 
rithms. It must therefore be transformed into a series which shall bo 
convergent for all numbers. 

To effect this object, for u write 1 + «» and l—«» respectively, 

Then log, (1 + w) = w — _. + ___+ &c. 

log, (l-w)= -»t-— -— -_« &c. 

.-. lege (1 +m)-log,(l-m)orlog, ji±^ I = 2{;;z +^V^V &c.} 

i 1 — «» J 3 6 

next let — ^- — = — , then m = , 

1 — «» V u + V 

... 1.6. ( '. } »..,..-l«,.. .. { «_^ ^.(^•)Vl.(^)V*o. } 

which is a series converging for all numbers greater than unity, and 
is therefore adapted for calculating Napier's logarithms of the natural 
numbers.* 

15. Pnop. To calculate to seven places of decimals the numerical value 



^ By means of this formula, the logarithms of the prime numbers may be calcu- 
lated to the base e, and the logarithms of the composite numbers can be found from 
the logarithms of the prime numbers. 

Forgenexal.ylog,.=log.„+2Jgr+^(55)'+|(gr)'+*c. j 
Let M=2, v-l : log^=2 j l+l.|.^+L|j + &«. j 

«-3, i;-2 : log^=log^ + 2 1 1+1. L+L 1. + &c. | 
«=5, v=i : log.5-log.4 + 2 j 1+L1_+L1^ + &c. j 

«-7, «-6 : log.7-log.6 + 2 | ^+1 .^+|.^+ &c. j 

and so on for all the succeeding prime numbers. 

As composite numbers are composed of the products of two or more primd 
numbers, the logarithms of all composite numbers may be found from the logarithms 
of their prime factors by means of Ariicles 2, i, on p. 2 and p. 8. 
Thus, loge4 = loge2= = 2 log,2. 

log,6=rloge(2.3)=log,2+log,3. 

log*8=log,2^=31og,2. 

log,9=log,32=2log,3. 

Iogel0=^loge(2.5) =log.24-log,5. 

log,l2=log,(23.3) = 2 log,2+loge3. 
and so for succeeding composite numbers. 
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©/ the modulus for transforming Napler^s hgarithms to hgarithmB whose 



haz^ it 10. 

The modulus M = 



logeio'' 
and logelO = loge(2 x 5) = lo^fi + log^S. 

Let « = 2, t; = l, 



* The calculation of loge2 and loge5 may be thus exhibited :— 



1 ^ 


1 1 
93 " 


•037037037 


1 __ 

3' 


1 1 
9* 3' *" 


•00411522G 


1 ^ 


1 1 _ 
9*3* 


•000457247 


1 _ 


1 1 ^ 
9*3^ " 


•000050805 


a 


11^ 
9*3»» ^ 


•000005645 


1 

3-* 


1 1 

9 3'^ 


•000000627 


1 « 


1 1 
9 3»3 


•000000069 


1 


1 1 
9 8* 


•000000007 



••• ••t ••■ •" 



• « • «« 



• • • • • 



I • Vfl • 



• • • • < 



» • ••• 



• •• ■• §• « 



• « • ■ « • •• 



3 " 


•333333333 


11^ 
3*3* "* 


•012345678 


1 1 
5*3* 


•000823045 


1 1 
7*37 "* 


•000065321 


1 1 _ 
9'3-' 


•000005645 


I 1 

II 3»^ 


•000000513 


1 1 

13 31* 


•00000004S 


1 1 _ 
15 3"* 


•000000004 


1 1 _ 

17*3^7 


•000000000 




•346573587 




2 



W.2~= •693147174 



'b« 



log.5 = log.4 + 2Jl + l..l, + |.;-, + &c. } 



••• ••• •• 



■ •• • • 



= -ooooosss? 



l.==lx -012345678 -•001371742 •. i.i = '000457247 

9* 9 

^ « 1 X ^000152415 = -000016935 
1'* 9 

^. « }. X -000001881 = -000000209 
9'' 9 



i = -111111111 
9 

1 1^ 

3*9=» 

1 1 

6*9* 

i 1 



. * s= -000000029 
7 0? 



111571772 
2 



•223143544 
loge 4 = 2 loge 2 = 1-386294848 

.-. loge5 =1-609437892 
Loael3 = 2-302585, 092904,045684, 017991, .... to twenty-four places of decimals. 
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.-. log.2 = log.l + 2 1 i + l.L + ^.|. + &c. } = -693147174 . . . 

Let « = 5, «; = 4, 

logeS = loge4 + 2(1 + 1.1 + l.L + &c. I = 1-609437802 . . • 
t>e &e -^ 19^39*59* J 

whence log/2 + loge5 =log.lO = 2-302585066 

and henco i/"= ~ -= = -43429448 . . . tlie modulus- 

logelO 2-302585066 

16. Prop. The difference letween the hjarithms of any two mccenne 
numbers diminishes as the numbers increase. 

Let u and u + I bo any two successive numbers, 
M and m + d their logarithms respectively. 
Then logi© (w + l) = m + d, and logjoW = m, 
and (wt + (^ - wi = log,o (w + l) - log^ u 

-%"{-:-'} ■ 

.-. (? = logi„|l +11 

Hence as u increases, 1 + - diminishes, 

u 

and .-. also logio < 1 -f - > diminishes : consequently d also diminishes. 

17. Prop. To find the mantissa of the logarithm of a number comisting of 
six dijitSy having given the mantissa of the logarithm of the number composed 
of the first five digits, and the mantissa the logarithm of the next greater 
number.^ 

^ %x. 1. Given Iog,o437l2 = 4 '6406007, and logio43713 = 4-6406106; to find 

logio43712-8. 

Generally m — mi+^m^—mi) ^-, 

Herea=8, »n2« -6406106, w,« '6406007 ; .-. n^-mi « 0000099 ; 

and (7712— wi,) — « -0000099 X 5. « -0000079, the increment for 8 : 
10 10 

.-. w=wj+(«i2-m,) — = -6406007-1- -0000079 = -6406086 ; 

and since the number of integral places is 5, the characteristic is 4, 

and consequently logio 43712 -8==4*6406086 the logarithm required. 

Ex. 2. Conversely. Given 4*6406007 =logio437l2, and 4 •6400106 = logiol3713, 
to find the number coiTesponding to the logarithm 4 "6406086. 

Generally ^ - ^^ = -^. 
m^— wii 10 

Here m =-6400086 w^* -6406106 

Wi = -6406007 ?7ii = -6406007 

7M - wii = 0000079' Wg - wii = -0000099 

... !lr3.-.?00007?^ 18^^.3 ^^^1 the sixth digit. 

7».,-?n, -0000099 10 "' ° ^ 

Hence 43712+-8 ='43712-8 is the number required. 
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Let iWi, m^ be the mantissre of w, i*+l respectively, and m the 
mantissa oiu +—, a being the sixth digit. 

Now since «, ii + 1 and u + -.-p, are supposed to have the samo 

number of integral places, the characteristics of these logarithms will 
be the same. Let this be c. 

Then c + «»i = logio u, e + nh^logio (w + 1), 

and<? + w = log,o| « + ^|. 
.•• m-»i, = logio|« + ^ I -log,o« = logio{ 1 - 1^- } 



= _L_./ -^--lf-^Y + &c.l 
logelO I 10m 2\l0u/ f 



nearly (I).* 



~ log.lO lOt* 
Again w^ - Wj = log,o(w + l)-logioW = logio| 1 + - | 

logelO I U ) 



logelO t« 



.- nearly (H)-* 



IWj — Wlj 



10' 



* From the logarithm tables of numbers consisting of five digits, which are 
calculated to seven places of decimals, the logarithms of numbers consisting of six 
digits may be found correctly as far as the seventh place of decimals. 

In the investigation, the second and all succeeding terms of the series for m^m^ 
and m^—m^ have been omitted ; and it must be shewn that these omissions do not 
affect the seventh place of decimals in the logarithms. 

First to shew that the second term . \ — . I of the series for m— m, 

21og,10 llOuJ ' 

may be omitted. 

Since == • = < or — . 

21ogel0 2x2-302... 4-6... ^4*5 9' 

and the least value of i« is 10000, and the greatest value of - is tttt-t-t, 

° u 10000 

/ also a can never exceed 9. 



* 



1 C a ^». , ., 2 



Therefore —. — —l • i ttt C is less than - X '0000000081 or -0000000018. 
21ogel0 Cl.Oi*^ 9 

And Trr^^^TR . ~ is less than \ x -00000001 or -000000002. 
2 log,10 u^ 9 

"Whence, it appears that the second terms of the two series do not affect tho 

seventh place of decimals of the logarithm, and therefore may be omitted, and a 

fortiori may the third and succeeding terms be omitted. 
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And w = mi+(j»j— w,) — , of which (iWa— «»i) is the increment 

'10 10 

to he added to iWi; and it is called *'the proportional part," for 

a sixth digit of the number, being a fourth proportional to 10, 

Con. If the g^ven number consisted of seven instead of six digits, 
a being the sixth and h the seventh digit : 

thenm = m^ + (;;^2-»^0. | ^+-j^2 } = ^i + i^2-^n,)± + ^(%-»0^, 

in which expression, — (m^-nii) — is the increment to be added for 

the seventh digit, which is one-tenth of what should be added, if b 
were the sixth digit. 

18. Peop. And conversely, to find the natural number corresponding to a 
given logarithm^ having given the mantissa of the logarithm of tJie number 
composed of the first five digits, and the mantissa of the logarithm of the^ 
next greater number than that tohich is composed of its first five digits,^ 
Emplojing the same notations, it has been proved that 

«» — W| a 
mi— mi " lo' 

and since m, m^, w^, are given, it follows that -^ is known from 

^^ _ J^y and the sixth digit a is known, and « + ^ is the number 
required. 

To explain the method of constructing tables of proportional parts for a 
table of logarithms calculated for all numbers which do not exceed fiv& 
digits; and tlmr uses (1) in finding, by addition only, the logarithms 
of numbers consisting of one or two digits more tlian the numbers for which 
the tables are calculated; and (2) in finding, by subtraction only, the 
numbers corresponding to given logarithms not found exactly in the tables,^ 

^ See note on p. 13. 

2 Ex. 1. Find the logarithm of 43712*86. 

Here logio 43712- 4*6406007 from the Tables 

79 « prop, pai-t for 8 
^»9- „ „ 6 

. •. logio 43712*86 = 4 6406002 

Ex. 2. Conversely. Find the natural number correspondins? to tlie lo^^arithm 
4*6406092. r a 

The given logarithm is = 4*6406092 

logio 43712 = 4*6406007 from the Tables 

85 

79 = prop, part for 8 

60 

1 

Hence the number coiTosponding to the logarithm 4*6406092 is 43712-86. 
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If i»j bo the mantissa of tlie logaritlim of a number of five digits 
next greater than, and nii of that next less than m the mantissa of a 
number whose sixth digit is a : it has been proved generally that tho 
maatissa of the logarithm of the number of six digits is 

i» = «tti + (wj — m^) — , of which (»»j — «ii) — is the increment or 

the proportional part to be added to the mantissa of the logarithm 
of the next less number of five digits. 

Tho method will be best shewn by an example. 

To construct a table of proportional parts for the logarithms of the 
numbers between 43712 and 43713, consisting of six digits, having 
^ivenlogio 43712 = 4-6406007 and logjo 43723 ^•4-6406106. 

Ilere 7^^= -6406106, wi^ = -6406007, .-. w, - m^ = -0000099. 

I'or a the sixth digit write 1, 2, 3, 4, 5, 6, 7, 8, 9, successively : — 



a 



a 



(vii — mi ) j^ 



1 

2 
3 
4 
5 
6 
7 
8 
9 



•00000099 
•00000198 
•00000297 
•00000396 
•00000495 
•00000594 
•00000693 
■00000792 
•00000891 



•0000010 ne 


ai 


•0000020 




•0000030 




-0000040 




•0000050 




•0000059 




•0000069 




•0000079 




•0000089 J 






1 


10 


2 


20 


3 


30 


4 


40 


5 


50 


6 


59 


7 


69 


8 


79 


9 


89 



In the printed tables of logarithms in general 
use, the ciphers in the results above found are 
omitted, and only tlie significant figures of the 
<differeuce of the logarithms and the propor- 
tional parts are registered on the right of each 
figure which may occupy the place of the sixth 
digit of the number. For the logarithms whose 
difference is 99, the table of proportional parts 
is given as here exhibited. 

Since any digit in the seventh place of a num- 
ber, is one-tenth of the same digit if it were in the 
fiixth place, it follows that tables of proportional 
parts for digits in ther seventh place will be one- 
tenth of what each would be in the sixth place ; 
^nd consequently that separate tables for the proportioned parts for 
tho seventh digits will be unnecessary. 



17 



EXEECISES. 

I. 

1. What practical object had Napier in view when he made the 
discovery of logarithms? .What improvement was suggested by 
JBriggs ? 

2. Derive the word logarithm, and explain the terms of the 
eqii ition w = tf*. 

3. Explain and exemplify. what is meant by a system of loga- 
lithms, and describe the two systems employed by mathematicians. 

4. Find the numbers of which 2, 3, 4, 5, are the respective loga- 
rithms in that system whose base is 7. 

5. Determino the logarithm of 32 to base 2, and to base 4; of 
lOOOO to base 10 ; and of 20736 to base 12, and of 128 to base 2>/2. 

6. What are the bases of the systems when the logarithm of 9 is 
equal to 2 ; the logarithm of 64 is equal to 12 ; the logarithm of 256 
is equal to 8 ; and the logarithm of 2187 is equal to 7 ? 

7. Explain the advantages of the base of the system of logarithms 
being the same number as the base of the denary system of notation. 

8. What would be the difference between a system of logarithms 
computed to base 10, and another to baso -^V ? 

II. 

Having given log,o2, logio3, Io-,o7, logi.ll, logiol3, logiol7, 
log,ol9. 

Calculate the logarithms of the following numbers: — logioO, 
logiol25, logio484, log,o504, logio441, logio3240, log,o30, log,ol200, 
log,o64000, logiol4700, logiolll475, logio-03, log,o'0012, logio-00064. 

III. 

1. Find the values of Iogio-3, logio'23, log,(,-416, and logio-42857i. 

2. Determine logs 10, logglO, logj-Ol, log^lO, and logulSOO. 

3. Given logioie, log,o7, log,o27, find logiol5, log,o56, logjol764. 

4. Given logiol5 = 1*176091, logio21 = 1-322219. and 
logu35 = 1-544068 ; to find the logarithms of 3, 5, 7. 

5. Given logio2, find the values of logio(-0625)-', log,o(-0125) 

6. Given logio7 = -8450980, logio9-824394 = -9923057, find(-00007f H 

7. Find logio27 and logio4^V ^^ terms of logjolS and logiol6; and 
conversely, given logjo27, and lpgio4^^^, find logiglS and logiol6. 

8. Given logio8 = -90309 and logio9 == -9542425, find logiol5 and 
logio^; and conversely, given logiol5 and logio6, find logio8 and 
log,o9. 
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IV. 
Shew the truth of the folloinag equivalents respectirelv : — 

1. log,o(l + 2 + 3) -logijl + log,o2 + log„3. 

2. 7 . log,^ I + 5 . logioll + 3 . log„|| = log,,2. 

3. 7 . logM + 6.1og„f + 6 . log,„f + logiolt = log,o3. 

4. 16.1og„iJ+ 12.1og,oM + 7.1og„|^.-log„5. 

V. 
PW)ve the truth of the following expressions and find the loga- 
xithms of each. Logi,139 = 2-1430148. 
1 • log>o(f )" = 1 1 {logio2 - log„8} . 
2. log„(^)* = ^{2 log„3 + log.,7-log„^-l}. 
8. Iog,.(^)*=|{log„,23-log„3-log,ol39}. 

4. log.0 { ^^J^ } = tV{2 + 4 log„3- 14 log.,2}. 

5. logJ(«?)iiiM}*=A{l9log,.2-141og,3}. 

l 2(27)i •» 

6. logJ_W£z2fWL_ I =i(l -H 2(log„3-log^)}. 

^(60 + 15)x(16x9)i}i> 

7. logjMiS^*U,V{4-f.71og..2}. 

VI. 

rind the numerical values of x in each of the following equations, 
liaving given logio2, logio3, and logiol7 : — 

5* = 20: 100' = 2: 8*=100: 25* = 800 : 8"'+^2<^+3 = 5^*+^20^+2: 
3*= 15: 12*= 180: 2»*.32*=10: 152*=24*+»: 10*=102: 
2*+5 + 2.2*+* = 2*': 8*. 1252-* = 2**+3.5*: 6*"~** = 2^'+». 

vii. 

Solve the following equations : — 

a€f'-hd' = : ar'^h-ar''-^i. (f^.h^'^e: w**+'— «»"»-' = n: 

a^ . ^ = J««— : «^+3 . i^+' = c— * . i?^-"* : 2^+1 - (2*- ly = : 

vm. 

Pind the values of x and y in each of the following sets of equa- 
tions : — 

af^* = y''f y'-^'r=x: 4:*+*' =j^% y'+>' = af : a^-^lr' =^^m\ <f -h^' ^^^ni 
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IX. 
Determine the values of a?, y, a, in the following equations :— 

X. 

Find the values of tho unknown quantity in each of the quadratic 
equations : — 

«• log« (a: J 

42-«8.4' + 7 = 0: S*- + 3* = 4785156 : 4'+3 + 16*=.-5120: 
l(F--60.10-*-4 = 0: 6^= 100.5*-8 ^ 5*-* : 27(3*+i-3^+3) = 2 : 
3^ - 2.3^-*-' = 567: 22*- 100.2'+ '*= 14336 : 3^-3^+« = 2. 

XI. 

1. Prove that of is greater than ^, and of less than ^, when x is 
any positive integer greater than 2. 

2. If X and 3^ be positive, prove that a? is less than y* when a: is 
greater than y, and y greater than c : but x^ is greater than y* when 
a? is greater than y, and y less than e. 

3. Solve the equation a;*= 100 by approximation to three places of 
decimals. 

4. Find x and y in whole numbers from the equation 3t^ = y*. 

5. Solve the equations a;^ = 500 and y' = 300, by approximation. 

6. Find the values of x in each of the four following equations : — 
af^=m\ (fl'^ni a^=p: flKioge*)* = m^<>SeW», 

7. Express tho equation »i(loge»+iF) = «log^+l in an exponental 
form. 

8. Find x and y in the three following sets of equations : — 

2^^ = 512, 2»'"= 256: (2^)2^= 16, {3=»'}"»»' = 3 : (4*)*' = 16, 3*. 9^ = 27. 

9. Shew whether Iog8{log,o25} is equivalent to logio{log325}. 

10. Finda;'from«^-21ir^+147iK'-316 = 0. 

xn. 

1. If y-a*, and x, a and log,y be in harmonical progression, find 
the values of x and y. 

2. Qivenlog83=«i, andlog,524 = »; findlogio45. 

3. Find log^ from the equation ^^Y "^ "*- ^^g*^ "" ^ = (?. 

logioo? log^ 

4. In the equation^^g-^^V^^^g^^-^^ = 1, W^ = 4(log.l0-l) +1 

^ logics ^ 4log^ ' ^'^ (21og.l0- 1)2+1 
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5. The common logarithm of ono number is greater by unity than 
the logarithm of another, and the logarithm of their difference is 
one-half of the logarithm of their sum. Find the numbers. 

6. The area of a right ann;led triangle whose hypothenuse is 
or** and sides o^ and «*, is J>/2+%/6« 

xin. 

1. DeGne what is meant by the eharacteriitie and mantissa of a 
logarithm. Shew that the characteristics of the logarithms of numbers 
to base 10 may always be determined by inspection, and that the 
mantissa depends on the sequence of figures only, and not on the 
position of the decimal point. 

2. Explain why the mantissa of a logarithm is always in calcula- 
tion considered positive, while the characteristic may be positive or 
negative. 

3. Given logw8M23 = -9096256, wxite the logarithms of 81123, 
•81123, -0081123, 8112300, and 81123 respectively. 

4. Pind the characteristics of the logarithms of 300, *003, and 3*2 
to base 5 ; of 81 to base 3 ; of 81 to base >/3 ,- of 25 to base 100 ; of 
-003 to base 8. 

5. Having given log,o2=: -30103, logio3= 47712, logio7 = -84509 ; 
find the characteristics of Iogi2l200, logio7"* ; log4N/300- logV3 49: 

logiooof^} . 

6. Find the number of digits in 2^, 125^~, 1000^«», <j^«» respectively, 

having given logio2 = -3010300 and log,o(9= -4342956. 

7. If 5""*^^"*° be expressed as a decimal, how many ciphers will 
there be before the first significant digit of the decimal ? 

8. Find the integral values between which x must lie, in order 
that the integral part of (1-08)* may contain 4 digits. 

9. How many times must the number 2 be multiplied into itself, 
80 that the product may just exceed 1,000,000,000 ? 

10. Given j; the characteristic of log^iV, what is the characteristic 
of logxiV^, when a? = a' ? 

11. If the characteristics of the logarithms of any numbers be 
^nown, find the limits between which the characteristic of the loga- 
rithm of their product will lie ; (1) if all the numbers be greater than 
unity, and (2) if a certain number of them be less than unity. 

XIV. 

1. What is meant by the modulus of any two systems of logaiithms ? 
Find a general expression for the modulus which connects any two 
systems of logarithms, and apply it to find the moduli which connect 
the systems whose bases are 9 and 10; 10 and 20; and 5 and 7 
respectively. 

2. Prove that the ratio ^S^ is a constant quantity, and incom* 

log^ 
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mensurable; and show how its value may be determined to any 
degree of accuracy when a== 10. 

3. Assuming log^ -= log^s . log^, 

thence shew that log„J . log^a = 1, and logi,a . log^J . log^c = 1. 

4. Shew that the exponental expressions a*, a^, y* may be put 
under the forms ^*°««», t^^""^, e'^'V respectively. 

5. If ^^®*«* = h . ^'^<r'y find an expression for h. 

6. Prove the truth of tho throe following expressions : — 

n^<«,«„^iog.». log,n^log,g . log^ log,;c 

log^n log,* log^ logjy* 

7. Verify the following equivalents : 

(fljyoB«+Jo«* = a^^\ J****. fl"*»«*. 
and (a J)*°«- - io«» = {ab " 0**»«« + 1*«* = a^"^". i-^<>'*. 

8. If y* = z', prove that p log^a = q log.a. 

9. Shew that log^l^'****} =logan . log^ . log„J . log^a. 

XV. 
1. Prove that loge« lies between «(1 — a""*) and n{a^ — 1), when 
n is assumed of such a value that a » is very nearly equal to imity. 

2.ProTei = ^3 + j^^ + j^L_ +.... = .30788.... 

3. Shew that tho value of (1 + j-)' = 2.7182 . . . when x is inde- 
finitely increased. 

4. Shew that log, (1 + ^) is less than x for all positive values of a?, 
whether greater or less than unity. 

5. If 0? be very small, shew that ^ = ^(1 + a?) nearly. 

6. Shew that log. 101 - log.99 = ^^ v©i7 nearly. 

i_ 

7. Prove that logea? = n(ii;* — 1) nearly, when n is very great; 

and thence shew that log.r = (a? — 1). , ^ . ^ . . , 

* i i 

0?^ + 1 x^-\-\ a;* + 1 

8. Shew that ( 1 +- ) =- ^( I - — ) nearly when n is large, and find 

the next term of the series of which the function on the second side is 
the comihencement. 

9. Prove that logio \\4 \ is less than and exemplify 

^ I ^10"'»-*J 9.10» ^ ^ 

its truth when n is 3 and 4. 

XVI. 

1. If tf*=y + v'TT'yS then y = H^-<'"^) and 



>/l -f y^ = J(^+^"^); a^<l shew for what value of y, «* is less than 2. 

2. K ('^-y - 1, shew that _±_= l£E4i±*). 
a •\'0 1-a? loge(<» — o) 
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8. If Cf 8 be tHo sums to infinity and to n terms of a decreasing 
geometrical progression wliose first term is a ; 

shew that n log < 1 — ? > =log i i — f i . 

4. If «, hf e be the ^^^'^j q^^, and r^^ terms respectively, both of an 
arithmetical, and of a geometrical series, shew that 

(1). (h — c)\o^a '\- {c-a)\o^h + («-&) log<? = 0. 

(2). g-^ ^-jg p-q 

hlogc — clogb clo^a — alogc alo^h — hloQa 

5. If (logey)* = a?: 

Phew that y-^y Oog^y)^-^og^OQg.y ) = ^ * .# * .Izl^i^ . 

6. If loga Xj logjf^, logc « be in arithmetical progression having unity 
for the common difference, shew that 

ac = J^^^^y " ^^^«* ^®»*y + ^*^s«* ^ 
7^ j££(y_-f£-£) y{z-\- x-y) _ z{x + y^z) , 
log;? logy log 5; 

prove that y'. s^ = z',x' = a^y', 

8. Prove ^Qg°(^Qg«-^) _ log^Clogft-^) ^ lo^a{\ogJ>) ^ logaClogft^^) 
\/log«5 Vlogj^ Vlog^ft v'logftrt 

XVII. 

Shew the truth of each of the following series for loge^r : — 

2. i{(:xj'»-l)-J(ar'«-l)2H-^(a;»-l)3-&o.} 

3. -w{(l-/)+'^(l-/)2 + ^(l-ar)' + &c.} 

U + 1 ^ 3 V^ + 1/ ^^x +1/ J 

5. ilog.(^+ 1) H-ilog^C^-l)- {^- + ^^^^^ &c. }. 

XVIII. 

1. Shew that the base of Napier's system of logarithms differs 
from the sum of the first w + 1 terms of the series 

1 + 1 + — + — ^ + &c., 
1-2^ 1.2.3 ' 

by a quantity less than . 

•^ ^ '' 1.2.3.4...(»-l).w2 

2. Having given log,2 = -6931472; show that log,3 = 1-0986123. 

3. Given loge4 = 1-38629 ; find log.S to five places of decimals. 

4. Having given log.2 = 0-6931, log.lO = 2-3026; find log.5, and 

logell. 

5. Given log.32 = 3-4657360 and log,5 = 1-6094379; find logio2. 

6. Calculate log,o99 to four places of decimals, having g^ven 
Iog,10 = 2-3026 nearly. 
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7. Given logiol2- 1-0791812, logwM21563=» -0498256, 
logiol'257915 = -0996512 ; find the value of {(1-44)-*- (l-44)-«}-H-12. 

8. Solve the e<iuation 10»« 101 having given logJO = 2-30258. 

XIX. 

1. I£a, h, ehe three consecutive numbers, prove that 

iog.i = hioe.c + iiog.« - { ^^+^^^J-^+^^-L^^+&,, J. 

and explain the advantage of the use of this formula in calculating 
the logarithms of prime numbers. Determine how many terms of the 
series must be taken that the logarithms may be correct for seven 
places of decimals, when the numbers consist of 2, 3, 4 or 7 digits. 

2. Find the coefficient of x* in the expansions of (1 + a?)*.^, and 
of (1 -«;)•.«-*. 

3. If -42»_i, J-zn be the coefficients of ar'*-'*, x^, in the expansion of 

log.{(l + xy-*}, according to the ascending powers of a;; 

shew that 2» {A^^ _ j — A^^) = 1 . 

4. log.(l +*)^ +log.(l-*)'^ =^^ + _^+_fL.+ &c 

5. Shew that a: = ^^ ""**** arises from the elimination of y between 



the equations y = e^-'^®»* and z==6^'^^: 

and if (logo:)' + (logy)' + (logzy^Sr, 
prove that S + 82+ S3 + 8^+ = 0. 

XX. 

1. Point out any advantages derived from the use of e as the base 
for logarithms in analytical calculations, and of 10 as the base in arith- 
metical calculations. 

2. Explain the terms, finite and infinite, definite and indefinite, 
and shew that though each of the series J + i + ^ + &c., and 
1 + -J -f ^ + &c. continued indefinitely, be infinite, their difference 
is finite, and equal to loge2. 

3.Provethat(l + l + jL+j^+...)' = l+.+ j^+j^+... 

) - X -{ hTT"^ ...ad infin. : hence calculate 

1 — x/ 2 V 

logi„4 to 5 places of decimals, having given logiod = -43429, 

5. Expand log^ar+oar+O) in a series of descending powers of x. 

6. Log(ar+«) = log»+logh +~Wlogf 1+ t-^)+ ...+... 

log(l + .-^^Y 
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7. If S.2t S^, /8!|, . . . . Sn, be the sums to 2, 3, 4 .... n terms of 
any series A + J3 -^ (74.2) + ,...; shevv that 

log.^. = log^,+log(l+|-)+log(l+|.)+log(l+J) + &c. 

XXL 

1. What multiple of x must 2 bo, that «* may be equal to ^ ? 
• 2. If a, h, be in geometrical j>rogression, shew that log^e^, log^t?, 
and log.5 are in arithmetical progression and their common differouce 



is }: 



3. If loga5i = log452 = logcJ3=»&c., where a, h, Cy &c., are in geome- 
trical progression, show that Jj, ^3, J3, &c., will also be in geometrical 
progression. 

4. If «* = J* = ^ = &c., and a:, y, 2, &c., be in harmonical progres- 
sion, then shall a, h, c, &c., be in geometrical progression : and con- 
versely, if «, h, Cj &c., be in geometrical progression, then shall x^ y, 
2, &c., be in harmonical progression. 

5. If loga-fl, logxi, loga.<? .... be in arithmetical progression, show 
that log^y, log^y, log^y .... are in harmonical progression. 

C. Shew that if the bases of different systems of logarithms increase 
in geometrical progression, their moduli will decrease in harmonical 
progression. 

XXII. 

1. By means of the expansion of ^, show that 

^vr. +,.xv-= 2 { l-l^+T:^-- i,2.3l5.0 ^^^ } 

I 1.2.3^1.2.3.4.5 J 

2. Shew that whatever be the value of x^ the series 



(^-0-i(^-0 + ^(^-O + &c.=logy-l. 

3. Express log, {x + y^ — 1) in the form oi'a + i>/ — 1. 

4. The imaginary part of log.(rt+*>/"^)^^* is >/^log«>/^+R 

5. Find the value of loge{(l + a?) (1 + a a;) (1 + /3 x)} in a series 
where a, /? are the two impossible cube roots of unity. 

6. Shew that loge(H-:r+;^)=a:+^-^H.lV^-?lV^-&c. 

7. Expand log, ( ^ ^^ ) in a series of ascending powers of a?. 

XXIII. 

1. Shew how far the error committed in obtaining the logarithm 
of a number of six digits from the logarithms of numbers of five digits 
by means of proportional parts, can affect the first seven decimal 
places of the required logarithm. 

2. Explain the method of constructing the tables of proportional 
parts for a table of logarithms. Given logw22713» 4*3562745, 
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logio22714=: 4*3562936; construct Buch a table for calculating the 
logarithms of numbers between 227130 and 227140. 

3. If logio67833 = 4-8314410, and logio67832 = 4-8314346; find 
logio67832800. 

4. Given logio71 820 - 4-8562454, and logio7 1 82 1 = 48562514; 
find logio'07182035. 

5. Having given logio33819 = 4-5291608, and 

logio33818 = 4-5291479 ; find tbe logarithm of 338185. 

6. Having given logio71968 = 4-8571394 ; diff. for 1 = 60: find 
the value of logio(-0719686)* to seven places of decimals. 

7. rind the numerical value of log,o( -242447)", having given 
Iogio2i244 = 4-3846043 ; diff. for 1 = 179. 

XXIV. 

1. The difference of successive integral numbers being invariable, 
shew that as those numbers increase, the difference of their loga- 
rithms diminishes : also that the difference of the logarithms of two 

consecutive numbers n and « -f 1 is less than - in the Napierian 

n 

system, and less than — in the common system. 

2. Shew how to find the number corresponding to a given loga- 
rithm when it is not found exactly in the tables. 

Given logio37649 = 45757534, and logio37650 = 4-5757650 ; find 
th^ number corresponding to the logarithm 1-575638. 

3. Given logiol-0686 = -02881517, and logiol0687= -02885581 ; 
find the number of which the logarithm is -02883549. 

4. If logio4-3125 = -6347291, and logio4-3126 = -6347392; deter- 
mine the number whose logarithm is 3 6347362. 

5. Given that e is 2-7182818, and that logio2-7182 = -43428147 
and log,o2-7183 = -4342974; find logio999995 correctly to twelve 
X>laces. 

6. Approximate to the value of 5^^', having given logio 2 = -30103, 
logio349485 = 5.543428, logiol-562944 = -193943, log3-655 = -562887, 
logi33-6o6 = -563006. 

7. Find the value of 10^" , having given logio21544 = 4-3333263, 
.log..o21545 = 4 3333465, Iogiol4270 = 4-1544240,log,ol427l = l-15i. 

8. Given 9^* = 1000, log,„2 = -30103, logio300 = 2-4771213, 

logio'47712 = T-6786276, log-47713 = T-6786367; shew that the 
value of a: lies between 1^^ and It^. 

9. Could the results of calculation be depended on, which are made 
by a system of logarithms where the value of the base cannot bo 
exactly determined ? 

10. "Was Napier led to the discovery of logarithms by geometrical 
or numerical considerations? Explain his method, and compare it 
with the method by which Newton was led to the discovery of fluxions. 
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RESULTS, HINTS, ETC., FOE THE EXERCISES. 

I. 

1. See Section V., pp. 4, 6. 2. Section V., p. 6,»and Section XII., Art. 1. 3. Art 
1, note. 4. Since 7'^«=49, 7»«343, 7**2401, 7» -16807, 2, 3, 4, 6 are the 
respective logarithms of 49, 843, 2401, 16807, to base 7. 6. Since 2»«32, 4'= 2% 

10* -10000, 12* -20736, 2* -2^ ; 5 is the logarithm of 32 to base 2, 2^ of 32 to 
base 4, 4 of 10000 to base 10, 4 of 20736 to base 12, and 4^ of 128 to base 2^/2. 

6. Let X denote the base in each instance, then »' =3', «" =2«, a;® =:2«, a' =3% 
and the respective bases are 3, 2^, 2, 3. 

7. See Art. 6, 7. 8. ^ being the same as 10-^ suggests the answer. 

II. 

Express the given numbers in their prime factors, or in quotients which involve 
10 or powers of 10 ; and employ the logarithms of the prime numbers between 1 and 
100 in the note p; 4, and the law of the characteristics under Art. 7, exemplified in 
the note. The results are — 

log 5 - -6989700 : log 125 -2*0969100: log 484 = 2*6848464: log 504-2*7024305: 

log 441-2*6444386: log 3240 -3 -6105450: log 30 -1*4771213: 

log 1200-30791812: log 64000 -4*8061800: log 14700 -4 1673173: 

log 111476= 6*0471774: log •03-2*4771213: log *0012 = 40791812: 
log -00064 « 5*8061800. 

III. 

1. Log -3 -log^) -log 1 -log 3 --log 8: log *23=log(^y =log7-log3-l: 
log*416-log(tV) -log6-2log2-log3 : log*42857l -log(|)=log 3-log 7. 

2. Let log,10-a5, then 3'=10, and x log3-l, whence x is known. The other 
four examples may be done in the same way. 

3. Log 16 -log 2* = 4 log 2, .*. log 2-^ logl6, log 27 -log 3«- 3 log 3 : 

.*. log3-ilog27. 

Then logl5-log3+log6«log3+l-log2»^ log 27- J log 16+1. 

log 66-3 log2+log7-f Iogl6+log7 : 

logl764-log(2^3^7«)-21og2+2log3+21og7-ilogl64-flog27+2log7. 

4. SIncelogl5-log3+log6, log21-log34-log7, log 35 -log 5+ fog 7, 

from these three equations log 3, log 5, log 7 can be readily found. 

5. Log (•0625)-i-log(:^g) -log (HI) =log2* -41og2. 

Iog(0125)-i«log(j^)i«:log(10.2»)i-i4-log2. 

6. log(*00007)'*'-T^ log-00007-^^-T*992305r-log*09824394. 

Hence since log (•00007)'^- log v'*09824394) 

therefore {•00007)^«^« -09824894. 

7. First log 16-4 log 2, and log 2 -^ log 16. 

Nextlogl6-logJ»^=.l+log3-log2, andlog3-logl6-l-41o«16 
Then log 27-3 log3-8 (log 15-1-:^ logl6) 

and log 43^-log(f^) = 41og3-l-log2-41og 16+1 logl6-5 
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Conversely, 

log 27 —8 log 8, and log 8 «i log 27 

log*A-*log8-l--log2,andlog2«|log27-l-log4A. 
Thenlogl6»41og2-4{|log27-l-log4^} 

andlogl5«l+log8-log2«2+log45\y-log27. 

8. As the preceding. 

IV. 

These equivalents are shown to be tnie by Arts. 2, 3, 4. 

• > 

V. 

1. 20629957. 2. -1661085. 8. 1-24(\>S83. 4. T»796043. 5. 1-9599946. 
6. -4507275. 7. '2544670. 

VI. 
If the logarithms of the two members of each equation be taken, the values of x 
may be found by help of the logaritlims of the prime numbers given in the note to 
Art. 5, p. 4. 

VIL 

By taking the logarithms of the members of these equations the values of the 
unknown quantities may be found in terms of the quantities supposed to be of 
known values. 

log a-\-x logcalog &+ X \o%d : mx log (1 4-a'"*) =«log h : mx log a-^r'nx log h "log c : 
^njslog (me— m-*}«log7i : ajloga+7w;logc=s(7»ic--M) log 6 : 

(3a;+2) loga+(5a;+3)log6=«(a;-l) logc-f (4a;-5)log<« : ar-2: 

a;log(a4-&)«»log(a — 6): a;'(log6— loga)=loga+log6: aj=5« 

«u: log a « na; log J +aj log c+log (1 +c?c*). 

viri. 

Here ajloga+ylog6=logj7, alogc+ylogc^—logg^, are two equations of the first 
degree, with two unknown quantities. The same remark applies to the next two 
equations: Here a*-^^a*aJf—a'lF^h, By equating values of a?, (a5+y)'=?i, and 
xcbj/s*!. By equating values of x or y, (a5+y)« =47i'* and x—y^, firom which x and 
y may be found. Divide the first by the second equation. Taking the logarithms 
of each equation, (loga)«H-loga.loga;«(logc)'+logc.logy and loga; logc^logalogy, 
by substitution logx and logy may be determined. 



.-(^)-. and v-(^) 



IX. 

1. Take the logarithms of each equation, and tliere results three equations witli 
three unknown quantities. 

2. The same remark applies to the sets 2 and 8. 

X. 

From the first equation a' may l;e found as from an ordinary quadratic. The 
next six equations when reduced are a**— ca'=»— 1, a**-a'—l, a**— 2a*«8, 
^2*— 2a* log a as (log a)', jc* (loga— logft— 9logc)+2?a;log6»rloga, 

log«a;(m loge^ — log,x — log^) = 0. 

4»-7and 1. 8'-2187 and-2188. 4'-64 and -80. 10'=10 and - 6. The 
reduced equation is 5*»-5*«0, 3».3*=2 and 1. 3*-27 and-21. 2"«256 and-56. 

{'s/a^'i-x'* -{-a ) 
—. i^rrr.z — V B (, wMch cxprcssod iu au ezpoueutial form 
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>/^'_+g'-f« ,^ 1^^ ^l,jcli aj.o andl^'. «-o and YoT- The equation re- 

duced is c««««-2«+l -0. 

XI. 

1. The base e of Napier's logarithms is greater than 2, hat less Uian 3. Let 
a; —2, thus a:'>-2* -b4, which is greater than e ; and so a fortiori is xF greater than e 

for any value of x greater than 2. In like manner of is shown to be less than e, 

2. First, if X be greater than y, and y greater than e;\etx=i,y^Z, then asf^^* 
-b64, and ysS'—Sl, and a^ is less than y, in this particular case. 

Kext if 2 be greater than y and y be less than e; let v«2, z*3, then af b3' »9 
aail 2^=2' a- 8, and z^ is greater than y, in this case. 

The results will be the same for greater numbers, subject to the given conditions. 

3. There is no direct method known for the solution of exponential equations of 
this form. Different methods of trial have been attempted, of which the following 
has the preference. 

Taking the logarithms of both members of the equation x'v 100, xlogx— 2. The 
question is thus reduced to finding a number such that the product of the number 
required and its logarithm shall be equal to 2. On trial, it will be found that x is 
greater than 3 but less than 4. 

If 2->3, 3log 3»1'4313639 ; and if a; « 4, 4 log 3 » 2*4082400. And the arithmetic 
mean between these two results being very nearly equal to 2, it follows that the true 
value of X is nearer to 4 than to 3. 

If z-3-5, 3-6log3-5-l-9042386 ; and if a;=3-6, 3-6 log 8 -6*2 -0026890. Hence 
the true value of x lies between 3*5 and 3 '6. 

Since the difference is small, if the increments of the logarithms may be tiikcn 
proportional to the increments of the numbers (as in the proportional parts for tables 
of logarithms), a correction may be found for the error in the assumed value of x. 

2-0026090 
1*9042886 

•0984504 increment of logarithm for 'I, difference of 3*6 and 3.5. 

2-0026090 
2. 

'0026090 increment of logarithm for y, difference of 3-6 and x the 
required value. 

Thus ^ - SS •" *^^^^^^' ^""^ '^ ■ -0027303. 

Hence aj =3 -6 -•0027303« 3-6972697. 

On trial this value of x will be found too small. 

A nearer approximation may be found by a similar process, taking 3*59727 and 
3*59728 instead of 3*5 and 3-6, and a second correction may be found, which will 
give a result correct to a greater number of decimal places. 

4. The equation is indeterminate, and admits of an indefinite number of solutions. 
Let y^nx, then x:^ = {7ix)*, and a;*-*«?i. If n be successively taken equal to 2, 3, 
4, &c., a series of the value of x will be found, and from y'snx, a corresponding series 
of the values of y will be known. The only solution in whole numbers is that in 
which a; — 2, y=4. 

5. See the solution of question 3 above. 

6. Let y«e», in the equation a'*=m, then oy^wi ; and taking the logarithms 
logey « X, ylogga « log^m, and log,y - ~ loge(log«a) + log* (log^w). Hence 
X = log^y « loge(logem) — loge(log«a). 

By a similar process the other three equations can be solved. 
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7. as" «a«. «"•*+*. 

8. Tlie^r^^ two equations are reducible to a:^n9 and ^«8, wMch give integral 
values of x and y. 

By eliminating y between the second two equations, x^ log 2 —a; log 6 + log 3 a 0. 
From the third act of two equations xy^^ and a;+^=3. 

9. Converting the two expressions into their equivalent exponential forms. 
Thus, if Iog5(logio25) »» and logio25B« then log^za-a; : and 10^ = 25, also 

5'=2, whence 10**«26. Also if y-logio(log425), then 6*o'«25. 
If 10^ » 5^^, the expressions are equivalent. 

10. The equation may be put into the form (jC)* - 21 (aj')«+147(af)- 316=0. 
Letic*=3, then the equation becomes 2*— 21 a« +147^—316=0, an ordinary equa- 
tion of the third degree, which has one integral root equal to 4. The equation may 
be reduced to a quadratic and the other two roots can be found. The values of 7f 
are 4 and J{17±-s/2ro}» 

XII. 

1. The condition leads to the equation 2 log, a^^a (log^a+1), 

2. Log,o45 ^ 8(m-H)+12m7t 

*=*^ 3(m+l)+2» 

8. Log.a;=-logel0{alog.l0+6} -r {aogelO)'-clo&10-l}. 

5. The question gives the equations -=-10 and (a— y)'«(a;+y). 

y 

6. By Euc. I. 47, {B*»+aJ*»«a^, whence can be found the two sides containing 
the right angle. 

XIII. 

For questions 1, 2, 3, see Arts. 6, 7, 8 and the notes. 

4. To find the characteristic of the logarithm of 300 to base 6. Let logjSOO^a;, 
then 5* =300 and x log 5= log 300, from which aj»3'5.... The characteristic is 
3, which also appears from the> fact that 300 in the denary scale is equal to 2220 in 
the quinary. 

6. These may be found as in the preceding. Let Icgi2l2000 =«, then 12* =12000, 
and a; log 12= log 12000, whence a; =4*2... : the characteristic is 4, and so for the 
rest. 

6. As the characteristic of the logarithm of a number is always less by unity 
than the number of integral digits of which that number partly or wholly consists ; 
this property can be employed to determine the number of digits in the high powers 
of numbers. 

Since logiu2^B631ogio2 =18*96489, the characteristic being 18, the number of 

digits in 2® is 19. 

Similaily the number of digits in 125W» is 210 ; in 1001i«» is 8001 ; and in 
«!«» ia 435. 

7. In this example the characteristic will be negative. See Art. 7. 

8. Since 1000 is the least and 9999 the greatest number of 4 digits, the values of 
« determined from the equations (1*08)* = 1000 and (1*01)* =9999, will suggest the 
limits required, a; =89 and 119. 

9. If aj denote the number, 2*=10^ and ajlog2=9 whence a? =29 '897... which 
indicates that 2 must be multiplied 30 times, and 230=1,065,741,824. 

10. Here logfliV=^+m, m being the mantissa, log,2y= . , and here a;=o«, 

log^=glog/i, it follows that log,^'-i2ili^=^I2«iL^«?J.!?.. The character- 

q\og/A q q q 

i&tic i& -^. 

q 

11. See Arts. 7, 8. 
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XIV. 
1. See Arts. 9, 10, 15. 2. Sco Arts. 9, 12, 15. See Art. 0. 

4. If (a;logjtt) be substituted for x in the series fore*, the series becomes identi- 
cal to the series for a*. 

5. See Art 9. 

6. Let log«m-a;, logoicmy; thena'=7» and cfl^n ;' (ay)*«(a*)F. The other 
two equations may be deduced from log««.logea— logcW. Art. 9. Or thus 

log.m.log.n=log.n.Iogem, i^»^=:^«-L. 

log.w» log,» log^ 

7. In the verification, the first of the three equations in question 6 is required. 
In these verifications, it must be remembered that alog&«i5loga. 

8. Since y««2«', then grIog^=j?log«3 : but logoy.log^=l and logaz.log/i^h 

• '• log«y . log^a-logaS. log,a. Whence y^ « =-^, and q log^a^p log^ a. 

9. Log,{plogan^^log^n,log,p, log,^«j^l^, log«c.log6a.log,&«l, 
whence loge{ploganj =log^ n. log.jp. log. 6. log^ a. 

XV. 

1. Generally logeW-{i*-l)~^:ilI%liizlI*-&c. 



Utu^a\ then logea«n{(a-~l)~(£llJi)!j.i^l^.&^ j 

2 3 ' i 

-1 .1 - -^- - -^ 



(1) 



andletw^a"", then log^«n{ (!-«"«) , (^"^ ")' | (l-a?"''; ^ ^ ^^ . ,,) 

in both which series w is any number whatever, and a is a positive integer. 

In series (1), a" can always be found, so that a»-l shall be a very small fraction : 
and since the aggregates of the second and third terms, the fourth and fifth, &c., ai© 

always negative, it follows that log^a is less than n(a*— 1). 

In series (2), l-a~» is a still smaller fraction, but as all the terms of this scries 
are positive, it follows that log^a is greater than «,(!— a""*). 

Hence log^a lies between 7i(a»— 1) and 7i(l— «"«)• 
2. This is deduced from the expansion of 6*, by taking x^^—l 

1'2 1.2.3 ^ 

1 1 

«! +l+Y-jr+--^r--4- &c., when a is indefinitely increased. 

4. That is, the Napierian logarithm of any number increased by unity is always 
less than the number assumed. 

5. Since x is very small (3*aBl-|-a;+--- + &c. «=14-« nearly. 

1.2 

and 6**«e»+'«e.«*«« | l-f-aj+^+ &c. I =c(H-a;) nearly. 

7. Since x is very great, as x increases, x* decreases ; and when x belom^s in- 
definitely great, x may be considered equivalent to an indefinitely great i)ower of 2. 

Also x-l=(a;*-l)(a:*+l), a;*-l-(a;i-i)(a2*+l), &c., whence the expression 
for logfo; may be deduced. 
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8. When ^ i-| — j is expanded according to the form in Art. 11, 

XVI. 

1. Transpose y to the left sid« of the equation and square each side. If c'=2, 
then y«| ; therefore y must he less than $ in order that e* may he less than 2. 

2. First find the value of x, next the value of 1— «. 

3. Let a; be the common ratio; thenc— , and-«- ,also-«i__a. 1 — - = 

^ 1— as a l—x m c 



X 

c 



1— aj a l—x a a c c c 

Hence 1^^- (l-f )" ^^'^ ^""^(^-'c) ^""^"^ (^"c )* 
4. (1) Let a;, ^ be respectively the first terms and common dificreuce of the 
arithmetic series, and the first term and common ratio of the geometric series. 
Thena;+(j?— l).y-a, a;4-(gr— 1)2/«6, a5+(r— l)y=c: 
also xyp-^ « a, xy^-^ = 6, xy^^ «= c. 
From these equations respectively, both expressions may be found. 

6. First (log,y)*s=a;, then log,y«a;*, and logf(logey)=-^^t also y— e*'* 



x 
1 —i 



next (log^i/)*=«, loge2/=a;', (log^y)'-i«a; ' . 

6. See Art. 9, and eliminate log^a;, log^y, and log^. 

7. First, taking the first and second expressions for the first equation. Clearing 
from fractions, it becomes x log y{y +z—x)=zy log x{z+x-^ y), 

whence may be found -^JL- = ,^^; ^ ^ . (1 ) 
•' logajy* log{a^y*yf 

Kext, taking the second and third expressions for the second equation, and 
reducing as before, there results 

logc*y _ log(zyy^)y .^. 
logy" lQg(2»2/')** 
Thirdly, taking the first and tliird expressions for the third equation, and from 
it results 

loga^_ log(z»a^)« .gv 
log2'^""log(3«a*)«' 
llQUix)]ying these three resultiug equations 

log y" logg«» l og a:»y _ log (a^y*)* lo^zyy')v log(g 'a!»> 
iogajJ" ' log y * Tog^ "log(a5»'y*)«' * log(c/^«)* * log(2'x*)»' 
pr log(y«ay)* log (zyy)y log(a:^g«)' ^ ^ 
log (z^x')' ' log (yajy)» * log (i&fy')' 

Hence ^-^^-^'^l Iog(^.y)'^ ^i and ?^^-^^=l 
log^a***)* ' log(y*ajy)i' ' log{zfyy 

Therefore log (y»a^)* — log (c'a:')*, (y*a:«')* = (s'iC/, and ya^ « g'a:*; 

Similarly log(a^2/*)y==log(y«a:»)y, {aj»'y')i'«(2/*a^)y, and a^y'«2/'-^'y; 

and log(a;»g*)*«log(3S'y^» (x^z'y-{s»y')% and aj's*=3'y*. 

Wherefore a^y««2/»£««a.*i*. 

8. See Art. 9, and assume logaiV^—ac^ and log^-^y. 
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XVII. 
1. ^^ ^0 4-^) ^ !+«_ ScoArt.14. Also for the other four series. 

XVIII. 
1. Art. 12. 

For the next five examples see Art. 14, note. 
7. The logarithms given suffice to find the values of (1*44)-" and (1*44)" *>• 



8. lO'-lOl, a;log.lO-loge(lO«.H) = log, 1 10«. (I+J57) ] 

«21og.l0+log,(14-'ji^) 

-2log.lO+{ji^-|.ji^+ &c.] 
^ 1 CJ 11, . ^ 

XIX. 

1. Since a,b,c are three consecutive numbers, a— &-1 and c«s& + l, also 6*«» 
ac+1. See Art. 14. 

2. In the product of the expansions of (1 +a;)" and e*, find the coefficient of a* : 
so for the otlier example. 

3. Since log,{(l +a:)> -«} «(l-a;)-Mog,{l+aj). 

The difference of the coefficients of »'»" * and aj*» in the product of the two series 

for (1 -a)-' and loge(l+a;) will he found to be — . 

4. Expand the logarithms in series and find their sum. 

5. The third equation having been found by eliminating z between the two given 
equations, 

Next take the Napierian logarithms of each of the three equations, expand the 
members on the right side, and then find the sum of the three equations. 

6. See Art. 14. 

XX. 

1. See Section I., p. 5^ and Art. 6, for the advantages of logarithms calculated to 
base 10, the same number as the base of the system of numerical notation. 

2. The following two series are here added for an exercise of the student's 
ingenuity : — 

i_Li o 1-8 1 1.8.5 1 1.8.5.7 1 1.8.5.7.9 
g+lo&i-g. 4'^2'2.4.6'^8*2.4.6.8'*"4*2.4.6.8.10"*' ^^' 

4. Note that r-i-v.(l-aj)-». 

6. »»+5«+6=(a!+3)(x+2)-a(l+?)t(l+?)-x«(l4|)(n|) 

log.(!e'+6x+6)-2]o{V«!+log^l+|) +log.(l+|) 

Expand by the formula Art. 14. 

. :• t /..»•»>„. ( 6 1 13 , 1 35 1 97 , , 

Andlog.(a!»+6«+6)-21og^+ | i-a-^+s'^'i"^**^ 

5,-^, s,-5.+^-8r,(i+|-y 5,-iy.+5-5,(l+^), 
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Take logarithms of all the equations and add the results. 



XXI. 
See Arts. 9, 11. 

2. Let log^a^^Xf log^c—y, logJ>^z, by first eliminating a, 5, e^ and next, y aadz 
from the equations involving x, y, z, there results the equation 2x* - 3aj« — 6a; + 1 — 0, 
or 2x(aj» - 1) + Zx{x - 1) - (x—1) = 0. Of the three values of x, take »« \ (^33 - 5), 
then ^»l(>/33 + l), and 2Bi(>/33 + 7), whence it may be shewn that the common 
difl'erence is f . 

3. Take three terms of the series, and shew that the second is a geometric mean 
between the first and third. 

4. 5, and 6 may be shewn to be true in the same manner as directed in the pre- 
ceding example, 

XXIU 
1. See Art. 11, p. 9. . 

•■• *'«• ! iS ! + ^''«' t Si ! -log.(-l)-21og.>/=I 

and by effecting the expansions by Art. 14, p. 11, the required expression will be 
found. 

3. Expand logg{x+y^—l) and make the sum of the possible parts equal to a, 
and the impossible parts equal to &. 

4. The expansion of loge(a + 6n/— 1) -*, or of its equivalent 

log/*+logf(l + -'\/— 1)^""S will consist of two series, one of terms involving the 
a 

symbol n/— 1. It may readily be shewn that this part of the series is equivalent 
to the expansion of v — 1 logeV a' +6'. 

6. Sincel+aB+aj'=V-^J loge(l+aj+a;»)=log.(l-«»)-loge(l-a;). 

1 — X 

7. Sincel....>=\:ES. and X-x.».=Lt|= thenl±^=--.^ 

XXIII. 

1. Art. 17, note. 2. Art. 18. The rest of the examples require the application 
of the Articles 17 and 18. 

XXIV. 
1. Art. 16. 2. Art. 18. 
The following six examples require no remark. 
10. See Section I., pp. 8 and 12. 
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EUCLID'S ELEMENTS OF GEOMETRY. 

1. Euclid's Elements of Geometry, tlie TJniyersity Edition, with 
Notes, Questions, and Geometricial Exercises, selected from the 
Cambridge Senate House and College Examination Papers, with 
Hints for Solution of the Exercises. Demy 8vo., pp. 520, 10«. 

2. The School Edition, with Notes,' Geometrical Exercises, &c. 
12mo., pp. 418, 4s. 6d, 

The School Edition has also been published in the following 
portions, with the Notes, &c., to each booK : — 

3. Euclid, Books I. — IV. 12mo., 3«. 

4. Euclid, Books I.— III. 12mo., 2s. 6d. 

5. Euclid, Books I., II. 12mo., Is, 6d. 

6. Euclid, Book I. 12mo., U. 

The University Edition of Euclid's Elements was first published 
in 1845, and the first School Edition in 1846. Both Editions have 
been enlarged and improved £rom time to time, and the total sales of 
copies of the work up to the present year amount to a number very 
considerably above half-a-million. 

In the year 1853, the Council of Education at Calcutta were pleased 
to order the introduction of these Editions of Euclid's Elements into 
the Schools and Colleges under their control in Bengal. 

In the year 1860, a Translation of the Geometrical Exercises was 
made into the German Language, by Hans H. Yon Aller, with a 
Preface by Dr. Wittstein, and published at Hanover. 

At the International Exhibition of 1862, in London, a Medal was 
awarded to B. Potts, '< For the Excellence of his Works on Geometry." 
Jury Awards, Class xxix., p. 313. 

Critical Remarks on the Editions of Euclid. 

" In my opinion Mr. Potts has made a yalnable addition to Qeometncal literature by 
bis Editions of Euclid's Element8."~Pr. WhewelL £>JD., Master of Trinity CoUege, 
Cambridge. (1848.) 

" Mr. Potts has done great service by his published works in promoting the study of 
Geometrical Science."— -JST. PhUpoU, DD., Master of St. Catharine's College, (1848.) 

" Mr. Potts' Editions of Euctids Geometry are characterized by a due appreciation of the 
spirit and exactness of the Greek Geometry, and an acquaintance with its history, as well 
as by a knowledge of the modem extensions of the Science. The Elements are given in 
such a form as to preserve entirely the spirit of the ancient reasoning, and having been 
extensively used in Colleges and Public Schools, cannot fail to have the effect of keeping 
up the study of Q^metry in its original purity.'*— Jl Challis, M.A.f Plwnian Professor 
of Astronomy and Experimented Philosophy in the University of Cambridge, (1848.) 

^* Mr. Potts' Edition of Euclid is very generally used in both our Universities and in 
our Public Schools ; the notes which are appended to it shew great research, and are 
admirably calculated to introduce a student to a thorough knowledge of Geometrical 
principles and methods." — George Peacock^ D.D.f Lowndean Prqfessor of Mathematics 
in the University of Cambridaef and Dean of Ely. (1848.) 

*' By the publication of ttiese works, Mr. Potts has done very great service t© the 
cause of Geometrical Science. I have adopted Mr. Potts' work as the text-book for my 
own Lectures in Geometry, and I believe that it is recommended by all the Mathematical 
Tutors and Professora in this University."— /2. Walker, MjL., FJi,8.f Reader in Ea^nri- 
mental Philosophy in the University, andTutor of Wadham College, Oxford, (1848.) 

" When the greater Portion of this Part of the Course was printed, and had for some 
time been in use in the Academy, a new Edition of Euclid's Elements, by Mr. Robert 
Potts, MjL, of Trinity College, Cambridge, which is likely to supersede most others, to 
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